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1. Introduction

Let C denote the complex plane and consider the open unit disk E = {z € C : |z] < 1}. For a harmonic function f = u+b to be
sense-preserving and locally univalent in the open unit disk E, it is necessary and sufficient that the inequality |0'(z)| < |u/(z)]
holds in E (see [1]).

The class of functions that are harmonic, sense-preserving, univalent, and normalized by §(0) = f,(0) — 1 = 0 in the open unit
disk E is denoted by S8JH. Within this class, the subclass of functions § € SH that additionally satisfy v’(0) = by = 0 is denoted
by 8H?Y. The functions u and v are analytic in the open unit disk [E and have series expansions:

u(z) =z+ iaszs, v(z) = ib‘,zs. (1.1)
s=2 s=2

A function f € SH? can be expressed as f = u+ 0. If we choose v(z) = 0, we obtain the class 8, which consists of analytic,
univalent and normalized functions in E. The relationships § C SH  8H hold for the function classes S, SH, and SHP.

The subclasses K and 8" of § are characterized by their mappings of the unit disk E onto convex and starlike domains,
respectively. Similarly, the subclasses of SH that map the unit disk E onto corresponding domains are denoted by SH%* and
KHP. For a more detailed discussion, see [1, 2].

Jackson’s g-derivative for a function y € §, where 0 < g < 1, is defined as follows [3]:

v(z) — v(g2) 20
b ) (=qz 7 ’
Y (z) = (1.2)

v (0), if 7=0.

Note that if y is differentiable at z, then as ¢ — 17, we have D, y/(z) — y/(z).
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Jackson also defined the g-integral as follows [4]:
AZ (==}
| v©d L ==01-a) ¥ vl (1.3)
k=0

provided that the series on the right-hand side converges.

Jahangiri et al. [5] introduced the modified Sdldgean q-differential operator for harmonic functions of the form f = u+ v,
where m € Ng = {0,1,2,...}. This operator is defined as

D;‘f(z) = D;‘u(z) +(— 1)mD3‘U(Z)7 (1.4)
where
Dru(@) =2+ Y M and DMo(z) = Y [s[mb. (15)
s=2 s=2

For a harmonic function f = u+-v, where m € Np and 6 > 0, we define the modified Al-Oboudi q-differential operator D' qf(z)
as follows:

D§f(z) = Dgf(z) =u(z)+v(2), (1.6)
Dy i) = (1-8)DYj(z)+8Dyi(2), (1.7)
5@ = D, (pE'E). (1.8)
Using the expression of f given in (1.1), it follows from (1.7) and (1.8) that
DY f(@) =2+ Y [8([slg— D+ 1" a2 + (=)™ Y [8([s]g +1) — 1" bz (1.9)
§=2 s=2

We note that the operator D' qf(z) reduces to several known differential operators for specific choices of the parameters J, g.
More precisely: '

e For § = 1, the operator coincides with the g—analogue of the modified Séligean operator studied by Jahangiri et al. [5].

* As g — 17, the operator becomes the generalization of the modified Sdldgean operator investigated by Yagar and
Yalcn [6].

e For 6§ =1 and ¢ — 17, we recover the modified Sildgean differential operator defined by Jahangiri et al. [7].
* If v(z) = 0, the operator reduces to the generalized g—Siligean operator introduced by Aouf et al. [8].
* If v(z) =0 and ¢ — 1, the operator reduces to the Al-Oboudi differential operator [9].

* Forv(z) =0,¢g— 17, and 6 = 1, we obtain the classical Siligean differential operator [10].

In 2019, Ahuja and Cetinkaya [11] introduced the class of g—harmonic, sense-preserving, and univalent functions f = u+1,
denoted by 8J,. For a function f to be included in class 8}, it must meet the following requirements:

o(z) = ‘Dq"(Z)

<1.
Dgu(z)

Additionally, as ¢ — 17, the class 8K is recovered.

For 0 < & < 1, the class of harmonic functions f = u+1b € 8H, that satisfy the inequality

Re { zDu(z) —zDg0(z) } .-

u(z) +0(z)

is denoted by 8J(; (). Functions in this class are referred to as g—starlike harmonic functions of order a. Similarly, for
0 < a < 1, the class of harmonic functions f = u+1b € 8H, satistying the inequality

Re { 2Dy (:Dg1(2)) 2Dy (:Dg0 () } o

zDgu(z) —zDgv(z)
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is denoted by KXH, (). The functions in this class are called g—convex harmonic functions of order o. For a more detailed
discussion, see [12, 13, 14].

