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1. Introduction

Definition 1.1. A function f : [a,b] C R — R is said to be convex if the following inequality holds:

FAx+(1=2A)y) <Af(x)+(1=A1)f(y)

Sor all x,y € [a,b] and A € [0,1]. The function f is called concave if (—f) is convex.

The theory of convex functions is a fundamental area of mathematics with applications across a wide range of fields, including
optimization theory, control theory, operations research, geometry, functional analysis, and information theory. It is also highly
relevant in other scientific disciplines such as economics, finance, engineering, and management sciences.

One of the most well-known results in this area is the Hermite—Hadamard integral inequality (see [1]), which serves as a
fundamental tool for studying the behaviour of convex functions. This inequality has far-reaching implications and has been
the subject of extensive research in recent years, giving rise to new and powerful mathematical techniques for addressing a
broad spectrum of problems. The literature contains numerous extensions and refinements of this inequality (see [2]-[13]).
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where f: I C R — R is a convex function on an interval / and a,b € I with a < b.
Suppose that f : [a,b] — R is convex on [a,b]. Then the following chain of inequalities holds:
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The third inequality in (1.2) is commonly known as Bullen’s inequality.
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These inequalities were first introduced independently by Charles Hermite and Jacques Hadamard in the late 19th century,
and they have since found numerous applications in analysis, geometry, and probability theory. The Hermite—Hadamard
inequalities state that if a function is convex on a closed interval, then the average value of the function over that interval lies
between its value at the midpoint and the average of its values at the endpoints.

These inequalities serve as powerful tools for estimating integrals and are foundational results in the theory of convex functions.
They have been applied in a variety of contexts, including integral calculus, probability theory, statistics, optimization, and
number theory. Moreover, they are instrumental in solving physical and engineering problems where determining the average
value of a function is required.

Hadamard’s inequality, in particular, is widely applied and carries significant geometric interpretations. Bullen’s inequality, on
the other hand, can be interpreted as a convex combination of the midpoint and trapezoidal rules for numerical integration.
This inequality has also been extensively investigated in the literature, leading to various generalizations and a rich body of
related research (see [14]-[25]).

In this paper, we present a new extension of Bullen-type inequalities for convex functions by utilizing recently established
generalized identities. Through rigorous proofs, we establish inequalities that are strongly connected to both sides of the
Hermite-Hadamard inequalities for Riemann-integrable functions. Furthermore, we demonstrate the applicability of these
inequalities to various special means of two positive numbers.

2. Main Results

To prove our main results, we require the following lemma:

Lemma 2.1. Let f:1 C R — R be a differentiable function on I°, the interior of the interval I, where a,b € I° with a < b, and
suppose that f' € L[a,b]. Then the following identity holds:

%/abK(x,t)f”(t)dt:f(x)Jrf( );f [x a/ £l dt+7/ i dl} 1)

where
a(x—t)(t—a) fora<t<x,
K(x,t) =
s (t—x)(b—t) forx<t<b.
Proof. By integration by parts, we have

/abK(x,t)f”(t)dt S /ux(x—t)(t—a)f”(t)dt—kﬁ/xb(t—x)(b—t)f”(t)dt

X—a

= L e-nt—aro]-- /ax(aerth)f'(t)dt

b
— [(t—x)(b—t)f’(t)]x—b_x/x (b+x—20)f (1) dt

_ ! [(a+x—20)f(1) 2 xf(t)dt

]
g (Un SO e x/f

= 2 Sl + ) - / s 2 [
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Q

Multiplying both sides by % yields the desired identity (2.1). O

Remark 2.2. In Lemma 2.1, if we choose x = M then identity (2.1) becomes:

M'/abK(t)fﬁ(t)dt:;[f(a;b>+f<);f ] 7a/f

(b —1)(t—a) fora<t< P,

where

(t—42) (b—1) for 52 <t <b.
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Theorem 2.3. Under the assumptions of Lemma 2.1, if | | is convex on |a, b), then the following inequality holds:

f(x)+f(a)42rf(b)—{ : /axf(t)dl—l—lx'/xbf(t)dl‘}

2.2)

X—a

(x—a)>+(b—x)?

70+ (x—a)’|f"(@)| + (b—x)*|f"(b)]
- 24 24 ’
forall x € (a,b).
Proof. Since |f”] is convex on [a,b], we have
" f—a, X—t,
o —_— for ¢
0] < 2P+ L @), forre fal,

and

b —
0] < T+

Taking the absolute value of both sides in equation (2.1), and applying the convexity estimates, we obtain:

‘f(x)+f(a);f(b)—[xia/:f dt—i—i/ fl(t dt:|

:’; 1f"(b)], fort e [x,b].

