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Abstract

This paper examines the existence, uniqueness, and Ulam-Hyers stability of solutions to nonlinear U-fractional
differential equations with boundary conditions with a U-Caputo fractional derivative. The acquired results for
the suggested problem are validated using a novel technique and minimum assumptions about the function
f. The analysis reduces the problem to a similar integral equation and uses Banach and Sadovskii fixed point
theorems to reach the desired findings. Finally, the inquiry is demonstrated by illustrative example to validate the
theoretical findings.

Keywords: Banach Contraction mapping, Caputo fractional derivative ,5-Caputo fractional derivative, Fixed
point theorem, Fractional differential equations, Stability analysis, Ulam-Hyers stability
2010 AMS: 34A08, 26A33, 47H10, 34K07, 34K10, 34K20

Department of Mathematics, College of Science, University of Duhok, Duhok-42001, IRAQ, Abduljawad.anwar@uod.ac, ORCID:
0009-0007-0864-4870

Received: 26 September 2024, Accepted: 27 November 2024, Available online: 7 December 2024

How to cite this article: A. Anwar, Existence and uniqueness of solutions for nonlinear fractional differential equations with U-Caputo
fractional differential equations, Commun. Adv. Math. Sci., 7(4) (2024), 187-198.

1. Introduction

Fractional calculus has been recognized to be a useful tool for modeling many processes in economics, physics, and
engineering. Since fractional derivatives (FDs) are a useful tool for characterizing memory and inherited qualities of various
materials and processes, fractional-order models have actually been shown to be more applicable for a number of real-world
scenarios than integer-order models. Applications where this theory is useful include material theory, transport processes,
wave propagation, signal theory, economics, control theory and mechanics,. For more detail (see [1]-[5] and the references
therein).That is the primary benefit of fractional differential equations (FDEs) over standard integer-order models. Basic
difficulties include fractional derivatives, including Riemann-Liouville [2], Caputo [3], Hilfer [4], and Hadamard [6].

In recent years, there has been a lot of interest in FDEs, particularly boundary value issues for nonlinear FDEs, which
may be used to represent and describe non-homogeneous physical processes that occur in their form. Almeida introduced
the U-Caputo derivative in [2] to study FDEs in general. This is different type of FD seen in the literature. We may derive
numerous well-known FDs for certain choices of U, such as the Caputo and Caputo-Hadamard FDs, which depend on a kernel.
This technique also appears logical when seen through a variety of applications. Using a carefully selected “trial” function U,
the U-Caputo FDs provides some control over approximating the phenomena under research. Zhang [7] used various fixed
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point theorems to illustrate the existence and uniqueness of outcomes for nonlinear fractional existences (P.V.Bs) using Caputo
type FDs. Researchers have found unique solutions to boundary value issues for FDEs (see [8]-[13]) and other references). The
importance of fractional boundary value concerns originates from the fact that they cover a wide range of dynamical systems as
examples.

On the other hand, introduced the stability problem of functional equation solutions (of group homomorphisms) in a
presentation at Wisconsin University in 1940 [14]. Hyers [15] provided the first answer to the topic in Banach spaces in 1941.
Ulam-type stability has piqued the curiosity of numerous academics since then. Researchers became attracted to the study of
stability for FDEs due to the extensive extension of the fractional calculus for more detail (see [12], [15]-[17]).

Several approaches to study FDEs have been proposed in the literature recently, based on multi-valued mappings and
boundary value problems. For instance, authors [18] focused on the Caputo fractional differential inclusions with boundary
conditions in a more general case, for convex-compact mappings providing critical conditions for existence and uniqueness.
Based on this, Mohammadi et al. [19] studied the existence of solutions of phi-Caputo fractional differential inclusions by
using Multi-Valued Contractions.. This method provides further evidence of the role played by contraction principles in solving
non-linear inclusions.

Moreover, Kayvanloo et al. New topological techniques were introduced in [20] to prove the existence of a solution for
solvability in infinite systems of Caputo-Hadamard fractional differential equations. Additionally, in [21] Mohammadi et al.
provided the significance of weak Wardowski mappings and elucidates our understanding of generalized g-Caputo fractional
inclusions.

