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Abstract

Expanding the concept of star compactness for a countable case, we confine the star statistical compactness up to order o, and the value
of o is between 0 and 1. We compare this idea with other topological aspects pertaining to star statistical compactness of order ¢. This
work illustrates the properties of this topological attribute and its sub-spaces under various conditions, particularly under open continuous
surjection. It is obtained that star statistical compactness of order ¢ can be characterized by a countable family of closed sets with some
added set theoretic attributes.
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1. Introduction

The notion of density from number theory is extended to a more general setting in the context of topological spaces. An intuitive approach to
thinking about natural density in topological spaces is as a method to expand the idea of how “large” a subset is inside a space. The natural
density for a subset A C N is given by:

1
d(A) = lim —|{k <n:keA}|

if such a limit exists. The notion of statistical convergence was first presented by H. Fast [14] and 1. J. Schoenberg [26], and they utilized it
in summability theory and analysis. In addition, J. A. Fridy [15] made substantial advances to statistical convergence theory by offering a
framework that extends the ideas of traditional convergence. This idea expands on the conventional definition of convergence for real number
sequences by taking into account the density of the set of indices for which the sequence elements are approaching the limit. Bhunia et
al. [7] first introduced the concept of statistical convergence of order ot(0 < o < 1), which is a generalization of statistical convergence
where the natural density is changed by elevating the denominator to the power «. This concept introduces a parameter ¢ to provide a finer
analysis of the convergence properties of sequences [9, 13, 16, 17, 18, 19, 23]. In a topological space X, a sequence {a, : n € N} is said to
be statistically convergence of order & (0 < & < 1) to a € X, if for every neighbourhood U of a, 6% ({n € N:a, ¢ U}) =0.

However, P. Bal has utilized the notion of natural density of order & in [10] to define and investigate the statistical compactness of order
o. A topological space (X, 7) is called a statistical compact space of order alpha (in short s%- compact) if for every countable open cover
U = {U, :n € N} of X, there exists a sub-cover ¥ = {Uy, : k € N} such that §*({my : Uy, € ¥'}) =0.

Also, a concept called star”” operator, which is introduced by Eric K. van Douwen [11] is a concept in topology that deals with certain
properties of open covers. Consider a topological space X and an open cover % of X; then, the star of a set A C X with respect to %, denoted
by St(A, % ), is defined as follows:

St(A, %)=\ J{U e % :UNA#0}.

This indicates that the union of all sets in %/ that intersect A is the star of A with respect to 7. A topological space X is deemed star-compact
if each open cover % of X has a finite sub-cover whose stars encompass X. By formal definition, X is star-compact if there exists a finite
sub-collection ¥ C % for any open cover % of X, such that X = Jycy St(V,% ). Numerous mathematicians studied the variation of
compactness and Lindelofness under the star operator [22, 24, 26], whereas Kocinac [20], Bal [1, 3] concentrated on the variation of selection
principles under that operator. You can find some recent developments in [2, 4, 8, 20, 21, 27].

St-compactness [11] explains the nature on an infinite cover in terms of finite covering and St-s-compactness is an stronger version of St
compactness. To explain the nature of infinite covers at each phase from Sz-compactness to Sz-s-compactness, we use the parameter o which
lies between 0 and 1. Again in St-s*-compactness, o = 0 will represent Sz-compactness; o = 1 will represent St-s-compactness and other
values of ¢ will explain the intermediate cases.
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We are attempting to extend the works of Bal et. al. by merging the notion of a star operator with the statistical compactness of order ¢. This
new covering property will be called star statistical compactness of order . At the beginning, we give some example-based explanation to
establish its intermediate nature. Then, the preservation of St-s-compactness under subspace and continuous mapping are explained. At the
end of the paper, a finite intersection like attribute is given for Sz-s-compactness.

2. Preliminaries

We utilize the same standard terminology, symbols, and words as [12]. No separation axioms have been enforced or otherwise acknowledged
in the work. For the convenience of the reader, we have provided a few essential ideas and expressions in this section.

