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Abstract

Diabetes is a chronic disease that can cause various long-term complications. This study revisits a
four-state model of type-2 diabetic population with a saturating recovery rate of diabetes complications,
and its qualitative properties are further analysed. The non-negativity and boundedness of the solution
for delay and non-delay models are proved. However, the non-negativity of the solutions of the delay
model can only be guaranteed if the model inputs satisfy certain conditions. The stability analysis
of the non-delay model is performed, and the numerical simulation is conducted to illustrate and
validate the findings. In the presence of two delay parameters, we discuss the characteristic equation
of the delay model under the case of the first time delay equal to zero to obtain the stable region of
the second time delay. The critical value corresponding to the delay parameter is derived. There
are five conditions to characterize the stability properties of the (unique) equilibrium point (either
locally asymptotically stable or unstable) and the occurrence of Hopf bifurcation. The delay values
affect the stability of the equilibrium point. A locally asymptotically stable equilibrium point can
become unstable under certain conditions, and a periodic orbit can arise from the equilibrium point as
the model switches its stability. The sensitivity analysis shows that the overall diabetes cases can be
reduced significantly by reducing the rate of developing diabetes, and the diabetics with complications
will decrease if the parameter measuring the limited medical resources gets smaller.
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1 Introduction

Diabetes mellitus is a life-long disease caused by hyperglycemia (high blood glucose levels) due
to defects in either lack of insulin or cells resisting the insulin or both. In 2021, the International
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Diabetes Federation (IDF) [1] estimated that 6.7 million adults died due to diabetes and its compli-
cations. and diabetes and its consequences cost the world economy USD966 billion. In Malaysia,
the estimated percentage of diabetics among adults aged 18 and above has increased from 11.6%
in 2006 to 18.3% in 2019 [2]. In 2021, Malaysia’s total diabetes-related health expenditure was
estimated at USD4833.5 million, with USD1090.7 per individual with diabetes [3].

Therefore, there is an urgent need to study the population dynamics of diabetes to address the
problem. Several population models of non-communicable diseases, such as diabetes [4, 5],
hypertension [6], thyroid disorders [7], and anemia [8], have been developed in the literature.
In the study, we will revisit the diabetic model in [9]. Although there are a few similarities
between the findings of [9] and the present paper, there are some significant differences too,
offering valuable insights and further information that were not provided in [9]. The distinctions
between [9] and the present paper are as follows: First, [9] did not discuss the non-negativity and
boundedness of the solution. This is an important issue in mathematical modeling because we
expect the state variables to be non-negative for all time. Secondly, global stability analysis was
not addressed in [9]. Third, [9] did not analyze the sensitivity of the model outputs to changes
in the model inputs. This aspect is crucial as it helps identify which parameters may become
potential targets for further investigation to control the disease in the population. Fourth, the
numerical simulations in the present paper involve five sets of parameter values.

In this paper, Section 2 discusses the assumptions of the mathematical model to study the popula-
tion dynamics of type-2 diabetes. Section 3 mainly focuses on the corresponding model without
time delays. The global asymptotic stability is also established by constructing suitable Lyapunov
functions. In Section 4, the dynamics of the delay model are studied. The Hopf bifurcation occurs
for some parameter values, making the Lyapunov direct method not work due to the appear-
ance of a periodic orbit. In Section 5, we compute the normalized forward sensitivity indices of
the model outputs with respect to the changes in the model inputs. We perform the numerical
simulation of the model in Section 6.

2 The mathematical model

The progression of diabetes is slow from the stage of non-diabetics to people with diabetes and
from the stage of diabetes to the development of complications [5]. In the present paper, we use
the model proposed by Nasir [9]. We extend the work of [9] by revising the local stability analysis
and adding the global stability analysis and sensitivity analysis. The model assumptions are:

1. The model is used to study the population of type-2 diabetes. The total population is
subdivided into four compartments, namely the non-diabetics, diabetics who never had any
complications, diabetics with complications, and diabetics with recovered complications.
Figure 1 shows the compartmental diagram under study.

Al kD¢ ()
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P(t) m’ D(t) D), D.(t) ‘W D,,(t)
oL

WP Gru)D®]  (r)D) (w+us)Dy(t)]

Figure 1. Four-state diabetic population [9]



200

Mathematical Modelling and Numerical Simulation with Applications, 2025, Vol. 5, No. 1, 198-233

Table 1. Definition of the symbols in Figure 1

Symbol | Definition Dimension
P(t) number of non-diabetics at time ¢ individuals
D(t) rTumber of diabetics who never had any complications at individuals

time ¢
D.(t) number of diabetics with complications at time ¢ individuals
Dy (t) number of diabetics with recovered complications at time ¢ | individuals
A the recruitment rate of non-diabetics individuals time !
o the diabetes incidence rate time !
T the slow progression in developing type-2 diabetes time
v rate of the first incidence of complication time !
(o3 time delay in the first incidence of complication time
o the recurrence rate of complications time !
K the recovery rate of complications time !
B non-negative parameter measuring the limited medical individuals—!
resources
" the diabetes-related mortality rate among diabetics time—1
without complications
" the diabetes-related mortality rate among diabetics with time—1
complications
s the diabetes-related mortality rate among diabetics with fime—1
recovered complications
U the mortality rate due to causes other than diabetes time !

Every symbol in Figure 1 is defined in Table 1. All parameters are assumed to be positive
because they represent human population dynamics.

2. Type 2 diabetes is a slowly progressive disease and degenerative [5]. The type of time delay
used in this study is a constant delay. The first delay parameter (77) concerns the stage of non-
diabetics to diabetics. This assumption is supported by Khetan and Rajagopalan [10], where
nearly all people affected with type 2 diabetes pass through a long phase of pre-diabetes
before becoming a full-blown diabetic. The second delay parameter (72) concerns the first
incidence of complication after the onset of diabetes. This assumption is introduced by
the fact that diabetes is a slowly progressive disease and can be symptomless. After being
unrecognized for a long time, people with diabetes may already have complications at the
time of diagnosis, such as a foot ulcer, change in vision, or infection that fails to heal [11].

3. The time delays are ignored for the other processes in Figure 1 because they do not require
as much time as developing type-2 diabetes and the first incidence of complication. For
example, complications related to the small blood vessels may range from 6 to 13 years
after developing diabetes [12]. In addition, type-2 diabetes is usually diagnosed at an old
age. The average age of diabetes that is diagnosed among Malaysians is 53 [13]. Hence, the
delay in the recurrence rate of complications (at rate 0D, (t)) is ignored because the diabetics
with recovered complications are assumed no longer in the early stage of diabetes and are
vulnerable to repeated complications [13].

4. For the treatment of complications, a saturating rate of recovery of complications of the form

D
h(D.) = ¢ reality,

1
1+ BD. 1+ gD,
with complications being postponed for treatment. If B = 0, this saturating recovery rate

reverts to the linear one: xD.(t), representing the unlimited medical resources [14]. The term

can be described as the reverse effect of the diabetics
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D
h(D.) = 7 i ﬁCDc is also widely known as the Holling type-2 functional response [15]. Note

that in our model, we employed different functional responses to represent the dynamics of
recovery and recurrence. For recovery (cessation of symptoms), we used a Holling Type 2
functional response between D, and D). This choice is biologically motivated by the fact that
recovery rates often exhibit saturation effects observed in diabetes recovery. This saturation
can be attributed to factors such as limitations in treatment resources and efficacy, which
cause the rate of recovery of individuals with complications to plateau as the population
of individuals with complications increases. Such saturation is well captured by a Holling
Type 2 response. On the other hand, Holling Type 1 is utilized to model the recurrence of

D
symptoms. This assumes a linear relationship between D) and h The rationale behind this

choice is that symptom recurrence often depends primarily on individual risk factors such
as lifestyle choices (diet, physical activity), medication adherence, and disease progression,
rather than being constrained by saturation mechanisms. While this simplification may not
capture all potential influences on recurrence, it provides a reasonable approximation for the
purpose of our model. A Holling Type 2 response would be inappropriate in this case because
the recurrence of symptoms does not exhibit resource-limited behavior in the same way that
recovery does. This distinction ensures that the model accurately captures the underlying
mechanisms of disease progression and treatment effects. However, if empirical data suggests
otherwise, alternative functional forms could be considered in future extensions of this study.

