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ABSTRACT. As a generalization of hemi-slant and semi-slant submersions, we discuss pointwise quasi
Hemi-slant (PQHS) submersions from almost Hermitian manifolds onto Riemannian manifolds. We ob-
tain various results satisfied by these submersions from Kéhler manifolds onto Riemannian manifolds.
Moreover, we find necessary and sufficient conditions on integrability of the distributions, and explore
the geometry of totally geodesic foliations of discussed submersions. At last, we construct some examples
of a PQHS submersion from an almost Hermitian manifold onto a Riemannian manifold.
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1. INTRODUCTION

Let Ny be a Riemannian manifold endowed with a Riemannian metric gy,. An almost Hermitian
manifold is a subclass of almost complex manifold. Since there are many applications of Riemannian
submersions in science and technology, especially in the theory of relativity, robotics and cosmology;
therefore, it attracts many geometers to do the research in this area.

The theory of Riemannian submersion was initiated by O’ Neill [17] and Gray [5], during 1966-1967.
In 1976, Watson |30] proposed the study of almost complex type Riemannian submersions, and defined
almost Hermitian submersions between almost Hermitian manifolds. A new class of Riemannian submer-
sions (almost contact metric submersions) was studied by Chinea [3] which was an extension of almost
Hermitian submersion.

In 2013, Sahin introduced the notion of semi-invariant submersions [23], which was a generalization
of holomorphic submersions and anti-invariant submersions [22]. Additionaly, he also defined slant sub-
mersions from almost Hermitian manifolds onto arbitrary Riemannian manifolds [24]. Many geometers
studied different types of Riemannian submersions between Riemannian manifolds and contributed many
important results in [1}4,/6-8}/11L[12,14H16,(18-21}25}29].

The notion of pointwise slant submersions was introduced by Lee and Sahin [13] in 2014, and further
studied by Kumar et al. in [9,[10]. Recently, Sepet et al. introduced pointwise slant submersions [28]
and pointwise semi-slant submersions [27]. Pointwise semi-slant submersions whose total manifolds are
locally product Riemannian manifolds was studied by Sayer et al. [26]. The above studies inspire us
to introduce the notion of PQHS submersions from the almost Hermitian manifolds to the Riemannian
manifolds and explore its geometrical properties. We exhibit our work as follows: After intoduction,
in the second section we mention some defintions and properties related to the main topic. The third
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section deals with the study of PQHS submersions. The necessary and sufficient conditions for PQHS
submersions to be integrable and totally geodesics are given in the fourth section. Finally, the last section
is concerned with some non-trivial examples of PQHS submersion from Kaehler manifold.

2. PRELIMINARIES

Let N7 be an even-dimensional differentiable manifold and J be a (1,1) tensor field on N; such that
J? = —1I, here I is the identity operator. Then J is named an almost complex structure on N;. The
manifold (Ny,J) is an almost complex manifold [31], and its Nijenhuis tensor N is defined as:

Z\[(Zl7 ZQ) = [JZl, JZQ] - [Zh ZQ] - J[JZl, ZQ] - J[Zl, JZQ], for all Zl7 ZQ € F(TNl)
If N on Nj is zero, then N; is called a complex manifold.
Let gn, be a Riemannian metric on N7 such that
Ny (JZ1, T Z2) = gn, (21, Z2), 9Ny (21, T Z2) = —gn, (T 21, Z2), (1)
for all Z1,Zy € T(T'Ny).

Then, gy, is called an almost Hermitian metric on Ny, and (N1, gn,) is called almost Hermitian
manifold. The Riemannian connection V of the almost Hermitian manifold N7 can be extended to the
whole tensor algebra on Nj. Tensor fields (Vz, J) is defined as

(Vz,J)Zo =N g, JZo — IV 3, Zs,
for all Z1,Zy € T(T'Ny).
The manifold (N1, gn,,J) is called a Kéhler manifold if
(vzl '])Z2 = 07 (2)

for all Z1,Zy € T'(T'Ny).

Let (N1,9n,) and (N2, gn,) be the Riemannian manifolds, where gy, and gy, are the Riemannian
metrics on C*°-manifolds N7 and N, respectively. Let F' : (N1,gn,) — (N2,9n,) be a Riemannian
submersion.