A collection %7 C 7 in a topological space (X, 7) is referred to as an open cover of X if U% = X. In a topological space, the space is referred
to as compact if each open cover has a finite sub-cover [12].

Definition 2.1. [/2] Let A C X in a topological space (X,T). Then, the collection 14 = {UNA : U € %} forms a topology on A, and the
space (A,T4) is called a sub-space of (X, 7).

Theorem 2.2. [12] A closed sub-space of a compact space is compact.

Definition 2.3. [25] A topological space (X,7) is called a statistical compact (in short, s-compact) space if for every countable open cover
U ={U, :n € N} of X, there exists a sub-cover V' = {Uy, : k € N} such that 8 ({my. : Up,, € ¥'}) =0.

Definition 2.4. [11] In a topological space (X, 7), if for every open cover % there exists a finite subset F C X such that St(F, % ) = X, then
the space is called a star-compact space.

Theorem 2.5. [10] If a sub-space (A,T4) of a topological space (X, ) is s*-compact, then for every family {U,},cn of open subsets of X
such that A C Upen U, there exists a subset S C N with 8§%(S) = 0 such that A C U,es Un.

Definition 2.6. [10] A topological space (X,7) is called a statistical compact space of order alpha ( in short s*- compact ) if for every
countable open cover % = {U, :n € N} of X, there exists a sub-cover V' = {Uy, : k € N} such that §%({my, : Uy, € ¥'}) =0.

Definition 2.7. [6] A topological space (X,7) is called a star statistical compact space (in short St-s-compact) if for every countable open
cover % = {U, :n € N} of X, there exists a subset %' = {Uy, : k € N} with § ({my, : Uy, € %'}) =0and St (%', %) =X.

Definition 2.8. [12] A function f: (X,7) — (Y,0) is called a

1. continuous function if f~! (G) et forall G € o.
2. open function if f(A) € © forall A € 7.
3. surjection if f(X) =Y.

3. On Star Statistical Compactness of Order «

Compactness strictly restricts the sub-cover up to a finite number of elements, and statistical compactness directly allows the sub-cover to
reach countable infinite keeping natural density 0. With the introduction of a parameter ¢, we try to control the star-statistical compactness
by controlling the natural density.

Definition 3.1. A ropological space (X,7) is said to be a star statistical compact space of order a. (in short St-s*-compact) if for each
countable open cover % = {U, : n € N} of X, there exists a subset V' = {Uy,, : k € N} with 6% ({my, : Up, € ¥'})=0and St UV, %)=X.

Theorem 3.2. Every s%-compact space is a St-s®-compact space.

Proof. Consider (X,7) be a s*-compact space and % = {U, : n € N} be a countably infinite open cover of (X,7). So, there exists a
sub-cover &7 = {Up, : k € N} with 8% ({ny : U, € &/}) =0. Thus, & = Uren Un, =X. Moreover, (|J«/) Uy # 0 for all n € N implies
that St(U</,% ) = X. Therefore, (X, ) is a St-s*-compact space. O

Example 3.3. A St-s%*-compact space may not be a s*-compact space.

Let us consider a topological space (X,T), where X = NU{a}. Now, we take a base = {{a},0} U{{a,n} : n € N} for a suitable topology
T on X and let T represents the topology formed by B. Let’s take % = {U, : n € N} be an arbitrary countable open cover of the space
(X, 7). Now, if we consider %' = {Un} a subset of %, then 8%({m}) =0 and St (J%',% ) = St (Un,% ) 2 St({a},% ),[Because a € U,
foralln € N so, a € Uy.] = X. Therefore, (X,7) is St-s*-compact.

Suppose % = {U, : n € N} be countable open cover of (X, 7), where U, = {a,n}. We now take a sub-cover %' = {Uy, : k € N} of % such
that 8% ({ny : U, € %'}) = 0. Then, at least one U, exists such that Uy, € % but U, ¢ U’. So, U, ¢ U%', which contradicts the fact that
' is a sub-cover of % . Therefore, (X,7) is not s*-compact.

Theorem 3.4. Every star s®-compact space is star s-compact space and every star compact space is a star s*-compact space.