Let

@) =z+Y a? + Y b (z€Ek=1,2),
s=2 §s=2
then the functions f; and f, have the following Hadamard product (or convolution):

(Fi#2) (2) =2+ Y a1sa252° + Y b1 sboz (z€E).
§=2 s=2

Furthermore, if f € §}(,, we obtain

I = §@x (0@ +0@) - (0@ +20),

m times

= u(g)xx1(z)*---*xx1(2) +0(2) * x2(z) *-- - * x2(2).
—_— —_—

m times m times

where

(6—1)gz>+(1-28)7*
(1-2)(1-¢z)

(6—1)gz* +z

=a-a) P97

x1(z) =

A function §: E — C is said to be subordinate to another function g : E — C, denoted by §(z) < g(z), if there exists a
complex-valued function @ mapping E into itself with @(0) = 0, such that §(z) = g(®(z)) (see [15]).

Denote 85{2(8 ,m, 1M, 1) as the subclass of 83{2 consisting of functions f of the form (1.1) that satisfy the condition:

Dgf;]f(z) 1+1nz
Dy i(z) 1+uz’

—p<n<p<l (1.10)

As g — 17, this class converges to SH(8, m,n, 1) introduced by Cakmak et al. [16]. Additionally, for ¢ — 1~ and with the
choices of specific parameters, the following classes are obtained, which have been previously studied:

(i) 8H°(1,8,n,1) = Hs(n, ), & € No=NU{0} ([17]),
(i) SHO(1,1,m,1) = S3; (1, 1) NSH® ([18]),

(iii) SHO(8,m, 200 —1,1) = SH(8, m, o) NSHO ([6]),

(iv) SHO(1,m, 20t —1,1) = HO(m, &) ([7]),

(v) 8H’(1,0,200— 1, 1) =S¥ () ([19], [20], [21]),

(vi) SHO(1,1,2a—1,1) = 5, () ([19]),

(vii) SHO(8,m,2a—1,1) = 8H(8,1—&,m, cx) ([22]).

Further details on these classes and their properties can be found in the works of Jahangiri et al. [23], Murugusundaramoorthy
et al. [24] and Canbulat et al. [25].

The aim of this paper is to advance the study of harmonic functions by introducing the Al-Oboudi g—differential operator,
an extension of the well-known Salagean operator. We define a new subclass of harmonic univalent functions using this
generalized operator, which allows us to explore several key properties of these functions. Building on techniques and
methodologies from Dziok ([18], [26]), and Dziok et al. ([17]), we analyze fundamental aspects of this subclass, including
coefficient conditions, extreme points, distortion bounds and radii of convexity. Through these investigations, our aim is
to enhance the understanding of harmonic function theory and provide new insights into the geometric behavior of these
functions.
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2. Main Theorems and Results
First, we establish a necessary and sufficient condition involving convolution for harmonic functions in 89—(2(5,111, n,u).

Theorem 2.1. Let z € E\ {0} and suppose that f belongs to 89{2. The function § is an element ofoHg(S,m, n, 1) if and only
if the following condition is satisfied:

Dy §(z) x x(z:§) # 0 for all (§ € Cwith [{|=1),

where

250 = [(n-—w)+8(0+ud)lg? +(m—n)lz (—1)m [—8(1+ul)+ -z +[28(1+ul) — (u—n){)z
’ (1-g2)(1-2) (1-42)(1-2) '

Proof. Letfe 85{2. The condition | € 89{2(57 m,n, 1) is satisfied if and only if the condition (1.10) holds, which is equivalent
to

ngl (Z) 1+ r’C -
Dy 7 1epg e EEI=D @
Consider
B §(2) = DI (2) * <1Z_z N 1Z_z> |
and

Dg‘:;rlf(Z) = Dg::qf(z) * (%1 (z) +X2(Z)) ,

then the inequality (2.1) leads to

(110D — (140 DR () = D:;qf(z)*{(“rﬂ@[(5—1)QZ2+Z] <1+uc>[<6—1>qz2+<1—26>z]}

(1-gz)(1-2) (1-g2)(1-%)
—Dy f(2) * { a J{i’f)z 44 Tff)z}
_ pm [(n—u)E+8(1+ul)]g+(n—m)z
- oo (- (1-9
[ p) + (u—n) g7 + 28 (1+ul) —(u—n)C]Z}
(1-¢2)(1-72)

= Dy f@)*x(z8) #0.