Define O’Neill’s tensors 7 and A by [17]
ApF = HVygVF + VVyrHE, (3)
TeF = HVyvEVFE + VVyEHF, (4)

for any vector fields E and F' on Nj, where V is the Levi-Civita connection of gy, .
From equations (3) and (4), we have
VxZ =TxZ+VVxZ, (
VxY =TxY + HV Y, (
VyX =Ay X + VVy X, (7
VyW = HVy W + Ay W, (

for X, Z € I'(ker F,) and Y, W € T'(ker F,)*, where HVxW = Aw X, if W is basic [2].
Let (N1, gn,) and (N2, gn,) be the Riemannian manifolds and F : (N1,gn,) — (N2,gn,) be a C*
map, then the second fundamental form of F' is given by

(VENZ,W) =VEEW — F,(VzW), (9)

for Z,W € T(TN;), where V¥ is the pullback connection and we denote for convenience by V the
Riemannian connections of the metrics gy, and gn,.
Now, we can easily prove the following lemma as in [2].

Lemma 1. Let (N1,gn,) and (Na, gn,) be the Riemannian manifolds. If F: (N1,gn,) = (N2,9n,) be a
Riemannian submersion, then for any horizontal vector fields Z1, Zy and vertical vector fields Vi, Va, we
have

(i) (VF)(Z1,Z2) =0,

(ZZ) (VF*)(‘/M‘/Z) = _F*(TVl‘/Z) = _F*(VVl‘/Z)a
(1) (VE)(Vi, Z1) = —Fo(V, Z1) = —F.(Avs Z1).
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3. PQHS SUBMERSIONS

In this section, we discuss some results satisfying by PQHS submersion (F') from (Ni,gn,,J) onto

manifold (Na, gn,)-

Definition 1. A Riemannian submersion F : (N1, gn,,J) = (N2, gn,) is called a PQHS submersion if

there exist three mutually orthogonal distributions D, D and D+ such that

ker F, = D@ D’ @ D+, J(D) =D, J(D') C (Tker F,)™,

for any non-zero vector field Vi € (D1),, p € N, the angle 61 between JV4 and (D1), is constant and
is independent of the choice of point p and Vi in (D1),, where the vertical distribution I'(ker F) admits
three orthogonal complementary distributions D, D’ and D+ such that D is invariant, D° is slant with

an angle funtion 0, and D is anti-invariant.
Let F: (N1,9n,,J) = (N2, gn,) Then, we have
TN; = ker F, @ (ker F,)*.
Now, for any vector field V; € T'(ker Fy), we put
Vi =PV +QV1 + RV,

where P, @ and R are projection morphisms of ker F, onto D, D? and D=, respectively.
For Y7 € (T'ker F.), we set

JYl = ¢Y1 +(UY1,
where ¢Y; € (I'ker F,) and wY; € (I'ker F,)*.
From and , we have
JVi = JPWV)+ J(QV)+ J(RV),
= ¢(PV1) +w(PV1) + ¢(QV1) + w(QV1) + ¢(RV1) + w(RV1).

Since JD = D, J(D*) C (Tker F,)*, we get wPV; = 0,¢(RV;) = 0.
Hence, the above equation reduces to

JVi = ¢(PV1) + 6(QV1) + w(QV7) + w(RV).
Thus, we have the following decomposition
J(ker F,) = D @ (¢D1 & ¢D2) & (wDy),

where @ denotes orthogonal direct sum.
Also for any non-zero vector field Wi € T'(ker )L, we have

JWy = BW; + CWq,
where BW; € T'(ker F,) and CW; € T'(ker F,)*.
Lemma 2. Let F': (Ny,gn,,J) — (Na,gn,). Then, we have

&*Wi + BwWy = — W1, wopWq + CwW; = 0,
wBU, + C*U, = U, ¢BU, + BCU; = 0,
for all W € I'(ker F,) and U € I'(ker F})*.

Proof. Using , and J? = —1I, we have Lemma 2.

The proof of the following result is the same as given in [27], therefore, we omit its proof.

Lemma 3. Let F': (Ny,gn,,J) — (Na,gn,). Then, we have
$*Vy = —(cos? 9) V1,
for Vi € T(DY), where 0 is the slant function.