Benchohra, Hamani and Ntouyas in [8] investigated the existence of solutions of the following existence for Caputo FDEs.

Dloy(t)=fty(0),  x€[0,T),  0<D<L,
with boundary condition
ay(0) +by(T) =,

where CD??_O is the Caputo derivative with 0 < 0 < T, a,b are real constant such that a+b #0, and f: [0,T] xR > Risa
continuous function.

In [22] researcher examined the existence and uniqueness of solutions for the following U-Caputo FDEs with boundary
conditions.

{CDQP‘”u(x) = flru(x),  x€0,7),
u(0)=u'(0)=0, u(T)=ur.

Here CDP°™ is the U5-Caputo derivative with 2 < B <3, 7 >0, u € C'[0,1], and f: [0,1] x R — R is a continuous
function.
Motivated by the works above, in this paper, we study the existence, uniqueness and stability of solutions for the following
U-Caputo FDE:s of arbitrary order with fractional boundary conditions shown below:

“Dolulx) = flxu(x), xeJ=[1T], (1.D)

with the boundary condition

M(O) = .Q],
{Au(0)+Bu(T) =Q, (12)

0,0

where A, B.Q| and Q, are constant, and “D;”,

is U-Caputo FDs of order 1 < 0 < 2 with f:J xR — R, is continuous function.
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2. Preliminaries

In this section, we give some notations and definitions.

Definition 2.1. (U-Riemann-Liouville fractional integral) [23].
Let3>0, f € L'(J,R), and U € C"(J,R) such that ' (3) > 0 for all x € J. The B-Riemann-Liouville fractional integral at
order O of the function f is given by by

B16) 2= 55 1L [06) -0 (@) (S)as, @1

Remark 2.2. Note that if G(x) = x and U(x) = log(x), then the equation (2.1) is reduced to the Riemann-Liouville and
Hadamard fractional integrals, respectively.

Definition 2.3. (U-Caputo fractional derivative)[23].
Letd >0, f € L'(J,R), and U € C"(J,R) such that U'(3) > 0 for all x € J. The 5-Caputo FDs at order 3 of the function f is
given by

-+

00 ooy 1 * - n—d-1 7 [1]
Dy flx) = 71“(;1—6)/0 [O(x) —0O(3)] U'(3)6"™ds, (2.2)

wheren—1<3d<n,n=[a]+1, §"(3) = (U/éS) %)"f(S), and [D] denotes the integer part of the real number 0, and I is

the gamma function.

Remark 2.4. Note that if U(x) = x and U(x) = log(x), then the equation (2.2) is reduced to the Caputo and Caputo-Hadamard
FDs, respectively.

Remark 2.5. If0 €0, 1] then, we have

D10 =1 (L) = s 00 - B@)P F(has.

Definition 2.6. (Ulam-Hyers stable) [24].
The equation (1.1) is called Ulam-Hyers stable if there 3 a constant q > 0 such that for each € > 0, when u € C(J,R) is any
solution of the inequality

0,
DY u) - futx) e, xed, 23)
then there 3 another solution w € C(J,R) of the equation (1.1) satisfied
lu(x) —w(x)| < qe, x€J.

Definition 2.7. [24] The equation (1.1) is said to be Ulam-Hyers-Rassias stable with respect to p € C(J,R) and b > 0 is any
constant such that for each € > 0 and for each solution u € C(J,R) of the inequality

€DV u(x) — flx,u(x)) < ep(x), xel,
then there 3 a solution w € C(J,R) of the equation (1.1) satisfied
lu(x) —w(x)| < bep(x), x€J.
Proposition 2.8. Let 0 > 0. If f € C"(J,R), then we have
D DR f(x) = f(x)

2) B8D)Y p(x) = f(x) - X124 O (15(x) — 1 (0)

3) I(?f; is linear and bounded from (J,R) to (J,R).
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Theorem 2.9. (The Banach Fixed Point Theorem)
Let J C R, be a closed, not necessarily bounded, interval and H : J — R a function with H(J) C J and which satisfies for a
fixed k, 0 < k < 1,then the inequality

[H (x) —H(y)| < klx—y|
forall x,y € J. Then there 3 exactly one fixed point of H, i.e. a & € J, with
H(§)=¢.
In order to state Sadovskii’s theorem, we define the following concepts.