The dynamics in Figure 1 are governed as follows:

dp(t)

I:Z—t:A—DéP(t—'Lj)—‘uP(t), (1a)
% =aP(t—11) —yD(t — 1) — (4 + pu1)D(t), (1b)
dDdct(t) — ’)’D(t — Tz) - % + U’Dp(t) — (‘u + VZ)Dc(t), (1C)

dDy(t)  xD¢(t)
dt 1+ BD.(

t) - (O-_I_I’l_‘_VS)DP(t)/ (1d)
where the initial conditions are defined as follows:

P(9> = (Pl (9> >0, D(Q) = (PZ(Q) >0,0¢ [_Tmax/ 0]/
Tmax = maX{Tl,Tz}, DC(O) = DC() > O, DP(O) = Dp() > 0,

where ¢;(0) (i = 1,2) are continuous functions on 6 € [—Tmax, 0]. The total population size with
respect to model (1) is denoted as N(t) = P(t) + D(t) + D¢(t) 4+ Dp(t).

Note that the case where aP(t — 1) is assumed to be a constant incidence rate [ will be addressed
in another paper (see [16]). In [16], three variables will be discussed because the variable P(t) is
excluded. Consequently, the model in [16] contains one time-delay parameter only. Nasir et al.
[16] also pay special attention to the limited availability of medical resources for the treatment of
the complications of diabetes.

3 Qualitative analysis of the corresponding non-delay model

In this section, we study model (1) with no time delays (11 = 7 = 0). For simplifying the
notations, the variables P, D, D, Dy, and N, are evaluated at time f, unless the argument is
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other than ¢ (for example, D.(0) and P(t — 11)). Model (1) under the assumption of instantaneous
dynamics is written as:

dap

Ce=A—(a+pP, (2a)
dD

T =aP—(y+pu+wu)D, (2b)
dD. kD,
T vD — 1+ gD. + 0Dy — (p + p2) Dy, (20)
de . KDC

with the initial conditions:
P(0) =Py >0, D(0) =Dy >0, D:(0) = D, >0, Dp(O) = Dpo > 0.

In the following sections, we study the non-negativity and boundedness of the solution and the
stability properties of the equilibrium point of the non-delay model (2).

Basic properties of non-delay model (2)

Non-negativity and boundedness of the solution of non-delay model (2)
Proposition 1 The solutions P, D, D¢, and D of the non-delay model (2) remain non-negative and
bounded for all t > 0. Furthermore, the region:

A
Q:{@Ju%DaeRﬂP+D+m+Dp§—}
"

is a positively-invariant region with respect to the non-delay model (2).

Proof For the non-negativity of the solution P of the non-delay model (2), from Eq. (2a), we obtain:

o @+ pP=A ©

Since A > 0, Eq. (3) becomes:

o T+ )P =0 (S

The integrating factor is given as e(**1!, By multiplying inequality (4) with the integrating factor
and changing the variable ¢ to variable ¢, we obtain:

d
adl (atp)e| >
- [P(s)e ] > 0. )
Integrating both sides of inequality (5) from ¢ = 0 to € = ¢ gives:

P > P(0)e”(*FH),

Therefore, the solution P remains non-negative for all ¢ > 0.
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For the non-negativity of the solution D of the non-delay model (2), from Eq. (2b), we obtain:

dD
ﬁ+(v+y+m>D=wP- (6)

Since the term aP > 0, Eq. (6) becomes:

dD
E+(’r+y+y1)DZO,

D > D(0)e vttt

Therefore, the solution D remains non-negative for all £ > 0.

Since the solution is assumed to be a continuous and differentiable function, the functions D, (t),
Dp(t) cannot become negative without crossing the axes D. = 0,D, = 0. Let t* = min{¢, tp}
where D(t;) = 0,Dp(ty) = 0and (t, tp) > (0,0). If t* = t. then D(t.) = 0 and the functions
D,(t;) > 0att = t, yields

dt

(= t) = yD(t) + D, (t) > 0.

dD
Therefore, when the function D,(t) touches the axis D, = 0, —Lis always non-negative, and

dt

the function D.(f) will not decrease and will never cross to the negative part. Using a similar
argument, it can be shown that

dD
_P( f=ty) = —KDC(t) > 0.
dt 1+ BD.(t)
Thus, all solutions D(t), Dy (t) are always non-negative for all £ > 0.
For the boundedness of the solutions P, D, D, and D, of the non-delay model (2), adding all
equations of the non-delay model (2) yields:

dN
I =A—puN—p1D —po2Dc — pu3Dp. (7)

Since the terms y1D > 0, ypD: > 0, and 3D, > 0, Eq. (7) becomes:

dN
ekt <
ar TN =M
A A

N(t) < — + (N(O — —)e”t.

) H ) 1

A A .
IfN(0) < o then we have N(t) < o This implies that the upper bound of the total population

A A A A
sizeis —. If N(0) > o then N;(t) will decrease to m because tlim N(t) = —.
—00

The region () is a positively-invariant region with respect to the non-delay model (2).
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Stability of the equilibrium point of non-delay model (2)

Equilibrium point of non-delay model (2)

Let T* = (P*,D*, D}, D;‘;) be the equilibrium point of the non-delay model (2), where P = P¥,
D = D% D, = D¢, and Dy = D,,. Substituting these into the right-hand-side equations of the
non-delay model (2) and letting them equal to zero yields:

A—(a+u)P* =0, (8a)
aP*—(y+u+u1)D* =0, (8b)
* KD? * *
vD _T‘BD*—FUDP—(;M—FHZ)DC =0, (8¢)
C
kD} .
A aP*
From Eq. (8a), we have P* = ——. From Eq. (8b), we have D* = ——— . From Eq. (8d), we
o a4+ p a1
have D;; = e . By substituting the expressions of D* and D?; into Eq. (8¢),

TR CETE
we obtain:

21(D})? + zDf + 23 = 0, )

where 2y = B(pt + p2) (0 + p + 3), 22 = (p + p2) (p + iz + ) + k(p + p3) = py (0 + p + p3) D7,
and z3 = —y(0 + u + u3)D*. The roots of Eq. (9) are as follows:

—2Zy + z% —4z1z3
, (10)

and

—2p — /25 —4z123

221
221

(11)

Notice that z1 and z3 are opposite signs. Then, we have |/z3 —4z1z5 > /25 = |zo|. This indicates
that the root in (10) is positive while the root in (11) is negative.

Since the state variables represent individuals in the population, the only biologically meaningful
equilibrium point is as follows:

A p* —2p + /25 — 42123 D*
W—( a 2 Fe ). (12)

S \atpy+u+m’ 2z "(1+BDg) (0 + p+ p3)

Local stability
Theorem 1 The equilibrium point T* of the non-delay model (2) is locally asymptotically stable.

Proof The characteristic equation with respect to the equilibrium point T* of the non-delay model
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(2) is obtained by computing:
det[/\314 — Bl] =0, (13)

where A3 represents the eigenvalues, I is an identity matrix of dimension 4,

—(a+p) 0 0 0
B, — o —(y+b1) O 0
! 0 v b, o |’
0 0 by —by
and
K
by = ,bo=0 b3 = ———, by =0+ p+us. 14
1=H+u1, bo=bs+pu+u bs (it gD o O+ p+p3 (14)
After expanding Eq. (13), we obtain:
x1(A3)(As+a+u)(As+v+b1) =0, (15)

where x1(A3) = )\% + (b + bg) A3 + b3(p + u3) + ba(p + p2). Two of the roots of Eq. (15) are
—(a+ p) and —(y + b1), which is negative because « + p > 0 and y + b; > 0. The other two roots
of Eq. (15) are determined by x1(A3) = 0 or:

A3+ (bp + ba)As + bs(p + p3) + ba(p + po) = 0. (16)

By the Routh-Hurwitz criteria of a polynomial of degree two [17], all roots of Eq. (16) are negative
or have negative real parts because by + by > 0 and b3(p + p3) + ba(p + p2) > 0. As a result,
Theorem 1 is established.

Theorem 1 tells us that the small displacement from the equilibrium point T* will decrease to zero
regardless of the parameter values.

Global stability

In this section, we use the Lyapunov direct method to prove the non-existence of periodic orbits
for the non-delay model (2) [18]. Constructing an appropriate Lyapunov function to investigate
global stability is known to be a difficult problem in general. In the following, we discuss two
remarks, where Remark 1 is an example of an attempt to find a Lyapunov function and Remark 2
is the numerical simulation to indicate the global stability of the equilibrium point T*.