(10)

(11)



POINTWISE QUASI HEMI-SLANT SUBMERSIONS 203

Lemma 4. Let F : (N1, gn,,J) = (N2, 9gn,). Then, we have

VYV z, oW1 + Tz, wWy = ¢VV 2, W1 + BTz, Wi, (17)
Tz, oW1 + HV z,wW = wVV 2z Wy + CTz, W, (18)
VVYI BYy + .Ayl Y, = ¢Ay1Y2 + B’HVYIYQ, (19)

Ayl BY;5 + HVyl Y, = wAy1Y2 + CHVleQ, (20)

VVz, BY1 +T2,CYy = ¢Tz, Y1+ BHV z, Y1, (21)

Tz, BY1 + HV 2, CYy = wTz, Y1 + CHV 7, Y1, (22)

VVy,¢Z1 + Ay,wZy = BAy, Z1 + ¢VVy, Z1, (23)

Ay, $Z1 + HVy,wZ1 = wVy, Z1 + C Ay, Z1, (24)

for any Zy, Wi € T(ker F,.) and Y1,Ys € T'(ker F,)*.

Proof. Using —, and , we get the equations —. O

Now, we define

(Vz,0)W1 = VV 7,0W1 — ¢VV 7, W1, (25)
(V2,0) W1 = HV 2,0W1 — wVV 5, W, (26)
(VYl C)Yz = HVYICYQ — CHVyl Yo, (27)
(Vy, B)Y; = VVy, BY; — BHVy, Ya, (28)

for any Z;, W, € I'(ker F,) and Y1, Ys € T'(ker Fy)*.
Lemma 5. Let F': (N1, gn,,J) = (N2, gn,). Then, we have
(Vz,0)W1 = BTz, Wy — Tz,wWh,
(Vz,w)W1 = CTz, W1 — Tz, ¢W1,
(Vy,C)Ys = wAy,Ys — Ay, BY:,
(Vy, B)Ys = ¢ Ay, Y2 — Ay, CY3,
for any Z1, W, € I'(ker F,,) and Y1,Ys € I'(ker F,)* .
Proof. Using — and —, we get all the relations of Lemma 5. O
If the tensors ¢ and w are parallel with respect to the linear connection V on Nj, then
BTw, Wy = Tw,wWs, CTw, Wa = Ty, oW,
for any Wy, W € T(T'Ny).

4. INTEGRABILITY OF DISTRIBUTIONS AND DECOMPOSITION THEOREMS

In this section, we obtain necessary and sufficient conditions for the integrability of distributions related
to PQHS submerions (F') and also for these distributions we define totally geodesic foliations. Here we
denote a Kahler manifold by (Ny, gn,, J).

Theorem 1. Let F': (N1,gn,,J) = (N2, gn,) with the slant function 6. Then, the invariant distribution
D is integrable if and only if

S(VV 5, J Zo — VN 1, JZ1) = B(Tp,d 21 — T, T Zs),
for Z1,Zy € T(D) and V; € T(D? @ D*).

Proof. For Zy,Zy € T'(D), and V; € T'(D? @ D1), using the equations (1} . . . and (15)), we
have

9w ([Z1, Z2], 1)
gn, (Vz,JZ5, J(QV1 + RV1)) — gn, (V2,0 Z1, J(QV1 + RVY)),
= gn, (W5, JZs — VN 2,021, J(QVi + RVY)) +
gn, (T2, J Za — Tz,9Z1, J(QV1 + RVY)),
= 9N (6(VV 2,25 —VV 2,0 21), V1) + gn, (B(Tz,J Z2 — Tz,97Z1), V1),
which completes the proof. O
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Theorem 2. Let F : (N1, gn,,J) — (No, gn,) with the slant function 0. Then, the slant distribution D?
18 integrable if and only if
gn, (Tx,wpXa, Vi) — gn, (Tx,we X1, Vi)
= gn (Tx,wXs — Tx,wXy, JPVY) + gn, (HV x,wXs — HV x,wX, JRVY),
for all X1, X, € T(D?) and V4 € T(D @ D).

Proof. For X1, X, € T'(DY) and V; € T(D @ D1), using the equations , , @, , and Lemma
3, we have

gn, ([ X1, X2, V1)
= gn, (Vx,J X2, JV1) — gn, (Vx,J X1, I V1),
= —gnv(Vx,8° X2, Vi) + g5, (Vx, 6" X1, V1) — g, (Vx,wdXo, V1) +
gny (Vx,wd X1, V1) + gn, (Vx,wXa, JV1) — gn, (Vx,wX1, JV1),
= cos?Ogn, ([ X1, Xa], Vi) — gn, (Tx,wd X2, Vi) + g, (Tx,wd X1, Vi) +
N, (Tx,wXo — Tx,wX1, JPVL) + gn, (HV x,wXo — HV x,w Xy, JRVY).
Now, we have
sin? Ogn, ([ X1, Xa], V1)
= —gn, (Tx,wd X2, V1) + gn, (Tx,wp X1, V1) +
gn, (Tx,wXs — Tx,wXy, JPVY) 4+
gn, (HV x,wXs — HV x,wX1, JRV}),
which completes the proof. O

We also have the following thorem:

Theorem 3. Let F' : (N1,gn,,J) — (Na,gn,) with the slant function 0. Then, the anti-invariant
distribution D+ is always integrable.