O

Theorem 2.2. Let f =u+10 € SH, where u and v are represented as in (1.1). Then, f € 83{2(5,111, n, 1) if the following
inequality is satisfied:

oo

Y (Pelax| + Qclbal) <p—m, 2.2)
k=2
where the sequences P; and Qs are given by:
P =[148([sly= D" [8([slg = 1) (e + 1)+ =], (2.3)

and

Oy = [-1+8([slg + D™ [8([slg+1) (u+1)+n —u]. (2.4)



108 Fundamental Journal of Mathematics and Applications

Proof. The theorem is evidently valid for f(z) = z. Now, consider the case where a; # 0 or by # 0 for s > 2. Since
Py > [s]y(n—m) and Q; > [s],(n — 1), from (2.2), we obtain:

= oo

Du(@)| = [Dgo(z)| = 1= Y [slylasl |21'™" = Y Islg B Iz

§s=2 s=2
> 1—|z|2 (las| +1B)
-
> 1—u_'m22<Ps|as|+Qs|bs|>
> 1—|z]>0.

Thus, f belongs to 8%2.

A function f belongs to the class S%2(5 ,m, 7N, 1) if there exists a complex-valued function @ such that ©(0) =0 and |0(z)| < 1
for all z € U. This condition is met if and only if the following holds:

DY) 14w
DR G  1tpe)’

which is equivalent to the inequality:

D§Hf(z) —D f(Z)
uD§ Hi(z) =nDF f(2)

<1, z€eE. 2.5)

The inequality in (2.5) holds because for |z| = r with 0 < r < 1, we have:

DEI(z) = DI~ [uDE 1)~ nDE, i)

= =

= | X [8(slg = 1)+ 1" 8([s]g — Daz’ = (=1)™ }_ [8([slg+ 1) = 1]™ 8([s]y + 1)bsz*

s=2 s=2

= [(m=m)z+ 2[5([% — D+ 1" [u(sly—1) +u—nlas’

oo

—(=D)" Y [8([slg +1) = 1" [Su([sly +1) - +n] byzt

s=2
< L I5(0 1+ 17 8(0y~ Dl + L1800l 1)~ 1" 80l + )l
- (u—n)r+g[5([ﬂq—1)+1]m[3u([s]q—1)+u—n]las|f‘
L0001 By 1) -l
< 1.
Therefore, f € SH{ (5, m,n, i), completing the proof. O

Next, we demonstrate that the condition given in (2.2) is also a necessary criterion for a function § € 83{2 to belong to the class
785-(2(6,111, n,u)=TmN 83{0(5, m,n, 1), where T™ represents the set of functions f =u+v € Sﬂ-fg such that

Ho) =u@ + 0@ =2— ¥ a2+ (-)" Y b2, z€E. 2.6)
s=2 §=2

Theorem 2.3. Consider the definition of f = u+10 in (2.6). Then, § € 785{2(5,111, M, 1) if and only if condition (2.2) is
satisfied.

Proof. The sufficiency of this condition follows directly from Theorem 2.2. To prove necessity, suppose | € 789{2(6 MM, W),
Using (2.5), we can write
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¥ (sl — 1) 81([slg — 1) 8+ 1™ lag] & + ([s]y + 1) 8 [([s] + 1) — 1™ [by| 2

s=2

< 1.

(m=m)e— X [(1slg— 1) 8+ 1= ([slg — 1) 8+ 11" as] 2+ [([sly + 1) S+ — ] [(fslg + 1) 8 = 1]™ [b] 2

s=2

For z = r < 1, this simplifies to

f {([slg = 1) 8 [([slg = 1) 8 + 1™ las| + ([slq + 1) 8 [([slg + 1) & — 1]™ ||}~
<L

u—mn- ):{ lg=1)Su+u—n][([sly— 1) 8+ 11" |ag| + [([slg + 1) S +n — u] [([s]g + 1) 8 = 1] [bs| } r#~!

Therefore, for the terms P; and Qy as defined in (2.3) and (2.4), we have the inequality
Y [Plag|+ Qs lb] P <u—m (0<r<1). (2.7
s=2
Let {0, } be the sequence defined by the partial sums of the series given by
Z [Ps|as| + Qs [bs]] -
§=2
Since {0y} is non-decreasing and bounded above by p — 1, it must converge, and hence
Z [PS‘ |as| + Oy ‘bS‘” = lim oy < uH—n.
= S—ro0
This establishes condition (2.2). O]
In the following, we demonstrate that the function class given in equation (2.6) is both convex and compact.

Theorem 2.4. The class ‘J'SJ{S(S,m, 1M, 1) is convex and compact within the space 89{2.