Definition 2.10. Let Q be a bounded set in metric space (X,d). The Kuratowski measure of non compactness, u(Q), is defined
as:

w(Q) =inf{e : Qcovered by finitely many sets such that the diameter of each set is < €}.

Definition 2.11. Ler 6 : Q(0) C X — X be a bounded and continuous operator on a Banach space X. Then 0 is called
a condensing map if u(0(w)) < u(w) for all bounded sets w C Q(0), where U denotes the Kuratowski measure of non
compactness.

Lemma 2.12. The map P, + P» is a k-set contraction with 0 < k < 1, and thence also condensing, if
1. P,P,:Q CE — E are operators on the Banach space E,
2. Py is k-contractive, that is ||Pix — Py|| < k||x—y|| for all x,y € Q and fixed k € [0,1)
3. P, is compact

Lemma 2.13. (Sadovskii’s fixed point theorem)
Assume that w be a convex, bounded and closed subset of a Banach space &, and let 0 : w — w be a condensing map. Then 0
has a fixed point.

Lemma 2.14. For any u(x) € C(J,R), n—1 <9 <n, then the existence (1.1)-(1.2) has a solution

0—1
u(x) =0 + Q3 [6(x) — 5(0)] - [[g ;ﬁ %% [ vs (zggsn £(3,u(3))d3
)—0(3)"!
+ / (3 S G u®)as
where Q3 = %er(gﬁ) and U(T) # U(0).

Proof. Applying the U-fractional integral of order d from 1 to x on both sides of U-Caputo FDEs in (1.1) Which can be
rewritten as follows:

U(3
) =eo e 5 ~00) + [ (S (;) Iy u@)as,
Now, we will apply the boundary conditions(1.2) to find cg and ¢y,
—U(S 0—1
) = @ +er 0569 -00) + [ P FI (5w as.
To find c;.

B -1
1) =@+ e (1) 60 + [ 0@ CTIE pi5 usas,

o—1
Aw(0) + Bu(T) = AQ; +BQ, + By [O(T) — B(0)] +B/0T u(3) 20 ;U(S” £(3,u(3))d3,
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- (A+BQ 1 T, B(T) -
= 55m 50] BT s A YO 1o

Cn—1

_ ) — _ -1
-0y 5 42000 B0 OO

5 e [0() — ()P
+/O O(8) gy (S (),

and this complete the poof. O

3. Main Results

In the sequel, we denote by § := C(J,R) the Banach space of all continuous functions equipped with the norm
[|lull = sup{|u(x)|;x € J}.

To prove the main results, we need the following assumptions:
(H1) There 3 a constant L > 0, such that | f(x,u(x))| < L|u|, forallx € J and all u € R
(H2) There 3 a constant k; > 0, such that | f(x,u(x)) — fx,w(x))| < ki|u—w|. Forallx € Jandall u,w€R.

3.1 Existence the result for problem (1.1)
Here we apply Sadovskii’s fixed point to derive the existence result for the problem (1.1)

Theorem 3.1. Assume f:J xR — R is continuous and satisfies (H1)-(H2). Then the existence (1.1)-(1.2) has at least one
solution in J.

Proof. We define the integer r, let H, = {u € { : ||u|| < r} be a closed bounded and convex subset of {, where r is a fixed
constant. It is sufficient to show that & has a fixed point. We define an operator @ : { — { in a similar way in light of Lemma
2.12.:

B 3 -1
D(u(x)) = Q1 +Q3[U(x) —6(0)] — m /OT v'(3) [B(T) F(Z;gﬁ)] F(3,u(3))d3
. o) o-1
+/0 U’(ﬁ)WﬂS,u(S))d3

for all x € J. We also define the operators ®;,d; : { — { by

_ % e [0) —0(3)° !
P, (u(x)) =Q +/0 O (S)Wﬂsau(s))dsa
and
_ [B(x)=BO)] [Ty [BT) =B(3)!

and note that,
D(u(x)) =P (u(x)) +Pa(u(x))  forallxel.