Theorem 4. Let F': (N1,gn,,J) = (Na, gn,) with the slant function 6. Then the horizontal distribution
(ker F) defines a totally geodesic foliation on Ny if and only if

sin® Ogn, ([X1, Wi], X2)

= —gn,(VVw, JPX1,0X5) — gn, (Aw, JPX1, wX5) +

cos® Ogn, (VVw, PX1, X3) + cos® Ogn, (VVw, RX1, Xo) +

sin 20W1 [0]gn, (QX1, X2) + g, (Aw, wpQ X1, X2) —

gn, (Aw, wQ X1, 9 X2) — gny (HVw,wQX1, wXo) —

g, (Aw, JRX1, ¢ X2) — gn, (HVw, JRX 1, wX2),
for all X1, X € T'(ker F,) and Wy € T'(ker F,)*.
Proof. For X1, X € T'(ker F,) and W, € I'(ker F,)*, using the equations , , , , , and

Lemma 3, we have
an, (Vx, Xo, W)
= —gn, ([X1, W], X2) — gn, (Vw, X1, X2),
= —gn, ([X1,W1], X2) — gn, (Vw, JPX1, JX5) + cos® Ogy ([ X1, W1], X2) +
—cos? Ogn, (Vx, Wi, X5) + cos? Ogn, (Viw, RX1, X2) +
cos? Ogn, (Vw, PX1, X2) + sin 20W1[0]gn, (QX1, X2) +
v, (Vi woQX1, Xo) — gy, (Vw,wQX1, JX3) — gn, (Vw, JRX 1, J X3).
Now, we obtain
sin? Ogn, (Vx, X2, W1)
= —sin? g, ([X1, W], X2) — gn, VWV, JPX1, 6X2) — gn, (Aw, JPX1,wXy) +
cos? Ogn, (VVw, PX1, Xo) + cos? Ogn, VVw, RX1, Xo) +
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sin 20W1 [0]gn, (Q X1, X2) + gn, (Aw,wdQ X1, Xa) — gn, (Aw,wQ X1, 9 X2) —
gn, (HVw,wQX1,wXs) — gy, (Aw, JRX1, $X2) — gny (HV W, JRX 1, wX5).
(I
Theorem 5. Let F : (Ny,gn,,J) = (N2, gn,). Then the vertical distribution (ker F,) defines a totally
geodesic foliation on Ny if and only if
—cos? Ogn, (Ax, Xo, QZ1)
= gn,(VVx,BX2, JPZ1) + gn, (Ax,CX2, JPZ1) — gn, (HV x, X2, wQZ1) +
g, (Ax, BX2, Z1) + gn, (HV x,CZ1,wQZ1 ) +
gn,(HV x,CXa, JRZ)) + gn, (Ax,C X2, JRZ,),
for all X1, X5 € T'(ker F.)* and Z; € T'(ker F,).
Proof. For X, X, € I'(ker F,)* and Z; € I'(ker F,), using equations and , we have
gn, (Vx, Xo, Z1)
gn, (JVx, Xo, JPZy + JQZy + JRZy).
Now, using the equations (7)), (§), (11), (12), and Lemma 3, we have
9N, (Vx, Xo, Z1)
= gn,(VVx,BX3, JPZ1) + g, (Ax,CX2, JPZy) + cos” g, (Ax, X2, QZ1) —
gn, (HV x, X2, wQZ1) 4+ gn, (Ax, BX2,Z1) + gy, (HV x,CZ1,wQZ7) +
g, (HV x,CXa, JRZ:) + gn, (Ax, CXo, JRZ,).
O
Theorem 6. Let F : (N1,9n,,J) = (Na,gn,). Then, the invariant distribution D defines a totally
geodesic foliation on Ny if and only if
cos? Ogn, (VV 2, Zo, QU1 )
= 9z (T2, Z2, wdQUh) — gn, (T2, J Z2,wQUy + JRUY),
gnN, (szlJZQ, BWl) = —gn, (Tzl JZQ, CWl),
for Z1,Z, € T(D),U; € T(D? © D*) and Wy € T'(ker F,)*.
Proof. Forall Z,, Zy € T'(D),U; € T(D’@®D*) and W, € T'(ker F,)*, using the equations , , , ,
and , we have
9N, (V2. Z2,U1) = gn, (Vz, JZ2, JUL),
= —gn,(V2,Z2,6°QU1) — gn, (V 2, Zo,wdpQUy) +
an, (V 2, J Z2,wQUy + JRUY),
= cos?Ogn, (VV 2, Zo, QUL) — gn, (Tz, Z2, wdpQU1) +
gn, (T2, J Z2, wQUy + JRUY).
Now, again using the equations , , and , we have
9N (V2 Z2,Wh) = gn, (Vz,J Z2, JW),
= gn,(VVz, JZo, BW1) + gn, (T2, J Z2, CW7),
which completes the proof. (]
Theorem 7. F : (Ni,gn,,J) — (Na,gn,). Then, the slant distribution D° defines a totally geodesic
foliation on Ny if and only if
g, (Tx, w9 X2, Z1) = gn, (Tx,wX2, JPZ1) + gn, (HV x,wXa, JRZ),