Remark 1 A function is suggested as follows:

L(P,D, D¢, Dp) =(2u + 7 + p1)(D — D*)* + a[(P — P*) + (D — D*)]?
+ 21+ p2 + p3)(De — Df)? + 0[(De — DY) + (D, — Dy)1, (17)

where L(P, D, D, D,) > Oforall (P,D, D, Dy) > (0,0,0,0) with equality if and only if (P, D, D, D) =
(P*,D*, Dg, D;;) The time derivative of L computed along the solution of non-delay model (2) is
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given by:

dL _9LdP  9LdD oL dD. 3L dDy
dt — oPdt oD dt 9D, dt = 9D, dt

- <2a(P— P*) + 2a(D — D*)> (A— (a+ y)P)
+ (sz(P—P*) F22u + 9+ u1 +a) (D — D*)) <sz— (y+u+ yl)D>

* % xD
+ (221 + 2 + p3 + @) (D = D) +20(Dp — D) ) (YD — 5 5 oDy

— (j+ m2)Dc) + (20(Dc — Df) +20(D, — D)) (% —(c+p+p)Dp).  (18)

Note that we have:

A= (a+u)P*,
0=—aP*+(y+u+u)D",

*

kD
— D* c . D* D*

*

xD

_ c *
0= 1+‘BD2<+(0’—|—,M+;43)DP.

Therefore, Eq. (18) becomes:

% - (204(P—P*) +2a(D — D*)) ((uc +u)P"—(a+ V)P)

+ <2a(P—P*) F2(2u+ 7+ i +a)(D—D*)) (sz— (y+p+m)D

— P+ (y+ i+ i)D" ) + (2020 + pa + i3+ 0) (De = Df) +20(D, — D;))

KDC % KD: _ % %
. N kD,
+(20(De = D2) +20(D, = D)) ) (5, — (0 + #+ 13)Dy

kD *
“Trpo t (¢4 1+ 13)D; )

_—Za}i(P—P*)Z—Z(Zy-I—'y-}-‘ul—|-1x)(fy+y_|_‘ul)(D_D*)2
2k(2p + p2 + pi3) (D — Df)? »
N —2(2 D.—D
(1+ D) (1 + BD;) (24 + p2 + p3 + @) (3 + p2) (D — DY)
_20(V+V3)(Dp—D;)2+2fy(2;4—|—;42+y3+U)(D_D*)(DC_D:)
+207(D—D*)(DP—D;§),

The term I < Oforall (P,D,D., D) > (0,0,0,0) is not satisfied because the terms 2 (2u + pp +

3 +0)(D —D*)(Dc — D{) and 20y(D — D*)(Dp, — Dj,) are not less than or equal to zero for all

(P,D,D.,Dy) > (0,0,0,0). Therefore, Eq. (17) in this Remark 1 is not the Lyapunov function that
we are looking for.
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Remark 2 As shown in Remark 1, it is difficult to show the global stability by the Lyapunov direct
method because we have to go through trial and error and it requires a lot of guessing. We will use
numerical simulations to display the global stability of the equilibrium point T* of the non-delay

model (2). Consider the following particular case of the non-delay model (2):

P s 0015P,
it
‘Z—? — 0.005P — 0.135D,
iD, 0.5D,
—0.05D— — 9P 4 04D, —0.26D,,
it 11000050, ~ *Pr c
dD, 0.5D,

= —0.51D,.
dt 1+ 0.0005D, P

(19a)
(19b)

(19¢)

(19d)

We obtain the equilibrium point T* = (2333.3333,86.4198,11.7670,11.4688). Figure 2 shows
the numerical simulations of system (19) with four sets of initial conditions (Py, Do, Dco, Dpo):
(3000, 200, 15, 80), (1500, 150, 30, 30), (500,10, 50,5), and (100,100, 5,50). This figure shows the

3000 T y y y 200
D, = 200
150 Dy=150| |
2000 // .
o P, = 3000 0 100 °
1000 Po=1500 .
P, =500 50t
/ P, =100
0 ; : : : 0 : : : :
0 10 20 30 40 50 0 10 20 30 40 50
Time (Year) Time (Year)

0 10 20 30 40 50 0 10 20 30 40 50
Time (Year) Time (Year)

Figure 2. Numerical simulations of system (19)

global stability of T* where the solutions P, D, D, and D, of model (19) converge to T* as time ¢
increases, regardless of any positive initial conditions. The numerical simulations indicate that the
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equilibrium point T* of the non-delay model (2) may be globally asymptotically stable.

4 Qualitative analysis of the delay model

In this section, we study the non-negativity and boundedness of the solution, and the stability
properties of the equilibrium point of the delay model (1).

Basic properties of delay model (1)
Non-negativity and boundedness of the solution of delay model (1)
Proposition 2 If conditions:
(H1) A > aP(t; — 1) at the boundary P(t1) = 0 for any time t1,
and
(H2) aP(t—11) > vD(ty — 12) at the boundary D(t,) = 0 for any time t,,

are satisfied, then the solutions P, D, D, and D, of the delay model (1) remain non-negative and bounded
forall t > 0. Furthermore, the region:

A
4
Q= {(P,D,DC,DP) eR+}P+D+DC+Dp < ?},

is a positively-invariant region with respect to the delay model (1).

Condition (H1) means that, in any event, if the number of non-diabetics drops to zero, the number
of non-diabetics who will develop diabetes should be less than the number of newly recruited
non-diabetics. On the other hand, condition (H2) means that if the number of diabetics who
never had any complications drops to zero, the number of diabetics who will develop the first
complication should be less than the number of non-diabetics who will develop diabetes. The
proof of Proposition 2 is as follows.

Proof We prove the non-negativity of variable P of the delay model (1) as follows. P(t) > 0 for
all t > 0. If this is not the case, suppose that there exists t; > 0 such that P(t) > 0 for t € [0, 1),

P(t;) =0, and % < 0. From Eq. (1a), we obtain:
dpd(:l) =A— (Xp(tl — Tl).

dp d( ttl) <0
Therefore, if A < aP(t; —77) at the boundary P(t1) = 0 for any time #1, the solution P may enter

the negative region. Condition (H1) indicates that the solution P remains non-negative for all
t > 0.

Next, we prove the non-negativity of the solution D of the delay model (1) as follows. D(t) > 0 for
all t > 0. If this be not the case, suppose that there exists t, > 0 such that D(t) > 0 for t € [0, tp),

D(t;) =0, and dDd—(ttz) < 0. From Eq. (1b), we obtain:

We have dP;:l) < 0 for A < aP(t; —11), which agrees to the supposition that

dD(t2)
dt

=aP(t—11) —yD(t2 — 1)
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dD(t>)

We have < 0foraP(tr — 1) < vD(t, — 1), which agrees to the supposition that dDd_(:z) <
0. Therefore, if aP(t; —11) < yD(t; — 1) at the boundary D(t;) = 0 for any time ¢,, the solution D
may enter the negative region. Condition (H2) indicates that the solution D remains non-negative
forall t > 0.

In the following, conditions (H1) and (H2) are satisfied.

Since variables D, and D, of delay model (1) depend on each other, we prove the non-negativity

as follows: D.(t) > 0 for all t > 0. If this is not the case, suppose that there exists t3 > 0 such that

D.(t) > 0 fort € [0,t3), Dc(t3) = 0, and dD;—itg) < 0. We first find the integration of Eq. (1d).

From Eq. (1d), we obtain:

Dy(t) = Dp(O)e_(‘7+V+H3)t + e_(<7+H+P13)th xDe(e) eloFHtpa)E go. (20)

0 1+ BDc(¢)
From Eq. (20), we have D,(t) > 0 for t € [0, t3]. Then, from Eq. (1c), we have:

ch(t?))
dt

= yD(t3 — 1) + 0Dy(t3) > 0,

but this leads to a contradiction to the supposition that

dDCEtg) < 0. We can conclude that the
solution D, remains non-negative for all t > 0. Consequently, from Eq. (20), the solution D, also
remains non-negative for all £ > 0.