Proof. Consider a sequence f; € ‘3’89{2(5 ,m, 1, 1), where

fk(z)zz—Z]aks\z +(-1) mZ\b,myz, Z€E, keN. (2.8)
=2

s=2

To prove convexity, let 0 < A < 1, and suppose f; and f, belong to the class 785{2(5 ,m, 1, 1), with each defined as in (2.8).
Define a new function as

k(z) = Afi(2)+(1=2)f(2)

oo

=Y Alars|+(1=2)|azs) 2 + (=)™ i (b1 5|+ (1=2) [bas]) 2"

s=2 §s=2

Next, we verify that x(z) also belongs to the class ‘J‘SU{S(S,m, N, 1). To achieve this, we examine the following condition:

Y AR R ars|+(1=2) |azs ||+ Qs [A b1+ (1 =4) [b2[]} = /IZ{P|a15\+QS|b15\}+ (1-2 Z{P|a2s|+Qs|b2s|}
s=2

IN

Ap=m)+1-A)(u—m)=p-n.
Hence, k(z) remains within the class 7. 89{2(6 ,m, 1M, L), establishing the convexity of the class.

To demonstrate compactness, consider any function f; € ‘J’Sﬂ{g(S ,m, N, 1t). We derive the following inequality for |z| <7 (0 <
r<ly:

F@ < r+ Y {lars|+ |brs|}
s=2
< r+Z{Ps‘ak,s""‘Qs|bk,s|}rs
s=2
< rt(p-mr
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This confirms that the class 785{2(5, m, 7, i) is locally uniformly bounded.

Now, consider the sequence f(z) given by z— ¥, |ak7s‘ ()Y |kaY ] 75. Let f = u+b, where u and v are as described
s=2 s=2

in equation (1.1). From Theorem 2.3, we have the inequality
Y {Plag|+ Qs by} < —m. 2.9)
s=2

If f;, — §, it follows that |akvs| — |a| and |bk7S| — |bg| as k — eo. The sequence {0y}, which represents the partial sums of the
series Yoo {Ps |as| + O |bs|}, is both monotonic and upper-bounded by i — 1. Consequently, it is convergent. Therefore, we
have

=)

Z {P|as|+ Qs |bs|} = limo, < p—1.
s=2 §—o0

Thus, f belongs to the class ‘J‘Sﬂ{g(ﬁ ,m, N, 1), and it follows that this class is closed. Consequently, the class ‘J‘Sﬂ{g(ﬁ T
is compact within 89{2. O

We now present the following result, originally established by Jahangiri [5].

Lemma 2.5 ([5]). Consider the g—harmonic mapping § = u+ b, where u and v are defined as in (1.1). Suppose that the
following condition is satisfied:

o [ [slg—«a [s], +
S;{ lq—O‘ |ag| + 1q—a |bs|}§1 (z€E),

where 0 < o < 1. Consequently, the function f belongs fo the class 85—(2’*(06).

For functions belonging to the class 789{2(5 ,m, 1, 1), the radii of starlikeness and convexity are given by the following
theorems.

Theorem 2.6. Let 0 < a0 < 1, and let P; and Qy be defined by equations (2.3) and (2.4), respectively. Then

N 0 . l—-o . P Oy s=T
e (T8I, (8, m,m, 1)) —]:gg [“n mm{ lo—a [, +a H . (2.10)

Proof. Letf e 789{2(5, m, 7, 1) be represented by the form in (2.6). For |z| = r < 1, the following holds:

D14f(z) — (1+ @)f(z)
Dy 4f(z) + (1 - )f(z)

_ ‘ —0z— Y ([slg — 1 = @) Jas|z’ — (=)™ EZ, ([slg + 1+ a) [bs[2°
2-a)z— X, ([slg+1—a)fas]z = (=1)™ X5, (sl — 1+ ) |by 2

a+ Y, {([slg— 11— a)lag| + ([slg + 1+ ) b }
T 2—a-X {(Islg + T - alag] + ([slg — T+ @) bl ot

According to Lemma 2.5, the function | is g—starlike of order « in E, if and only if

D 4f(z) — (1 4+ @)f(z)
<1,z€E,
‘Dl,qf(z) ~(—wi)| ="
which is equivalent to:
i{W|aS+W|bS|}r“1gl. @.11)
s=2

Furthermore, by Theorem 2.2, the following condition must be satisfied:

= ( P
Z{ " ag| + Qs bs|}rS1§1.

s— (=T H=n

The inequality in (2.11) holds if:
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or equivalently:

1

_ =

r§1 amin{ b , & } (s=2,3,...).
n=n [slg — " [s]y + o

Therefore, the function f is g—starlike of order « in the disk E,B, where:

1

* . |: l—-a . { PS QS }:| -1
ry i=inf min , .
s22|[H—mn [slg — " [sly +

Finally, the extremal function:

fo(2) = ws(2) 40y (0) =2 — T (2)

L
P, —Z

Oy

shows that the radius r}, cannot be increased. Thus, we obtain the result (2.10). O]

Using a similar approach, we derive the following result.