sin? 01gn, ([X1, Z2], X2) = sin 202, [0]gn, (X1, X2) +
g, (Az,wp X1, Xo) — gn, (Az,wXi1, 9 Xo) — gn, (HV z,w X1, wXo),
for all X1, Xy € T(D?), Z, € T(D @ DY) and Zy € T'(ker F,)*.
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Proof. For X1, X, € T(D?),Z, € T(D @ D*) and Z, € T'(ker F,)*, using the equations , , @,
and Lemma 3, we have
9N, (Vx, X, Z1)
= g (Vx,0° X2, 1) = gn, (Vw0 X2, Z1) + 1 (Vx,wXa, T Z1),
= cos” bgn, (Vx, X2, Z1) — g, (Tx,wdXa, Z1) +
gn, (Tx,wXo, JPZy) + gy, (HV x,wXa, JRZY).
Now, we have
sin? 019w, (Vx, X2, Z1)
= —gn (Tx,wdXa, Z1) + gn, (Tx,wXa, JPZ1) +
gn, (HV x,wXs, JRZ7).
Next, from the equations , 7 , and Lemma 3, we have
9N, (Vx, Xo, Z2) = —gn, ([X1, Z2], X2) — g, (V 2, X1, X2),
= —gn ([X1, Z2], X2) — gn, (Vz, cos® 0X1, Xs) +
+9n, (Vz,wod X1, Xo) + gn, (Vz,wXq, JXo).
Now, we have
sin? 019N, (Vx, Xa, Zo)
= —sin®Oign, ([X1, Zo], Xo) + sin 2025 [0)gn, (X1, X2) +
N, (Az,wdp X1, Xo) — gy, (Az,wXy, dXo) — gny (HV z,w X1, wXo).
(Il
Theorem 8. Let F': (Ny,gn,,J) — (N2, gn,). Then, the slant distribution D defines a totally geodesic
foliation on Np if and only if
9N, (T JVa, BW3) = —gn, (HV v, Va2, CW>),

cos? Ogn, (VVv, Va, QW)
gn, (T, Va, wpQW1) — gy, (HV v, JVa, wQW1) — g, (Tv, JVa, JPW),
for all Vi, Vo € (DY), Wy € I(D & D) and Wy € T(ker F,)*.
Proof. For Vi,V; € T(D*), Wy € I(D @ D) and W, € T'(ker F.)*, using the equations (1)), ), (6),
and Lemma 3, we have
g, (Vv Vo, Wa)
gn, (Vv, JVa, JW3),
= gn, (Tv, JVa, BW2) + gn, (HV v, JVa, CW).

Next, from the equations , 7 @, 7 7 and Lemma 3, we have
gn, (Vy, Vo, W)
= gn (IVv, Vo, JPWA) + gn, (T V1, Vo, 9QWT) + g, (T Vv, I Vo, wQWrH),
= gn, (Tv, JVa, JPW7) + cos? Ogn, (VVv, Va, QW1) —
—gn, (T, Va,wpQWh) + gn, (HV v, V2, wQWh).