If the sum of operators @ + P, has a fixed point, then follows that operator ® also has one. To demonstrate that ®; + P, has
a fixed point, the operators ®; and ®, shall be proved to meet the hypothesis of Lemma 2.13. This will be accomplished in
numerous steps.

Step 1: ®H, C H, Let us select

[B(T) - 5(0)]°

ri > |Q + Q3 [0(T) - B(0)] | +|2 INGES) n
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B -1
(@) ) =|e -+ 500 - 50 - g5 D= [ @) PO LIS s s
. o) -1
+ [ U’(S)Wﬂﬁ,u(ﬁ))ds‘,

<O +Q3[0(T) - 6(0)] +

For all u € H,, which implies that ®H, C H,..
Step 2: @, is compact. Consider that the operator @, is uniformly limited in view of step 1. Let ¢, € J, where | < f, and
u € H,. Then we acquire.

_ _ 0—1
(@)~ (@au)a)] = (60) ~650) — o D= [ DT EI 8 u)pas
N B -1
-0 500 - 60) + g ol [ 5@ P TES s ugas,
Ul N -1
< 0 ()~ o)) - GO o) DO 15,500,

0
(B(x1) = B(x2)) [B(T) —B(0)]
[B(T)-0(0)] I(0+1)
which is independent of u and tends to zero as x, — x;. Thus, ®, is equicontinuous. Hence, by the Arzela-Ascoli theorem,

®,(H,) is a relatively compact set.
Step 3: ®, is k-contractive. Let uy,ur € H,. Then, we have

(o) (x1) = (Poue) (x2)| < |Q3 (Bx1) = Tlx2)) | + | [L[ul]

. o) — -1
(@) o)~ @)l =| [0 O TEI (1(8.0(3) - 18 (s |

(1) - 6(0)]°

< ) = O ey —
S G 1wy — w2,

[B(1)-6(0)]

0
set A = NG k1 then we obtain

[[(Prur) (x) = (Pruz) (x)[| < Alfur —uz].

Since A < 1 Then, ®; is a contractive mapping.
Step 4: ¢ is compressing. Lemma 2.12 states that @ : H, — H,, with & = ®| 4+ P, is a condensing map on H, due to ¥ being
continuous, a u-contraction, and ®; compact. Using Lemma 2.13, we may conclude that the operator ® has a fixed point. As a
result, the boundary value problem (1.1)-(1.2) has at least one solution on J. O

3.2 Uniqueness the result for problem (1.1)
Now we apply Banach’s contraction mapping principle to prove existence and uniqueness of solutions for problems
(1.1)-(1.2)

Theorem 3.2. Assume f:J x R — R is continuous and satisfies (H1)-(H2). Let 1 = sup,c(; 71 f (x,0), if

2[0(1) = 6(0))°
“Tern <!

Then the existence (1.1)-(1.2) has a unique solution.
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Proof. Define the operator ® : { — { as the following

. B 0—1
(©0)(x) = + 23 5) - 5(0)] - =T [ o) P s (s as

e [0 —5(3)°!
+/0 O(8) = gy (S (),

We have to show that ® has a fixed point on G, which it is solution of the existence (1.1)-(1.2). Firstly we show that ®H, C ©®
The operator © is bounded set into the bounded sets in {. For any r > 0, then for each x € J = [1, T]. Then, we have

. ) — o1
0wl =| [ 5@ I (8.9 - 15,0+ 3,013
[B0) =BO)] [T 50y BT =TS
BT o0 b Ot (Su(®) - £(5.0)+ 73,03
N o) -1
<| 5@ P (6w - 100+ 7(5.0)1s
B B -1
oo 0@ (1(8.us) - 75,0)+ 10500 |
) (06~ OGP 500 ~B0)] [T 15 BT - B!
< /OG(S)W:B (k1+17)+’[U(T)_U(O)]/O 0(8) = g3 k)
< BO-8OP, o BO-BOF
="reery

k .
Now, let u,u; € § and for each x € J. We need to prove that © is contraction mapping.