For the boundedness of the solutions P, D, D,, and D, of the delay model (1), adding all equations
of the delay model (1) yields:

dN
= = A~ #N2— D —ppDe — p3Dy. (21)

Since the terms y1D > 0, yoD. > 0, and 3D, > 0, Eq. (21) becomes:

If N(0) <

=|[>

, then we have N(t) <

=|>

. This implies that the upper bound of the total population

size is % If N(0) > %, then N(t) will decrease to % because lim N(t) = é

t—o00
As a result, conditions (H1) and (H2) are required to be true so that the region (2 becomes a

positively-invariant region with respect to the delay model (1). The proposition is proposed.
Stability of the equilibrium point of delay model (1)

Equilibrium point of delay model (1)
The equilibrium point T* = (P*, D*, D}, D;;) given in (12) is also the equilibrium point of the
delay model (1) because when the delay model (1) reaches its equilibrium state, we have:

P=P(t—1)=P*, D=D(t—1) = D" D. =D}, Dy = Dj. (22)
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Upon substituting (22) into the right-hand-side equations of the delay model (1) and letting them
equal to zero, we obtain the same set of equations as given in (8).

Local stability and the occurrence of Hopf bifurcation

In the following sections, we will separate the local stability discussion into two parts. First, in
section "Stable region of 7, when 7; = 0”, we identify the stable region of 7, when 77 = 0. Then,
for 1, is within its stable region, we identify the critical value for 71 in section "7; > 0 and 7, is
within its stable region”.

Stable region of 7, when 71 = 0
For 71 = 0 and 1» > 0, we have the following theorem.

Theorem 2 For the delay model (1) with Ty = 0:
(i) If condition:
H3) b1 >,
holds, then T* is locally asymptotically stable for T, > 0.
(ii) If condition:
(H4) b <9,

holds, then there exists a critical value:

_ 1 ) b
0= w20 o8 { Y }' )
where
wso = /(b1 + 1) (b1 ), (24)

such that T* is locally asymptotically stable for Ty € [0, Tao) and becomes unstable for T, > Ty.
Furthermore, a Hopf bifurcation occurs at T, = Tpg and a family of periodic orbits arises from T*.

Condition (H3) means that the rate of the first incidence of complication does not exceed the total
death rate of diabetics who never had any complications. While condition (FH4) means that the
rate of the first incidence of complication is greater than the total death rate of diabetics who never
had any complications. The proof of Theorem 2 is as follows:

Proof The characteristic equation with respect to the equilibrium point T* of the delay model (1)
with 73 = 0 is obtained by computing;:

det [Agly — By —e M™2B;3] =0, (25)

where A4 represents the eigenvalues, I is an identity matrix of dimension 4,

—(@+pu) 0 0 0 0 0 00
" by 0 0 0 —y 0 0

B, = 0 0 —b o |27 |0 vy 0 0|’
0 0 by —by 0 0 00
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and by, by, b3, and by are as given in Egs. (14). After expanding Eq. (25), we obtain:

(Ag+p+a)x1(As)x2(Ag) =0, (26)

where

x1(Ag) = A3+ (by +by) Ay + b3 (p + p3) +by(p + pa),
x2(Ag) = (Mg + by +e M),

One of the roots of Eq. (26) is —(p + «), which is negative because y + « > 0. The other two roots
of Eq. (26) are determined by equation x1(A4) = 0 and by the Routh-Hurwitz criteria [17], they
are all negative or have negative real parts because b, + by > 0 and b3 (p + p3) + ba(p + p2) > 0.
Lastly, the other roots of Eq. (26) are determined by equation x(A4) = 0 or

(Ag+ by 4+ e M72q) = 0. (27)

Assume that for some 7, > 0, Ay = iw; (i = v/—1 and wy > 0) is one of the roots of Eq. (27).
Then, we can obtain

w3+ (b1 +7)(b1 = 7) = 0. (28)
Eq. (28) can be written into a polynomial of degree one in @, = w3, as follows:
@2 + (b1 +7)(b1 —7) = 0. (29)

The root of Eq. (29) is negative if condition (H3) is satisfied. Condition (H3) implies that @, =
w3 < 0, which is a contradiction because we initially assumed w; > 0. The characteristic Eq.
(27) cannot have Ay = iw, as one of the roots. Therefore, the equilibrium point T* is locally
asymptotically stable for 7, > 0 with 7y = 0. This proves Theorem 2(i).

For the second proof, suppose that condition (H4) is satisfied. Condition (H4) implies that Eq. (28)
has one positive root, that is, Eq. (24). Then, the corresponding critical delays are given by:

b1 b\ | 2j
W= ot AL I 01,0,
Y w20

Let 79 = TZ(O) be the first critical value at which Eq. (27) has roots on the imaginary axis and
Ay = Eiwyg are the corresponding roots. Then, the equilibrium point T* is locally asymptotically
stable for T, € [0, Tp9) with 71 = 0. Moreover, the transversality condition for the establishment of
Hopf bifurcation at 7, = Ty is satisfied [19], as follows:

~1
sign{iﬁ[dﬂ} } = sign{iﬁ{@] } >0,
a7y A4(Ta0)=iwng a7 Ay (Ta0)=icwng
where
drg ]t 1
W =
2 M(mo)=iwy T
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This completes the proof of Theorem 2(ii).

71 > 0 and 1, is within its stable region
For 71 > 0 and 1, is within its stable region, we have the following theorem.

Theorem 3 For delay model (1) with (11, 72) > (0,0), given T, is within its stable region (T, can be any
non-negative value if condition (H3) holds, or 7» € [0, Tag) if condition (H4) holds). Given an equation
with respect to w1 as follows:

Wi + (0] + 77+ — )i + (bF +97) (0* — )
+ 2b1y(w? 4 u? — a?) cos wi Ty — 2wy (w? + p? — a?) sinwip, = 0. (30)
We have:
(i) If condition:
(H5) Eg. (30) has no root,
holds, then the equilibrium point T* is locally asymptotically stable for T > 0.
(ii) If condition:
(H6) Eg. (30) has at least one positive root,

holds, then there exists a critical value:

_ . (0)
T = T , 31
10 ke{T;?.,n} 17 ) (31)

where

o_ 1 af ¥
D1}

where wyy (k =1,2,...,n) are any positive roots of Eq. (30), such that the equilibrium point T* is
locally asymptotically stable for Ty € [0, T10) and becomes unstable for Ty > Ty9. Furthermore, if the
following condition is satisfied:

(H7) VoV +V1V3 >0,

where

Vo = (b1 + p) + acos wiptip + (7 — pyT) cos wigTr

— YW1 SIN W1 T2 — &Y T2 COs wip(T10 + T2), (32a)
V1 = 26010 —asin w10T10 — (’)’ — ‘M’)/Tz) sin w1072

— YTrw1g COS W1 T2 + XY T2 sin wlo(Tl() + Tz), (32b)
Vo = biawqg sinwypTig — Déw%o Cos w10 Ty0 + aywig sin wig(T10 + ), (32¢)
Vi = aw%o sin w10 Ty + b1awig cos wigTig + aywio cos wig(Tio + 2), (32d)

where wy is the corresponding positive root of Eq. (30) when Ty = 710, then a Hopf bifurcation
occurs at Ty = Ty and a family of periodic orbits arises from T*.
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Proof The characteristic equation with respect to the equilibrium point T* of the delay model (1)
is obtained by computing:

det [/\514 — By — €_A5T135 — 6_)\51—233] =0, (33)

where A5 represents the eigenvalues, I is an identity matrix of dimension 4,

Y 0 0 —« 0 0 0 0 0 0O
o R S P R O
0 0 by —by 0 00O 0 0 0O
and by, by, b3, and by are given in Egs. (14). After expanding Eq. (33), we obtain:
X1(As)x3(As) =0, (34)

where

X1 ()\5) = )\% + (bz + b4)/\5 + bg(‘u + ],13) + b4(ﬂ + ]42),
x3(As) = (As + 4 57a) (A5 + by +¢7527).

Two of the roots of Eq. (34) are determined by x1(As5) = 0 and by the Routh-Hurwitz criteria [17],
they are all negative or have negative real parts because by + bs > 0and b3 (y + p3) + ba(p + p2) >
0. The other roots of Eq. (34) are determined by x3(As) = 0 or:

A3+ (b + 1)As + bip+ e 50 (A5 + bra) + e 52 (yAs + py) +e BT Ray = 0. (35)

For 1, within its stable region (either condition (H3) or (H4) holds), we assume that for some
71 > 0, A5 = iwq (i = v/—1and w1 > 0) is one of the roots of Eq. (35). Substituting A5 = iw; into
Eq. (35) and separating the real and imaginary parts yields:

(bya + ay cos w1 Tp) cos w1ty + (wwy — aysinwi ) sinwi

= (w% —bip) — yw1 Sin w1 Ty — U7y COS W1 Ty, (36a)
(bya + ay cos w1 ) sin w1t — (wwq — ay sin w1 T) Cos w1 Ty

= (b1 + p) sinwiT + YW cOs w1 Tr — Py sinwi . (36b)

We eliminate 71 by squaring and adding both Egs. (36). Then, we can obtain Eq. (30). Suppose
that condition (H5) is satisfied. Condition (H5) implies that the characteristic Eq. (35) cannot have
A5 = iwy as one of the roots. Therefore, the equilibrium point T* is locally asymptotically stable
for 1 > 0. This proves Theorem 3(i).