1 * /! 1 /!
§2(xfa)/a (x—1)(t—a)|f (;)|dr+m/x (t—x)(b—1)|£"(1)| d
< M/:(xt)(ta)zdt+M/ax(x[)2([a)dt

"(x b 1 b

Evaluating the integrals and simplifying yields:

+

—a)*+(b—

a X X x2 x_az " (q _x2 11
‘f(fo( )+f<b>_{xia/af(t>dt+bix/x"f(,)d,] < 21|+ £ |f<>\2+4<b 2l

2
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O

# in Theorem 2.3, then inequality (2.2) becomes:

L (S0) ¢ 1O L ] < GO L (01| L)

Remark 2.4. If we choose x =

AN

2 = 2 48 2 9

(b—a)’ {If”(a) + If”(b)l}
48 2 ’

which coincides with the result previously obtained by Sarikaya and Aktan in [23].

Theorem 2.5. Under the assumptions of Lemma 2.1, if | f"|? is convex on |a,b] for some q > 1, then the following inequality

holds:
f(x)+f(“);f(b)—[xia/:f dz+—/f dt}

(2.3)

(@) + f"<b>|‘f>5

(=4 (o= Bh 14 1) (O

N —

forall x € (a,b).

Proof. Taking the absolute value of identity (2.1) and applying Holder’s integral inequality, together with the convexity of
| /|7, we obtain:

‘f(x)-kf(a);f(b)_{xla/:f dt+7/ f(t) dt]

1
Y 1
(/ |th|Pdt>p(/ ]f”(t)]th)q, wherel—i-l:l.
a P q
1 1

e A = TR = i)
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This completes the proof. O
Corollary 2.6. Under the assumptions of Theorem 2.5, if we take x = # in inequality (2.3), then we obtain:
1 1
1 b b 1 b b— 5+l 1 11 q Y9N @
8 P2 G WL ) N Y O L Y (VT i PP
2 2 2 b—aJa 8 2

3. Applications

As in [1], we consider the means for arbitrary real numbers a,b € R™ with a # b. The following classical means are defined as:

b
* A(a,b) = a—; (Arithmetic Mean)
2ab
e H(a,b) = a—cil—b (Harmonic Mean)
2 b2
* K(a,b) = a er (Quadratic Mean)
* G(a,b) =+ab (Geometric Mean)
e L(a,b) = _bma (Logarithmic Mean)
"/ Inb—1Ina 5
1 /pb\ -9
e I(a,b)=— () (Identric Mean)
e \ a*
anrl _ an+l I/n
e Ly(a,b)= ——+—— , R\ {-1,0 G lized Logarithmic M
n(a,b) ((ba)(nJrl)) neR\{ } (Generalized Logarithmic Mean)
The following inequality among classical means is well known in the literature:
H(a,b) < G(a,b) < L(a,b) <I(a,b) <A(a,b).
Proposition 3.1. Assume that n > 3 and b > a > 0. Then the following inequality holds:
A" b Ald". D" b— 2 An—2 b A n—2 bn—2 b— 2
(Cl, )—; (Cl ) ) Lﬁ(a,b)‘ < n(ni 1)( 48a) . (av )+2 (a ’ ) < n(ni 1)( 48a) A(an—2,bn—2).

b
Proof. The result follows from Theorem 2.3 by choosing x = a and f(¢) =" for t > 0. Then we have:

") =n(n—1)"2
Since
(/@) =n(n=1)(n-2)(n=3)""*,
it follows that | f” ()| = n(n— 1)¢" 2 is convex on [a, b] for n > 3, and the inequality is obtained directly from Theorem 2.3. [J
Proposition 3.2. Let b > a > 0. Then the following inequality holds:

(b—a)
96

InA(a,b) +A(Ina,Inb)
2

(b—a)?
48

—1Inil(a,b)| < [A_2(a,b)—|—H_1(a2,b2)] < H (%, p?).

b
Proof. This result also follows from Theorem 2.3 with x = % and f(¢) = Int for z > 0. Then,

1
f”(t):—t—27 and hence |f”(t)‘:t—2,

which is convex on [a, b].
From Theorem 2.3, we obtain:

1 a+b\ Ina+Inb 1 bP b—a)? |/ 2 7 d+b?
- — (=) +1]<
‘2[“( 2 >+ 2 } b—a n(a“)+ ’ 96 [\atb) 2422

The desired result follows immediately from simplification of the terms on the right-hand side. O

(b—a)* a*+1*
< . .
- 48 2a2b?




Fundamental Journal of Mathematics and Applications 69

Proposition 3.3. Let b > a > 0. Then

A~ Ya,b)+H  (a,b) (b—a)? (b—a)?