|(©u) (x) — (Our) (x)| =

o B - B!

| O T ((8,u(3)) ~ (8 (3))a

B0 -5
O(T) -0

_ 0—1
o v 6 u) - 18 m )s

X X) — 0-—1 x ) — -2
< [[o@P T E I asul- )+ [ o) PN ask -l

N 0
< P el

If | 2[6(T)=0

0
@ +1§0)] | < 1. Then, @ is a contraction mapping. Therefore, by using The Banach contraction mapping, ® has a
unique Fixed point which is a unique solution of the existence (1.1)-(1.2).

O
4. Stability Theorems

In this section, we study stability of our result.
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4.1 Ulam-Hyers stability
Theorem 4.1. Assume that the assumptions (H2) is hold. Then the fractional differential equation (1.1) with the boundary
condition (1.2) is Ulam-Hyers stable.

Proof. letw € C(J,R) be a solution of the inequality (2.3) i.e,
€D w(x) — flx,w(x))| < e, xel. @.1)

If we defined u € C(J,R) the unique solution of the existence (1.1)-(1.2)
When u and w being continuous functions on J. From lemma 2.14 we obtain

J—
u(x) =Q1 + Q3 [0(x) — (0 [gx /U )] lf(S,M(S))dS

6

+ / (3 f(S (3))dS

we will take the integration of (4.1) and we obtain

[O) =B0)] [T, o [BT) =03
w(x) — Q1 + Q3 [B(x) — 5(0)] —M/O 0(8) =gy /(3. w(8)aS
a 1 _ 3
+ [ 5@ PR rsm@)as < 000N,
on the other hand we have
B [B(x) =BO)] [T [B(T) = 0(3)°"
w() —u()| =|wx) = Qi+ 3 [00) - VO] - rms—p gy f, T'O) ) £(3,u(3))dS
5 e [0) = 0(3))!
+) 0 (3) ) f(S,u(S’s))dS‘
B [B(x) =BO)] [T, o [BT)=0(3)°"
W) = )| =) = Q1+ 93 [B3) = BO) = =5 /0 u'(9) NG £(3,w(3))dS
e [B(x) = 05(3)]°! [0(x) =8(0)] [T, o [B(T) = B(3)]"
+ A U'(9) o) f(S W(S))d8+[U(T)—U(O)] A U'(3) o) F(38,w(3))dS
* e [0) = 6(3))°! [0(x) =8(0)] [T, o [B(T) = B(Q)]"
- 0@ ) TGOS - sy O 5 £(3,u(3))d3
x ) — a1
+ u(3) O F%()S)] f(S,u(S))dS‘
e[ -0 | [B@)-00)] [T 00 -0
NG o) o0 b 0 © 5 F(3.w(3)) — £(3,u(3))[dS
x ) — 91
+ [P G we) - G @)l
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U(T)—0(0)]°

Lety = %kl then, we obtain

G " ) — -1
[6(x) —5(0)] 1 /OU,(S)[U() 6]

€
_ < _
W)~ < gD ) T T FE) Gw(S) ~ £(3,u(E)ds,
e[U(x) = B(0)]° BUDBOL )
_ < 7Y/ TR pTE+HN(-7)
W)~ 4] € BE g€ ,
() — u(x)| < €C.
2 _ 0
Where Cj, = %e{gé?l)g@;}” ‘w(x)fu(xﬂ. Hence, the solution of (1.1)-(1.2) ) is Ulam-Hyers stable. O

4.2 Ulam-Hyers-Rassias stability

Theorem 4.2. Suppose that the assumptions (H2)-(H2) are satisfied.
(H3) The function p € C(J,R) is increasing and there 3 Ap > 0, such that, for each x € J we have

Pp(t) < App(x).

Then, the fractional differential equation (1.1) with the boundary condition (1.2) is Ulam-Hyers-Rassias stable with respect
to p.