For the second proof, suppose that condition (H6) holds. Without loss of generality, suppose
that Eq. (30) has a finite number of positive roots denoted by w11, w1y, ..., wy,. For every wqy
(k=1,2,...,n) and using the equations in (36), we obtain the corresponding critical delays as
follows:
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Let Tjp = min DV pe the first critical value for which Eq. (35) has roots on the imaginar
ke(l2,.m L 1k q gmary
€{1,2,..n

axis and A5 = *iw;( are denoted as the corresponding roots. Then, the equilibrium point T* is
locally asymptotically stable for 71 € [0, T19). To establish the occurrence of Hopf bifurcation at
71 = T19, we need to show that:

sign{%[%} } > 0.
T 1 A5 (g)=iwro

By differentiating Eq. (35) with respect to 71, we obtain:

d)\S -1 B 2/\5 + bl +u+ Dée_/\5T1 _ (772/\5 — v+ ]/l’)’Tz)E_/\STZ _ DC'YTZE_A5(T1+T2) B 7 (37)
s B (2A2 + brads)e 5T + ayAse Ns(n+m) As’
Evaluating Eq. (37) at A5(119) = iwyp yields:
{% - _Vo+ivi - mo (38)
17 As(rig)—iwro V2 T1V3  iwig

where V), V1, V, and V3 are as given in Egs. (32). The real part of Eq. (38) is given by:

ol

. VoVo + V1 V3
dT1 N '

Vi + V3

As(T10)=iwg

If condition (H7) is satisfied, then

-1
sign{%[dﬁ} } = sign{%[dﬁ}
at As(T10)=iwg dn

This completes the proof of Theorem 3(ii).

} -0,
As(T10)=iwro

Remark 3 We discussed the criteria implying that there exists a periodic orbit for the delay model
(1) for some parameter values. Such results are interesting because the equilibrium point T* can
become unstable and not approach T*. In this case, T* of the delay model (1) is not globally
asymptotically stable, and the Lyapunov direct method would not work.

5 Sensitivity analysis

Model (1) has four model outputs (state variables) and sixteen model inputs (parameters and
initial conditions). The model outputs are denoted as x = {P, D, D, D;}, while the model inputs
are denoted as ¢ = {A, &, v, %, B,0, U, M1, Y2, 13,71, T2, P1(6), $2(0), Do, Dyo}. Following [20, 21],
the sensitivity index of an arbitrary model output x; with respect to an arbitrary model input ¢; is
as given by:

, 1=12,3,4, j=1,...,16.

For simplifying the notations, the variable ng’ (t) is denoted as Sg;, unless the argument is other
than t. Following [21, 22], the system of differential equations for the sensitivity indices of the
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outputs P, D, D, and D), with respect to an arbitrary model input ¢; is given by:

ast
dt — 0 0 0 1 rep
D H St
Bol 1o ~(urm) 0 0 o
d K Gi
=10 0 —
d 0 0 —(c+u+uz)| |S:7
S| i )] s
L dt
P
4 000 5§< “l o 0 o0 o] |5t
e 000 SL%,-( —7) Lo =00 SB’( —T2)
0 000 Sgc(t—ﬁ) 0 7 00 ng(t—rz)
000 0f [Pripgy| [0 0 0 0] |sPrin,
d ;/dP\ 9 ¢dD\ 9 ;dD.\ 9 ,dDp\]'
+{a—gj(7) @(T) ?].(dt) a—g](w ' (39)

7 (o)

SOO) | [3¢1(6) 3¢a(6) 9Dy D]’

Sgc(o) _|: a(;] a§] ag] ag]:| / GE[_TmaXlO]-
S¢; (0)

In particular, the system of differential equations for the sensitivity indices of the model outputs P,
D, D, and Dy, with respect to the recruitment rate of non-diabetics (A) is given by:

ds?

SN = —psk—ash(t—m) +1, (402)
dSJD\ D P D

—& = —(u+m)SR +aSK(t—7) —ySR(t— ), (40b)
dshe xSDe D

at = aappy 0T H2)SRE +0S," + SR (t =), (40c)

[
D D

ds;’ kSX¢ D

G = A3 ppgE T TH IS (404

with the initial conditions:
SE(0) =0, 0 € [~Tmax, 0], S2(6) =0, S(0) = 0, S, (0) = 0.
The equilibrium solutions of system (40) is given by:

1

sk =
A o+ p

4
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. ocSi*
)y —
Y+ pt U
oDi _ vSR (0 +p+p3)(1+ BD;)?
A k(p4ps) + (u+ p2) (0 4+ p+pz)(1+ BD;)?
D; KS%

N = (0+p+p3)(1+BDF)?

The system of differential equations for the sensitivity indices of the model outputs P, D, D., and
D, with respect to the time delay parameter (77 ) is given by:

d;—fl = —ySfl — (xSfl(t —1) + aw, (41a)
d;?:=‘%H‘FMOSQ-+a52(ﬁ—rﬁ-—7520_uq)_aéfggffﬁl (41b)
dfl? T isé;c)z — (u+ p2) S + ‘755170 +S0(t— 1), (41¢)
D
dil?p - fé;c)z — (o4 p+13)Se (41d)
with the initial conditions:
S5 (0) =0, 0 € [~Tmax,0, S5.(0) = 0, S7:(0) = 0, 8(0) = 0. 42)

The equilibrium solution of system (41) is given by

* * * D
sb"=0, S2"=0, Syr=0, S’ =0.
Similarly, we can derive the sensitivity indices with respect to the other model inputs using system

(39). Then, we compute the normalized forward sensitivity indices by using:

Y = g4

¢ % i=1,23,4 j=1,...,16.

Sensitivity index of equilibrium point T*

In this section, we compute the normalized forward sensitivity indices of T* with respect to each
model input using the values in Table 2.

The normalized forward sensitivity indices of the equilibrium point T* = (P*, D*, D{, Dy) with
respect to every model input are presented in Table 3.

From Table 3, changes in the model inputs ¢1(6), $2(8), Dco, Dpo, T1, and T2 have no effects on the
equilibrium point T*. Furthermore, we can decrease the total number of diabetics by increasing
the death-related model inputs (u, p1, p2, and p3). However, these actions are impractical
and unethical. A similar argument applies to the recruitment rate of non-diabetics (A). It is
unreasonable to restrict the growth of non-diabetics in order to reduce the equilibrium solution of
all diabetic subpopulations. Apart from these model inputs (¢1(6), $2(6), Dco, Dpo, 1, 1, 2, H3, A\,
71, and 1), we rank the normalized forward sensitivity indices of D*, D, and D}, with respect to
the other model inputs from the most sensitive to least (see Table 4). The signs and magnitudes of
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Table 2. List of values for the model inputs of model (1)

Model input Value Dimension Source
$1(0) 17375603 individuals Assumed after [2]
¢2(0) 2558998 individuals [16]

D¢ 666483 individuals [16]
Dyo 666483 individuals [16]

A 274314.75 individuals year—! Estimated after [2]
n 5.2108 x 103 year*1 Estimated after [2]
07 0.1 year*1 [16]

o 0.15 year—! [16]

U 0.008678 year ! [16]

M 5.84 x 10~* year_1 [16]

1o 0.002336 year—! [16]

13 0.001752 year ! [16]

K 0.988986 year—! [16]

B 5x107° individuals—! [16]

T 10 years [10]

(o) 5 years [16]

Table 3. Normalized forward sensitivity indices of the equilibrium point T* of model (1) using the model inputs

in Table 2
3 Yg Y5 Y Yo/
A 1 1 1.1487 0.0302
o —0.3752 0.6248 0.7177 0.0188
0% 0 —0.9152 0.0974 0.0026
K 0 0 —0.1527 0.9960
B 0 0 0.1487 —0.9698
o 0 0 0.1428 —0.9312
U —0.6248 —0.7043 —1.7125 —0.0991
I 0 —0.0053 —0.0061 —1.613 x 1074
U 0 0 —0.2112 —0.0055
U3 0 0 —0.0240 —0.0116
T 0 0 0 0
™ 0 0 0 0
$1(0) 0 0 0 0
¢$2(0) 0 0 0 0
Do 0 0 0 0
Dyo 0 0 0 0

9

YP" are not given because we are only concerned with the diabetic subpopulations.