Theorem 9. Let F': (N1,gn,,J) = (N2, gn,). Then, F is a totally geodesic map if and only if
CTy, JPVa 4+ wVVy, JPVy — cos? 0Ty, QVa + HV v, wpQVs +
CHVv,wQVa + wTy,wQVa + CHV vy, JRV; + wTy, JRV;
= 0,
CTy,BVi + wVVy, BV + CHVy,CVi + wTy,CV; =0,
for all Vi,Vy € T'(ker F,) and Y1,Ys € T'(ker F,)*.
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Proof. Since F' is a PQHS submersion, then we have
(VFE,)(Y1,Y2) =0,
for Y1,Ys € T'(ker F*)l.
For Vi, Vs € I'(ker F,), using the equations (T)), (), (5)), (6), (11), (12), and Lemma 3, we have
(VE)(V1,V2)

= F(JVy, V),
F.(JVv, JPVy + Vi, 6°QVa + Vv, wpQVa + JVy,wQVa + JVy, JRV3),
F.(CTv, JPVy + wVVy, JPVy — cos® 0Ty, QVa + HV v, wdQVa +
BTy, JPVy + ¢VVy, JPVy — cos? VV v, QVa + Ty, wdpQVa +
CHVv,wQVa + wTy,wQVe + CHV v, JRVa + wTy, JRV: +
BHVv,wQVa + ¢Ty,wQVa + BHV v, JRV2 + ¢Ty, JRV2).

Next, using the equations , , , , , and Lemma 3, we have
(VE) (Y1, V1),
= —F(Vy,1)
F.(JVy, BV + JVy,CV})
= F.(CTy,BV; + wVVy, BV} + CHVy,CVi + wTy,CV}
BTy, BVi + ¢VVy, BV} + BHVy,CV1 + ¢Ty,CV4).

5. EXAMPLES

Let R?° be the 2s-dimensional Euclidean space endowed with an almost complex structure J defined
by

0 0 0 0
Jbi— +bo— 4 bos— bon
( oy, * 2 dys * o Oz o2 8?/25)
0 0
= -b bi=— 4 . ban bas ,
231+ 131/2+ ? 3y28—1+ > Byae
where (y1,y2, ... ,Y2s—1,Y2s) are cartesian coordinates and by, ba, ............. ,bog are C'°° functions defined

on R2%. We will use this notation in this section.

Example 1. Let (R'°, grio,J) be a Kdihler manifold endowed with usual metric grio, and (R*, grs) be

1 0 0 0
. . . I . |0 =———— 0 0 9
a Riemannian manifold endowed with Riemannian metric 0 sin 93’6005 Ys 1 ol where sin” y3 +
0 0 0 1
cos? y5 # 0.
Define a map F : R — R* by
F(y1,y1, e ;y10) = (cos yz + sinys, ¥s, Y7, Y10),
which is a PQHS submersion such that
0 0 0 0
X, = — Xo=— X3= i sinyz—r,
1 B 2 E 3 = COSYs s +sinys pm
0 0 )
Xy = —, Xs=—,Xg=—,
! ya ° dys ° Yy

ker F, = D& D% @ D+,
where

0
D = <Xi=2 Xo= 2 5,
YT 0y By
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0 0 0
D! = <X3= 5 Xy = — >,
3 COS Y5 ay + sinys — 5‘ s 5‘y4
0 0
Dl = <X5= ;X = >,
T Ay T Ay
(ker F,)*
1o} 0 0 0
- Hi = —  Ho — sinys —— — Yo=Y g =Y
< Hi 96’ 2 Slny38y3 COSy58y5’ 3 oy’ 4 Dm0 >,

with slant function ys.

Example 2. Let (R®, ggps,J) be a Kdhler manifold endowed with usual metric grs, and (R3, ggrs) be a
1

——— 0 0
sin? y1 +cos2 y.
Riemannian manifold endowed with Riemannian metric ' 0 ’ 1 0|, wheresin® y; +cos? ys #
0 0 1
0.
Define a map F : R® — R3 by
F(yl;ylv """"" 7y8) = (COSyl + Siny47y37y7)7
which is a PQHS submersion such that
0 0 0
X - —_ X = —_—
1 (cosyy o + siny; 8y4) 2= 5
0 0 0
X:a = — X4=—.Xr=—
’ dys’ ' Oye " s
ker F, = D& D’ @ D*,
9] 9]
D = <Xz3=_——,X4=-+>,
’ dys ! dys
0 0 0
D‘9 = <X1 (COS:Z/48 —f—Sl]flyl8 4) Xz_@>7
0]
D+t = < X5 =— >,
dys
(ker F,)*
0 0 0 0
= <H — = Hy=— H3=— >
1= (511’1 Y1 ayl COSYq~— ay ) 2 ay 3 ay7

with slant function 0 = yy.
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