Theorem 2.7. Let 0 < o < 1, and let P; and Qs be defined as in (2.3) and (2.4). Then, we have

¢ 0 — in 1_O‘min fs o -
TS0 ) = inf | = {Mq(mqa)’[sws}qw)}] |

Our next result concerns the extreme points of the class TTSJ-CS(S, m,n,uU).
Theorem 2.8. The functions u = ug and v = vy are defined as follows:
up (Z) =3,

s
us(z) Z P < (2.12)

05(2) = (—1)“"”(%72T (z€E, s>2).

The functions f = u+ 0, which are represented by the series expansion given in 1.1, are the extreme points of class
TSHY(8,m,m, ).

Proof. Consider the function v, defined by

b, = Affl + (1 7A)f2,

where 0 < A < 1 and f; and f, are functions in the class ‘3'83{2(5,111, 7N, 1). Each function f is given by

fe(@) = 2= ) laslz +(=1)™ Y [brs|Z,
s=2 s=2

where z is in IE and £ is either 1 or 2.
By (2.12), it follows that

H—n

O
which implies aj y =apx =0fork € {2,3,...} and by y = by =0 fork € {2,3,...}\ {s}. Consequently, vs(z) = fi(z) = f2(z),
and v, lies in the class of extreme points of SJ-C(%(S,n, n, ). Similarly, the functions u,(z) can be verified as the extreme
points of ‘ISU-(S(ﬁ,m,n,u).

Now, assume that a function § of the form (1.1) is an extreme point of ‘3'83{2(5, m, N, ) and that f does not match the form
(2.12). Then, there exists n € {2,3,...} such that

\b173| = |b2,S| =

n—n

0 < un| < [(nly— 1)+ 1™ [8([n)y— 1) (p+1) +u—n]
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or
H—n
O <Ml < (Rl D - ™6 (g + Dt ) o —pi]
If
0 < |un| < adt|

(g =1) 8+ 1" [8 ([nlg — 1) (u+ 1)+ =7’

then setting

5 = |l [(nlg = 1) 8 + 11" [8 ([n]g — 1) (e + 1) + 1 — ]

H—n

and
F-Au,
llli ]_}L 9

we obtain 0 < A < 1 and u; # y. Hence, f is not an extreme point of 78%2(6,111, n,u).
Similarly, if

H—n

O <l < (ol T D8~ ™6 (il + D Dt ]

then setting

g = Dl [([nlg + 1) 8 =17 [5 ([n]g +1) (u +1) + 1 — p]

H—"n

and
=2,
1= A7

resultsin0 < A < 1 and v, # .
Therefore, | is not an element of the set of extreme points in ‘.TSJ—CS(S, m, 7, i), thereby completing the proof.

Consequently, according to Theorem 2.8, we obtain the following corollary.

Corollary 2.9. Let f be an element ofTSng(S,m, n,u), and let |z| = r < 1. Then

. p-n 2 .
CEN R TEDET B i@ <r+

From Corollary 2.9, we can derive the following covering result.

u—-n 2
(g6+1)" g6 (u+1)+n—p]

Corollary 2.10. If{ belongs to ‘3'89{2(5, n,n, W), then E, C §(E), where

p—n
(g6 +1)"[g8 (u+1)+n—p]

3. Conclusion

In this paper, we introduced a new subclass of harmonic univalent functions by utilizing the generalized Al-Oboudi
q—differential operator, which extends the classical Sdldgean operator within the framework of g—calculus. We derived several
important results concerning the analytic and geometric properties of this subclass, including coefficient bounds, subordination
conditions, extreme points, convolution characterizations, distortion theorems, and radii of starlikeness and convexity.

Furthermore, we demonstrate the compactness and convexity of the subclass TSHg(S ,m, N, 1), and established sharp bounds
using extremal functions. The operator-theoretic approach adopted in this study not only generalizes many existing results in
the literature but also provides a flexible framework for investigating broader families of harmonic mappings.

These findings contribute to the geometric function theory by enriching the structure of harmonic univalent function classes
via g—calculus and highlight the potential of differential operators in unifying various known subclasses. Future work may
focus on applying other classes of quantum differential operators or extending the current results to more general domains and
functional settings.
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