217

Reducing the overall diabetes prevalence is the primary concern. Based on the status of individuals
with diabetes, we should give extra precautions to reduce diabetics with complications (D,) as
they can affect the availability of the treatment of the complications. From Table 4(B), the diabetes
incidence rate («) is at the highest rank but in the positive direction. Thus, decreasing « will
affect the most in reducing the equilibrium solution of diabetics with complications (D}). In
addition, the decrease in a will also decrease the equilibrium solution of diabetics who never had

any complications (D*) and diabetics with recovered complications (D), making « the most
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Table 4. Magnitude and sign of the normalized forward sensitivity indices of D*, D¢, and D;, with respect to the
model inputs &, v, k, B, and o

(A) indices of D* (B) indices of D} (C) indices of D,
c \YE | sign c IYE?\ sign c \YQD ;I sign
0% 0.9152 - o 0.7177 + K 0.9960 +
o 0.6248 + K 0.1527 — B 0.9698
K B | 0.1487 o 09312 |
B 0 o | 01428 | + « | 00188 |
o v | 0.0974 v | 0.0026

important model input to curb the overall diabetes cases.

A 1% increase in the recurrence rate of complications () increases the equilibrium solution of
diabetics with complications (D) by approximately 0.1428%, while a 1% increase in the rate
of the first incidence of complication (1) increases the equilibrium solution of diabetics with
complications (D) by approximately 0.0974%. Thus, decreasing 7y and ¢ are beneficial to lower
D;.

From Table 4(C), the recovery rate of complications (k) is the most sensitive model input in
changing the equilibrium solution of diabetics with recovered complications (D;), where a 1%
increase in k increases D, by approximately 0.9960%. However, the value of x is at maximum
because if the inhibition effect 8 = 0 individuals™!, x + u + up = 1 year~! (the total rates of
individuals leaving the compartment of diabetics with complications (D.)). The value of « gets

smaller due to the inhibition effect of limited medical resources measured by the term m
C

1

In reality, T+ B, can be described as the reverse effect of diabetics with complications being
c

postponed for treatment [14]. From Table 4(B, C), a 1% increase in the inhibition effect B results in

an approximately 0.1487% increase in the equilibrium solution of diabetics with complications (D)

and an approximately 0.9698% decrease in the equilibrium solution of diabetics with recovered

complications (D}). Thus, decreasing B is crucial to decrease D.

6 Numerical simulation
Stability of equilibrium point T*

In this section, we give some numerical simulations for several cases of model (1) to validate and
illustrate our theoretical results. Five examples are presented, and Table 5 shows the differences
between them.

Table 5. Numerical example with respect to model (1)

Theorem

Example 2 3
(H3) (H4) (H5) (H6) (H?7)

Gl | W[N] =
[ )
[ )
[ )
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Example 1 Consider the model inputs: A = 35, « = 0.005, v = 0.05, xk = 0.5, = 0.0005, 0 = 0.4,
u=0.01, yy =0.075, yp = 025, u3 = 0.1, 4 =0, ., = 0, Py = 3000, Dy = 200, D,y = 15, and
Do = 80, which give the following particular non-delay case of model (1):

”;—IZ — 35— 0.005P — 0.01P, (43a)
dD

— = 0.005P —0.05D — 0.085D, (43b)
dD, 0.5D.

=0.05D—————S __ 40.4D,—0.26D 4
a D= 50005, T O4Pr — 026D (43c)
dD 5D
p__ 05D 0.51D,, (43d)

dt  1+0.0005D,

with the initial conditions:
P(0) = 3000, D(0) =200, D.(0) = 15, DP(O) = 80.

We obtain the equilibrium point T* = (2333.3333, 86.4198,11.7670,11.4688). According to Theorem 1,
T* of system (43) is locally asymptotically stable (see Figure 3).

2500
2000 //
© 1500 f P
g 0
= D,
e)
£ 1000 | Dp
500 f
—
0
0 10 20 30 40 50

Time (Year)

Figure 3. The dynamics of system (43)

Example 2 Consider the model inputs: A = 35, « = 0.005, v = 0.05, xk = 0.5, = 0.0005, 0 = 0.4,
p = 0.01, py = 0.075, yo = 0.25, u3 = 0.1, $1(6) = 3000, ¢2(0) = 200, Do = 15, and Do = 80,
which give the following particular case of model (1):

dpP
= =35-0.005P(t—1;) —0.01P, (44a)
dt
dD
— = 0.005P(t — 1) —0.05D(t — 72) — 0.085D, (44b)
D, 0.5D,

= 0.05D(t— 1) — ————C 4+ 0.4D, —0.26D 44
- = 005D(t— 1) T 000050, + 04Dy —0:26D%, (440)
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dD, 05D,
dt 1+ 0.0005D,

—0.51D,, (44d)

with the initial conditions:
P(0) = 3000, 6 € [—Tmax, 0], D(6) =200, D.(0) = 15, DP(O) = 80.

We obtain the equilibrium point T* = (2333.3333,86.4198,11.7670,11.4688).

We first check the existence of critical value Ty when T = 0. From Theorem 2, condition (H3) is satisfied
because by — v = 0.035 > 0. According to Theorem 2(i), the equilibrium point T* of system (44) with
71 = 0 s locally asymptotically stable for 7, > 0.

Furthermore, for condition (H3) holds, we check the existence of critical value Ty provided T, can be any
non-negative value. From Theorem 3 and choosing 7o = 13, Eq. (30) becomes

w] 4 0.0098w3? + (7.2938 x 1077) + 0.0085(w? + 7.5 x 10™°) cos 13w
—0.1wy (w? + 7.5 x 107°) sin 13wy = 0. (45)

Eq. (45) has no root, and condition (H5) is satisfied. Thus, from Theorem 3(i), T* of system (44) with 1,
can be any non-negative value (in this case, T, = 13) is locally asymptotically stable for Ty > 0. Figure 4
shows the dynamics of system (44) with two sets of T and 1y: (i) 71 = 15 and 1, = 13, and (ii) 71 = 150
and T, = 13.

3000 " " " " 200 " "
(A) T, = 15, Ty = 13
2900 r ———-(B)7, =150, 7,=13
150 1
0. 2800 @]
100 | ==
2700 [
2600 . . . : 50 . . . .
0 10 20 30 40 50 0 10 20 30 40 50
Time (Year) Time (Year)
40 : : : : 80
(A) 7, =15,7,=13 (A) 7, = 15,7,=13
———-(B)7, =150, 7,=13 60 | ———-(B)7, =150, 7,=13 | {
307 1
o
a a
20
10 0
0 10 20 30 40 50 0 10 20 30 40 50

Time (Year) Time (Year)

Figure 4. Dynamics of system (44) with: (A) 1 = 15and 1, = 13. (B) 4 = 150 and 7o = 13
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When conditions (H3) and (H5) are satisfied, the solution (P, D, D, Dy) converges to T* regardless of the
value of 71 and 1.

Example 3 Consider the model inputs: A = 35, « = 0.125, v = 0.05, xk = 0.5, = 0.0005, 0 = 0.4,
p = 0.05, 1 = 0.075, o = 0.25, 3 = 0.1, ¢1(0) = 300, ¢2(0) = 100, Do = 30, and Dy = 40,
which give the following particular case of model (1):

dpP

o = 35— 0125P(t 7)) ~ 0.05P, (46a)
D
S = 0.125P(t—7) —0.05D(t — 7;) — 0125D, (46b)
dD, 0.5D,
— 0.05D(t— ) — ——2=¢ __ 104D, —0.3D 4
g~ 008Dt —m) — 56008, T 04Pr —03De (46c)
dD, 05D,

= —0.55D 46d
dt 1+ 0.0005D, 0-55Dy, (46d)

with the initial conditions:
P(0) =300, 0 € [—Tmax,0], D(0) = 100, D.(0) = 30, DP(O) = 40.

We obtain the equilibrium point T* = (200, 142.8571,16.4108,14.7975).