Proof. Let us consider (X, 7) be Star s*-compact space and % = {U,, : n € N} be a countable open cover of space X. Then, there exists a
subset # = {Up, : k € N} with 6% ({my : U, € #'})=0and St (U# , %) =X. Thus, & ({my : Upm, € #'}) = 0. Therefore, (X,7) is
star s-compact space.

Let (X,T) be star compact space and % = {U,:n € N} be a countable open cover of space X. Then, there exist a finite subset
{x1,x2,x3,...x,} = F C X so that St(F,% ) = X. So, there exists a Uy, € % such that x; € Uy, foralli=1,2,3,...r. So, St (UIZ:]Unk,%) )
St(F,% ) = X. Therefore, St (Uj_ Uy, %) = X.

Also, the collection {Up, : k =1,2,3,...r} is finite set which implies that 8% ({U,, : k=1,2,3,...r}) = 0. Hence, (X, 7) is a star s* compact
space. O
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Theorem 3.5. Every countably compact space is star s*-compact space.

Proof. Let (X,7) be countably compact space. Then, for each countable open cover % = {U, : n € N} of X, there exits a finite sub-
cover ¥ = {Up, : p=1,2,3...k}. Since {my, : Uy, € 7'} is finite, therefore §%{m,, : Uy, € ¥’} =0. So, U¥ = U];:]Ump =X. Also,
(U¥)NU, # 0 for all n € N. Thus, St(UY, %) =X.

Therefore, (X, 7) is St-s*-compact space. O

Example 3.6. There exists a St-s®-compact space that is not a countable compact space.

Consider a topological space (X, 7), where X = NU{xy,x;}. Now, we take a base B = {{x1,x},0} U{{x1,%2,n} : n € N} for a suitable
topology T on X and let T represents the topology formed by . Let us consider an arbitrary countable open cover % = {Uy : n € N} of
the space (X,t). Now, if we choose ¥ = {U;} a subset of %, then 6*({i}) =0and St (UV , %) = St (U;,% ) 2 St({x1,x2},% )| Since
{x1,x2} € Uy for alln € N so, {x1,x,} € Uj] = X. Therefore, (X,7) is St-s*-compact.

Suppose % ={U, : n € N} be countable open cover of (X, t), where U, = {x|,x2,n}. Now, take a finite sub-cover ¥ ={U,, 1 k=1,2,3...p}
of % . Then, there must exist one Uy, such that Uy, € % but Uy, ¢ V. So, Uy, ¢ UV, which contradicts the fact that V' is a sub-cover of % .
Therefore, (X, 7) is not a countable compact.

p ™

S-C0In p?l(ft

=

St-s-compact

— _/___F—--“' }

Figure 3.1: Relation Chart

Theorem 3.7. Every clopen sub-space of St-s®-compact space is a St-s*-compact space.

Proof. Consider (X,7) be a St-s*-compact space and (B, Tg) be an clopen sub-space of (X, 7). Now, choose countable open cover
U ={U, :neN}of (X,7) and # = {W, : n € N} of (B, 1g). Thus, B =,y Wn = U% . Now, for each n € N, there exists a U, € T such
that W, = BN U, € t. [Since B € T and U, € 7]. Let us suppose a countable cover ¥ = {V,, : n € N} where,

y_f X\Bifn=1
"7 1 W,_1, otherwise

of (X, 7). But (X, 7) is St-s*-compact space. Therefore, there exists a subset ¥/ = {V,,, : k € N} with 8% ({ny. : Vi, € #'}) = 0 be such that
St (UVi, V) =X. Now, #' = {BVy, : k € N} is a subset of #. In all cases V; € ¥/ then, 0= 6 ({n : U, € ¥'}) > 8 ({mx : BNV, €
W'}).

Also, St(((J#"),#) =B and St((X\B),# ) =X \B.

Therefore, (B, 7p) is a St-s*-compact space. O

Example 3.8. Closed sub-space of St-s*-compact may or may not be St-s*-compact space.