Proof. letw € C(J,R) be a solution of the inequality (2.3) i.e,

€Dy w(x) — fx,w(x) < ep(x), xe. 2)

If we defined u € C(J,R) the unique solution of the existence (1.1)-(1.2)
When u and w being continuous functions on J. From Lemma 2.14 we obtain

u(x) =Q; + Q3 [U(x) — B(0)] — m /Or ) [5(T) ;

o)
(©)

f(S,u(3))d3

5 e [0() = 0(3)°!
+ /O 0SS u(S)as

we will take the integration of (4.2) and we obtain

_ _ -1

pote) =@+ 03 500~ 50)] - (=T [ 5() PO (5 (3
. o) — -1

+ [ 5@ PR S ()3 < ennp (o).

on the other hand we have

(o)~ )

B _ o-1
_ ’w<x>—gl + 03 [B(x) — B(0)] - w | (@) PO BB 15 3y a3

% [0 = 0(3)P° !
+/0 0(8) = gy /(8 .u(3))as
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[B) - BO)] [T [B) - B(@)!
W) )] = |w(x) ~ @1+ 03[0 ~0(0)] - s /0 O(8) =gy /(3. w(3)as

X X) — 0—1 ) — - -1

* i [00) = B(E)! [BE) =BO)] [T [O(T) ~ TS
- [ O S w@)aS — ran [[U8) S  AG u(®)ds

" ) — -1
+ oo F%()S)] f(&u(S))dS‘

_ -1
<emp + g gl . 0O TG 8 w(®) - A8l
_ -1
+ [ 1@ P 8(8) - 1S () s,
[B(T) - 5(0))° B - B3

w(x) —u(x)| < eApp(x) + ki fw(x) —u(x)| + /Ox U’(s)WIﬂ&W(S)) —f(S,u(3))[dS.

T@+1)

6(0)]

3
Lety = %kl then, we obtain

eApp(x) 1T [ -0 -
o) —ul)| < S+ /0 OO =g M EwE) —f(S.u(@)ds,

_5(0)
EApP(X) (o g () ()
I—=n

w(x) —u(x)] < ;

[w(x) —u(x)| < eCy.

[B(1)-(0)?

Here C), = mlp,i’;,ix)em* NENI hold, this show that the solution of the existence (1.1)-(1.2) is Ulam-Hyers-Rassias
stable
O
5. Examples
Example 5.1. Take the following existence
5 _
DI u() = V2—x u(x)| (5.1)

S 104+e 14 |u(x)]
with the boundary condition

{M(O) =3, 52)
2u(0) +3u(1) = 2. '

where O = %U(x) = vxand f(x,u(x)) = 1\(0%‘-7; lk‘ﬁf()x‘)‘

To prove Banach contraction mapping, let x € J and u,v € R

|fCryr) = f (e u2) | = 35 w1 — uz,
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o
We need to show that |% |k1| < 1 Then, the result become

V2—x u@)]  v2-x ()|

‘(@M)(X) - (®V(t)| = | 10+e* 1+ |u(_x)| 10+ex 1+ |V(.X)|

|

V2 u(x)] V()|

1o+ex”1+|u( ) 1+\v(x)||’

|(©u)(x) — (Ov(r)| < |

I\FH u(x) —v(x)
(14 [u(x) (1 +v(x))

|(©u)(x) - (© ()|<|f|\() v(x)]-

Thus, the assumption (H2) holds true with k; = i Moreover, we have
2[0(T) - B(0)]°
2@ -sOr, |<f5f> V2 103 < 1.
[@+1) I(3) 11

Finally, all the conditions of Theorem 3.2 are satisfied, thus the B.V.P (5.1)-(5.2) has a unique solution on [0,1].

6. Conclusion

In this paper, we examined the solutions for nonlinear FDEs with boundary conditions using the parameter of U-Caputo
derivative. The Sadovskii fixed point theorem and Banach contraction principle ensure the existence and uniqueness of solutions
to nonlinear problems. Additionally, the stability of Ulam-Hyers and Ulam-Hyers-Rassias solutions for the above issues is
investigated. Finally, we provide an example to show the coherence of the theoretical conclusions. In the future, one can expand
the provided fractional boundary value issue to more FDs, such as the Hilfer-Hadamard FDs and Caputo-Fabrizio FDs.
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