We first check the existence of critical value g when ) = 0. From Theorem 2, condition (H3) is satisfied
because by —y = 0.075 > 0. According to Theorem 2(i), T* of system (46) with Ty = 0 is locally
asymptotically stable for 7o > 0.

Furthermore, for the condition (H3) holds, we check the existence of critical value Ty provided T, can be
any non-negative value. From Theorem 3 and choosing 7 = 100, Eq. (30) becomes

wf +0.005w% — (2.3789 x 107%) + 0.0125(w? — 0.0131) cos 100w,
—0.1w; (w? —0.0131) sin 100w, = 0. (47)

We obtain one positive root of Eq. (47), which is w11 = 0.1146, and the condition (H6) is satisfied. Then,
we obtain T19 = 17.3030. We also satisfy condition (H7), which is VoV, + V1 V3 = 6.1780 x 1074 > 0.
From Theorem 3(ii), T* of system (46) with T, can be any non-negative value (in this case, T, = 100) is
locally asymptotically stable when T € [0,17.3030), where the solution (P, D, D, D)) converges to T*
as time t increases (see Figure 5(A)).

The equilibrium point T* becomes unstable when t1 > 17.3030, where the solution (P, D, D, Dp) gets
larger and away from T* as time t increases (see Figure 5(B)). System (46) with T, can be any non-negative
value (in this case, T, = 100) undergoes a Hopf bifurcation at T* when 7y = 17.3030, and a periodic orbit
arises from T* (see Figure 5(C)).

Example 4 Consider the model inputs: A = 35, « = 0.005, v = 0.175, xk = 0.5, = 0.0005, ¢ = 0.4,
p = 0.05 p1 = 0.075, yp = 0.25, u3 = 0.1, p1(8) = 550, ¢2(0) = 10, Dy = 35, and Do = 20,
which give the following particular case of model (1):

dp

= =35-0.005P(t—1;) —0.05P, (48a)
dt

dD

—r = 0.005P(t — 1) —0.175D(t — 1) —0.125D, (48b)
D, 0.5D,

= 0.175D(t— 1) — ————¢ — 40.4D, — 0.3D 4

G = 0175D(t =) — grarer- + 04D, — 03D, (48¢)
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Figure 5. When T, can be any non-negative value (in this case, 7, = 100): (A) The equilibrium point T* of system
(46) is locally asymptotically stable for 1 = 5 < 199. (B) T* is unstable for 1 = 18.5 > 7y9. (C) System (46)

undergoes a Hopf bifurcation at 7y = 17.3030 = 149

dD, 05D,
dt ~ 1+0.0005D,

—0.55D,,

with the initial conditions:

P(6) = 550, 8 € [—Tmax, 0], D(8) = 10, D(0) = 35, D,(0) = 20.

We obtain the equilibrium point T* = (636.3636,10.6061,4.2563,3.8611).

(48d)



We first check the existence of critical value Tog when ) = 0. From Theorem 2, condition (H4) is satisfied
because by —y = —0.05 < 0. Then, we obtain 19 = 19.3216. By Theorem 2(ii), the equilibrium point
T* of system (48) with T = 0 is locally asymptotically stable when T, € [0,19.3216), where the solution

converges to T* as time t increases (see Figure 6(A)).
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Figure 6. For system (48) with 771 = 0: (A) The equilibrium point T* is locally asymptotically stable for
T) =5 < 1. (B) T* is unstable for » = 30 > 1. (C) System (48) undergoes a Hopf bifurcation when
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T* becomes unstable when 1, > 19.3216, where the solutions D, D., and D, move away from the
equilibrium solutions D*, D¢, and D, respectively, as time t increases (see Figure 6(B)). System (48)
with T = 0 undergoes a Hopf bifurcation when 1, = 19.3216, where the solutions D, D, and D, show
periodic behaviors (see Figure 6(C)).

Notice that the solution P for Figure 6(B—C) does not oscillate like the other variables. The differential
equation of P (Eq. (1a)) is unaffected by D, D., and D). Hence, the oscillation of other variables does not
affect P since if T = 0, P is locally asymptotically stable (see Remark 4). On the contrary, if the solution P
has an oscillating behavior, the other variables will also oscillate.

Remark 4 Recall Eq. (1a),

Z—f = A—aP(t—1) — uP. (49)

The characteristic equation that associated with the equilibrium solution P* of Eq. (49) is given by:

A +p+eMla=0, (50)

where A¢ represents the eigenvalues. For the case of 71 = 0, Eq. (50) has a negative root given by
—(p + ). Hence, P* of Eq. (49) with 74 = 0 is locally asymptotically stable. This is the reason the
solution P in Figure 6(B, C) does not oscillate even though 7, is not within its stable region. Apart
from this, we discuss the case of 71 > 0. Assume that Ay = i (i = v/—1 and @ > 0) is one of the
roots of Eq. (50). By substituting A¢ = i@ into Eq. (50) and after some algebraic manipulations,
we obtain @ = /(a + u)(a — p). If & < p, a contradiction occurs because we initially assumed
@ > 0 and P* is locally asymptotically stable for 71 > 0. However, P* loses its stability for some
values of 1 > 0if a > p.

Next, for the condition (H4) holds, we check the existence of critical value 19 provided 1; is within
[0,19.3216). From Theorem 3 and choosing 7, = 5 € [0,19.3216), Eq. (30) becomes

Wi +0.0487w? 4 (1.1447 x 107*) + 0.0438(w? + 0.0025) cos 5wy
— 0.35w (w? — 0.0025) sin 5w; = 0. (51)

Eq. (51) has no root, and condition (H5) is satisfied. From Theorem 3(i), the equilibrium point
T* of system (48) with T, within its stable region (in this case, 7, = 5 € [0,19.3216)) is locally
asymptotically stable for 7y > 0. Figure 7 shows two simulations of two different values of 7
(m = 7and 1 = 87) with o = 5 € [0,19.3216). In both figures, the solution (P, D, D., D)
converges to T* regardless of the value of 3.

Example 5 Consider the model inputs: A = 35, « = 0.125, v = 0.175, xk = 0.5, = 0.0005, ¢ = 0.4,
p = 0.05, u1 = 0.075, pp = 0.25, u3 = 0.1, p1(6) = 60, ¢2(0) = 10, Do = 40, and Dy = 20, which
give the following particular case of model (1):

dapP

= =35-0.125P(t—1;) — 0.05P, (52a)
dt
”;—? = 0.125P(t—11) — 0.175D(t — 1) — 0.125D, (52b)
D, 0.5D,

= 0.175D(t— 1) — ————¢ — 40.4D, — 0.3D 2
G = 0175D(t =) — grarer- + 04D, — 03D, (520)
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(A) 7, =7and 7, =5 € [0, 19.3216) (B) 7, =87and 7, =5 € [0, 19.3216)
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Figure 7. Dynamics of system (48) when 1, is within its stable region (in this case, 7, = 5 € [0,19.3216)): (A)
Tl = 7. (B) Tl = 87

dD, 05D,
dt 1+ 0.0005D,

—0.55D,, (52d)

with the initial conditions:
P(0) =60, 0 € [—Tmax,0], D(0) = 10, D.(0) = 40, DP(O) = 20.

We obtain the equilibrium point T* = (200, 83.3333,33.5936, 30.0351).

We first check the existence of critical value g when ) = 0. From Theorem 2, condition (H4) is satisfied
because by —y = —0.05 < 0. We obtain 19 = 19.3216. By Theorem 2(ii), the equilibrium point T* of
system (52) with T = 0 is locally asymptotically stable when T, € [0,19.3216) and becomes unstable
when 1) > 19.3216. System (52) with 71 = 0 undergoes a Hopf bifurcation when 1, = 19.3216. The
corresponding plots and trajectories have similar characteristics as in Figure 6.