Let X =NU{a} and 2 = {{a},0} U{{a,n}} : n € N} and 7 be the topology generated by 9. By Example 3.3, (X,7) is St-s*-compact.
Now, choose the closed subset A =N of (X, ) where 14 = {{k} : k € N} U{0,N}. Then, (A,714) is a sub-space of (X,T). We assume that
(A, T4) is St-s*-compact and consider the countably infinite open cover W = {W,, = {n} :n € N} of (A, 14).

Since (A, 1y) is St-s*-compact, so there exists a S C N with 8%(S) = 0 such that St (U,csWa, #') = A as because 6*(S) < §*(N), therefore
there exist g € N\ S. So, g ¢ U,cs Wn. Thus, (UnesWn) "Wy =0 i.e., g & st (UnesWa, #) which implies that St (U,cs Wa, #') # A, which is
a contradiction.

Therefore, (A, y) is not a St-s*-compact sub-space of (X, 7).
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Theorem 3.9. If {(X,,7,) :n=1,2,...,p} is a finite collection of St-s*-compact sub-spaces of X such that X =\U"'_, X, then (X,7) is
St-s*-compact space.

Proof. Let (X, Ty) form=1,2,... p are St-s*-compact sub-spaces of (X, 7) such that X =" _, X,. Let % = {U, : n € N} be a countable
open cover of (X, 7). Thus, %, = {U" =X,,NU, :n € N} \ {0} is a countable open cover of (X, Ty ) where m =1,2,...,p.
But (X, T ) are St-s%-compact sub-spaces of (X, 7) for eachm = 1,2,3, ..., p. Then, there exists a subset %, = {U,’[k’ =X, NUp 1 ke N}
(foreachm=1,2,...,p) of %, of (Xpn, Ty such that 6% ({ng : X,y NUp, € %,}) =0,form=1,2,...,p and St (U, Un) = Xm- Now,
UL _ {mk: XN Uy, €%y }) <XP _ 8%({ng: Xn Uy € % }) =0. Also, X =P _ X = UL _ St(U %, Un) €U SHU %, U )
Csi(U_ (U, %) =St(Ub_,(Uwm), ) €St (UL _, (UUn,),%). Therefore, %' = {Uy, : U € %, and m=1,2,...p}isa
subset of % such that

8 ({m:Un e %'}) =0 and st(J#', %) =x.

Hence, (X, 1) is a St-s%-compact space. O

Example 3.10. Arbitrary union of St-s®-compact sub-space may not be St-s*-compact space.

Let, X =[1,00),8 = {[n,n+1) :n € N}U{0} and 7 be the topology generated by PB. Suppose (X,7) is St-s*-compact space and consider
the countable open cover W = {W, = [n,n+1) :n € N} of X. So, there exists a S C N with §%(S) = 0 such that St (Up,esWn, #') = X.
But there exist g € N\ S. Since §%(S) < §%(N), 50, (Unes Wn) "Wy = 0. i.e., WyN St (Upes W, #) = 0. Since Wy remains uncovered by
St (Unes Wn, #) so, St(Ues Wn, #) # A, which is a contradiction. Therefore, (X,t) is not a St-s*-compact.

Now, X = U,en[n,n+1). Consider X, = [n,n+ 1) equipped with the indiscrete topology on X,. For every topological space (X, T,), then
each one is s*-compact space and hence St-s*-compact space as each s*-compact space is St-s*-compact space. Now, the next step is to
determine whether their union (X, 7) is St-s®-compact space or not. Let % = {U, : n € N} be the countable open cover of X. Then, there is
a subset V = {Up, : k € N} such that §%{ny : U,, € ¥'} = 0. So, there must exist an open set which belong to % and does not belongs to V.

So, St(\J V. %) #X.

Therefore, arbitrary union of St-s*-compact sub-space may not be St-s*-compact space.

Theorem 3.11. An open continuous surjection of a St-s*-compact space is also a St-s*-compact space.

Proof. Let (X,7) be a St-s*-compact space and f : (X,7) — (¥, 0) be an open continuous surjection.

Consider # = {G,, : n € N} be a countable open cover for Y. So, U{G,, : n € N} =Y [by surjection]. So, f~H{{U{G,:n € N}} = f1(¥). ie,
U{f~"(Gyn) : n € N} = X. Also, f is continuous, and {G, : n € N} is open. Therefore, % = {f~1(G,) : n € N} is an open cover in X. Since
X is St-s%-compact space, then there exists a subset { f 1 (Gy, ), f =" (Gn,),...} = %’ (say) of the cover % where §%({n : U, € %'} =0
with SH(U%', % ) = X. Let %y, C % be the collection of all those U € % such that (U%')NU # 0 for all U € %, Therefore, |J %y = X.
Now, YU € Yy,

(Uz')Nu #o.

Also, Uyea, f(U) =Y. Moreover % C % implies that Y = Uyeq, f(U) CUyea f(U) = Unen f(f7HGn)) = Unen Gn = Y implies
that Uyea, =Y. Thus,

V' ={f(U):U € U}
is a sub-cover of ¥ which is covering Y. Suppose qu(G”k)e%/(f(f’l (Gw))) Nf(U) =0, for some U € %y So, (Uf*‘(Gnk)G”?/’ Gp, )N
FUFYG,)) =0, for f~1(G,) € . Thus, (Us1(G,, ) Gne) N Gn = 0, which contradicts the fact in equation (J%') U # 0. Therefore,

"k

(Uf—l(Gnk)eq// Gnk) ﬁf(U) # 0, for all f(U) €. So, Sl((Uf’l(Gnk)E”/ ' GnA),A//,) = U’V’ =Y.ie, St(Uf*‘(G Yew' Gnk,"f/) =Y. Now,

s

{Gu, 1 /71 (Gn) € '} S0.{Gn, : 7! (Gu) € {f 1 (Gn)), f " (Gny),. - }} thatis { G, f(f 1 (Gu,)) € {F(F 1 (Gn)). f(F " (Giy)so 3}
which implies that {Gy, : Gy, € {Gn,,Gn,, ... }}.

Therefore, #' = {Gn,,Gn,,...} C{Gn:n € N} and §%({n; : ny € #'andk € N}) = 0. Also, St(U#", V) =Y.

Hence, the theorem has been proven. O

Theorem 3.12. In a particular topological space (X,7), if for every countable family F = {F; : n € N} of closed sets there exists a
subfamily & = {F,, : k € N} with 8%*({k e N: F,, € &)} = 0 such that (\{F, : (MkenFn, ) UF, # X} =0, then (X, 7) is a Star s*-compact
space.

Proof. Let (X,7) be a topological space and % = {U,, : n € N} be an arbitrary countable open cover of X. So, .# = {F, =X\ U, :n € N}
is a countable family of closed subsets of X. Then, based on the given condition, there exists a sub-family & = {F,, : k € N} with
0%{keN:F, €&)} =0and N{F: (MgenFn) UF X} =0. So, {X\ Uy, : (Mken(X \Un,)) U (X \Uy,) # X} = 0 which implies that
X\U{Un : (X \ UrenUn ) U (X\Up) # X} = 0ice., X \U{Up : X \ (UgenUn ) NUn) # X} = 0. i, X \U{Un : (UenUn ) NU») # 0} = 0.
i.e., U{Us : (UpenUn, ) NU,) # 0} = X. Therefore, St((UgenUn, ), %) = X. Moreover, if ¥ = {U,, =X \ Fy, : F,, € &}, then

8%({keN: U, €¥})=86%{keN:F, €&)} =0.
Hence, (X, 7) is a Star s*-compact space. O

Open Problem: There exists a St-s-compact space that is not a Sz-s%-compact space. Also, there exists a St-s%-compact space, which is not
a star compact space.



Konuralp Journal of Mathematics 179

4. Conclusion

St-s*-compact space provide a robust and flexible framework for understanding compactness and star covering properties in topological
spaces. This particular kind of compact space is weaker than St-s-compact and stronger than St-compact space. While St-s*-compact space
can be preserved under open continuous surjection, it cannot be preserved under closed sub-space. The family of closed sets with some
additional set theoretic qualities can be used for further description of St-s%-compact space. This concept can further be extended for the
study of sequential covering properties like Rothberger and menger spaces.
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