Furthermore, for the condition (H4) holds, we check the existence of critical value iy provided T, is within
[0,19.3216). From Theorem 3 and choosing 7 = 4 € [0,19.3216), Eq. (30) becomes

w} +0.0331w? — (6.0703 x 10~%) 4 0.0438(w? — 0.0131) cos 4w,
—0.35w1 (w? —0.0131) sin 4w; = 0. (53)

The positive root of Eq. (53) is w11 = 0.1146 and the condition (H6) is satisfied. Then, we obtain 19 =
17.3030. We also satisfy the condition (H7), which is VoV, + V1 V3 = 0.0011 > 0. From Theorem 3(ii),
the equilibrium point T* of system (52) with T within its stable region (in this case, T, = 4 € [0,19.3216))
is locally asymptotically stable when T € [0,17.3030), where the solution (P, D, D, Dy) converges to
T* as time t increases (see Figure 8(A)). T* becomes unstable when Ty > 17.3030, where the solution
(P,D,D.,Dy) gets larger and moves away from T* as time t increases (see Figure 8(B)). System (52)
with Ty within its stable region (in this case, T» = 4 € [0,19.3216)) undergoes a Hopf bifurcation when
T1 = 17.3030, that is, a periodic orbit arises from T* (see Figure 8(C)).
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Figure 8. Dynamics of system (52) with 1, within its stable region (in this case, 7, = 4 € [0,19.3216)): (A) The
equilibrium point T* is locally asymptotically stable for 71 = 6 < 179. (B) T* is unstable for 73 = 18.5 > 14¢. (C)
System (52) undergoes a Hopf bifurcation when 71 = 17.3030 = 149

Simulation with respect to the model inputs in Table 2

Stability of T*

Based on the values in Table 2, the corresponding equilibrium point of model (1) is T* = (1.9751 x
107,9.4193 x 10°,7.4153 x 10°,1.2005 x 10°). Accordingly, from the discussion in Section 4, we
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tirst set 77 = 0 and look at the range of 7, for which T* remains locally asymptotically stable.
Condition (H4) of Theorem 2 is satisfied. We obtain the critical value 175y = 16.7073, where the
switching stability occurs at 7, = Tp9. Note that from Table 2, we have 7, = 5, which is within the
stable region. We proceed with finding the critical value for the delay 7;. Then, we obtain that
condition (H5) of Theorem 3 is satisfied. From Theorem 3(i), T* is locally asymptotically stable
(see Figure 9).

><107
N ]
1 1 AR P -
5 - D
—_——.D
l) C
= D
-_a P
s 1t |
©
<
05+ |
‘;f::,‘—- _______________________________________________ B
0 : ' ' |
0 10 20 30 40 >0

Year

Figure 9. Dynamics of model (1) with the values in Table 2

From Figure 9, we may observe that the solution (P, D, D, Dp) approaches T* as time ¢ gets larger.
If this tendency is left untreated, the number of diabetics with complications (D.) would grow
and approach D/ at the long-term simulation. This situation should be avoided because a large
number of diabetics with complications (D) will slow down the recovery rate of complications as
many are waiting for their turn to get appropriate treatment. This situation should be avoided
because the medical team will be stressed and face some difficulties in handling this overcrowded
situation.

Simulation with various «, 7, ¢, and B

From the sensitivity analysis results (Section 5), we suggest lowering the diabetes incidence rate
(«) to curb the overall diabetes cases. Figure 10 shows that by decreasing a, the number of
non-diabetics increases significantly while all the diabetic subpopulations decrease.

The intervention is by increasing the awareness among non-diabetics about the severity of diabetes.
Consequently, it may decrease the rate of developing diabetes («).

Second, we suggest decreasing the rate of the first incidence of complication () and the recurrence
rate of complications () in order to decrease the number of diabetics with complications. Figure 11
shows the simulations of decreasing values of v and ¢ where the number of diabetics with
complications (D.) decreases to a much lower level.
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Figure 10. Simulation of model (1) with different rates of developing diabetes («) (« = 0.0052108, « = 0.004,
and & = 0.0035) with the other model inputs in Table 2
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Figure 11. Simulation of model (1) with different values of the first and recurrence incidence of complications
(v,0) ((y,0) = (0.1,0.15), (7,0) = (0.075,0.125), and (v,0) = (0.05,0.1)) with the other model inputs in
Table 2
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Note that no changes can be observed in Figure 11(A) because the dynamics of non-diabetics (P)
are unaffected by o and ¢. The interventions to decrease the rate of developing complications
may include early detection of diabetes, education about the complications of diabetes, better
self-management of diabetes, lifestyle modifications, and support from family members.

Lastly, we suggest decreasing the effect due to limited medical resources (B). Figure 12 shows the
simulation of decreasing value of .

%107 ' A ' 3 %108 ' _(B)
1.85¢1
& 1.8
1.75¢ )
e 7]
20 30 40 50
Year
x10° (D)
4+
= e
o e
2r A
ST
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Year Year
| B=5x10° ———-3=38x10° —— = B=1x10"]

Figure 12. Simulation of model (1) using different values of the inhibition effect (8) (8 =5 x 107, 8 =3 x 107°,
and B = 1 x 10~°) with the other model inputs in Table 2

Note that no changes can be observed in Figure 12(A-B) because the dynamics of P and D are
unaffected by B. As the effect due to limited medical resources () decreases, the number of
diabetics with complications (D.) decreases and persists at a much lower level, while the number
of diabetics with recovered complications (D)) increases and persists at a much higher level. To
decrease the effect of limited medical resources (), we recommend providing adequate resources
for the treatment of diabetes complications.

Influence of incidence rate of diabetes («) on Hopf bifurcation corresponds to the time delay 7

From Remark 4, the indicator for the equilibrium point T* of the delay model (1) to lose its stability
for some 77 > 01is @ > u. Hence, we investigate the variation of the critical value of time delay 19
(Eq. (31)) with respect to the various rates of incidence of diabetes («). For the model inputs given
in Table 2 and choosing « € [0.01,0.99], we plot the stable and unstable regions in Figure 13.



230 | Mathematical Modelling and Numerical Simulation with Applications, 2025, Vol. 5, No. 1, 198-233

(A)0.01 < @ <0.1

600 -

10
500 | .7 =10/!1

400 ]

unstable

< 300 1
200 - 1

100 | stabl 1

(B) 0.1 < a < 0.99

20 -

unstable -——--7,=10
15 .

ST gable

0.2 0.4 0.6 0.8

Figure 13. Graph of 7; versus a showing the stable and unstable regions of model (1) with the other model inputs
in Table 2 (the dashed line represents the line 7y = 10)

This figure shows the minimum value of « so that the equilibrium point T* of model (1) remains
locally asymptotically stable. This variation shows that the higher incidence rate of diabetes ()
results in a lower critical value 7y. If the rate « > 0.162 yearfl, then the solution (P, D, D¢, D) of
model (1) will show unstable behaviors because 71 = 10 > 119 (see Figure 13(B)). Sometimes the
number of diabetics is high and sometimes low. In this case, it may be difficult to predict the size
of every subpopulation. Consequently, implementing control measures to lower diabetes cases
will be difficult. If we wish to predict the number of diabetics, the incidence rate of diabetes («)
should be no more than 0.162 year~! for the other model inputs in Table 2.
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7 Conclusion

In this paper, we studied a four-state model of a type-2 diabetic population with a saturating
recovery rate of diabetes complications. We first investigated the non-negativity and boundedness
of the solution for delay and non-delay cases. However, the non-negativity of the solutions P, D,
D., and D, of the delay model (1) can only be guaranteed if the model inputs satisfy the conditions
stated in Proposition 2.

In the absence of time delay, we discussed the local and global stability analysis. Numerical
simulation to indicate the global stability of the non-delay model was given. In the presence of
two delay parameters, we discussed the characteristic equation of delay model (1) under the case
of 71 = 0 to obtain the stable region of 7,. After that, we derived the critical value corresponding
to the delay parameter ;. Overall, we have five conditions (H3)-(H?7) to characterize the stability
properties of T* (either locally asymptotically stable or unstable) and the manifestation of Hopf
bifurcation. The delay values affect the stability of the equilibrium point T*. A locally asymptoti-
cally stable equilibrium point T* can become unstable under certain conditions. We have shown
examples of a periodic orbit that arises from T* as the model switches its stability.

From the sensitivity analysis, we give three conclusions as follows:

1. We may significantly reduce the overall diabetes cases by decreasing the rate of develop-
ing diabetes («). This includes education on diabetes and the implementation of awareness
programs.

2. Diabetes screening should continue so that the status of diabetes can be known earlier. Conse-
quently, medications assist individuals with diabetes in controlling their glucose levels, and the
rate of the first incidence of complication () may decrease.

3. We may increase the availability of the treatment of complications for the diabetics with
complications, as our sensitivity indices suggested that the diabetics with complications will
decrease if the parameter () measuring the limited medical resources gets smaller. This
concerns diabetics with complications receiving better treatment of the complications such
as the improvement or shortening of waiting time for elective cases such as renal or heart
transplant.
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