-1 < -3 ~1(,3 p3Y] < 13 ).
3 LN a,b)| < -2 [A7(a,b) +H ' (a®,07)] < s H@p)
Proof. The result is derived from Theorem 2.3 by choosing x = # and setting f(¢) = % for ¢ > 0. Then,
2 2
f"(t):ﬁa 80 |f”(t)\=t*3,
which is convex on [a, b].
Thus,
1] 2  a+b] Inb—Ina|l _ (b-a)? | a+b\ > E+3| (b-a)? &+b
= + - < < ‘ .
2 la+b  2ab b—a 48 2 2a3b3 24 2a3b3
This completes the proof. O

Proposition 3.4. Assumen>2,q> 1, and (n—2)g > 1 withb > a > 0. Then

A™(a,b)+A(a",b") b—a)%+l

—Lﬁ(a,b)‘<n(n—l)-( A

BP (14 p, 1+ p)-Ad (a2 pn-2)ay,

Proof. This result follows from Corollary 2.6 by taking f(z) = ¢" for > 0, so that
') =n(n—1)"72
Then
(170" = n (2= DI (1= 2)g-((n=2)g = DD,

which shows that | f”(¢)|? = [n(n— 1)|-1"*~2)4 is convex on [a,b] under the assumption (1 — 2)g > 1. The result then follows
directly from Corollary 2.6. O

Proposition 3.5. Let g > 1 and b > a > 0. Then

(b_a)é-i—l
8

InA(a,b) +A(lna,Inb)
2

“Inl(a,b)| < Bi(14q,1+q) -H 4(a?,b7).
Proof. The result follows from Corollary 2.6 by choosing f(¢) = Inz, so that
1 1
/! /1,
S (t)zft*zv and ‘fq:th

Since|f”(¢)|? is convex on [a,b] for g > 1, the inequality

b 2q 1 12q\ /4
1 In a+b +lna—|—1nb _ 1 In bi 1l < al+b
2 2 2 b—a at 2a%4b2%4

holds. The desired result is then obtained using the harmonic mean representation:

(an + b2

1/q .
— H q(a? h4
) =)

4. Conclusion

In conclusion, this paper presents novel extensions of Bullen-type inequalities and establishes their applicability to functions
whose absolute value of the first derivative is convex. Our contributions build upon existing research, offering refined insights
and analytical techniques that can be utilized across a broad range of mathematical and scientific problems. Future work may
focus on further exploring the implications and potential applications of these extensions, which hold promise for advancing
theoretical knowledge and fostering innovation in various disciplines. for future directions.



70 Fundamental Journal of Mathematics and Applications

Declarations

Acknowledgements: The author would like to express their sincere thanks to the editor and the anonymous reviewers for their
helpful comments and suggestions

Author’s Contributions: The author, M.Z.S., contributed to this manuscript fully in theoretic and structural points.
Conflict of Interest Disclosure: The author declares no conflict of interest.

Copyright Statement: Author owns the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: This research received no external funding.

Ethical Approval and Participant Consent: This article does not contain any studies with human or animal subjects. It is
declared that during the preparation process of this study, scientific and ethical principles were followed and all the studies
benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.
Availability of Data and Materials: Data sharing not applicable.
Use of Al tools: The author declares that he has not used Artificial Intelligence (Al) tools in the creation of this article.

ORCID
Mehmet Zeki Sarikaya ‘= https://orcid.org/0000-0002-6165-9242

References

[1] S.S. Dragomir and C.E.M. Pearce, Selected topics on Hermite Hadamard inequalities and applications, RGMIA Monographs, Victoria
University, (2000). [Web]
[2] H. Budak, E. Pehlivan and P. Késem, On new extensions of Hermite-Hadamard inequalities for generalized fractional integrals, Sahand
Commun. Math. Anal., 18(1) (2021), 73-88. [CrossRef] [Scopus] [Web of Science]
[3] H. Budak, C.C. Bilisik and M.Z. Sarikaya, On some new extensions of inequalities of Hermite-Hadamard type for generalized fractional
integrals, Sahand Commun. Math. Anal., 19(2) (2022), 65-79. [CrossRef] [Scopus] [Web of Science]
[4] S.S. Dragomir and R.P. Agarwal, Two inequalities for differentiable mappings and applications to special means of real numbers and to
trapezodial formula, Appl. Math. Lett., 11(5) (1998), 91-95. [CrossRef] [Scopus] [Web of Science]
[5] H. Kavurmaci, M. Avci and M.E. Ozdemir, New inequalities of Hermite-Hadamard type for convex functions with applications, J. Inequal.
Appl., 2011(86) (2011). [CrossRef] [Scopus] [Web of Science]
[6] U.S. Kirmaci, Inequalities for differentiable mappings and applications to special means of real numbers to midpoint formula, Appl.Math.
Comput., 147(1) (2004), 137-146. [CrossRef] [Scopus] [Web of Science]
[7] U.S. Kirmaci, M.K. Bakula, M.E. Ozdemir and J. PeZari¢, Hadamard-type inequalities for s-convex functions, Appl. Math. Comput., 193(1)
(2007), 26-35. [CrossRef] [Scopus] [Web of Science]
[8] P.O. Mohammed and 1. Brevik, A new version of the Hermite—Hadamard inequality for Riemann—Liouville fractional integrals, Symmetry,
12(4) (2020), 610. [CrossRef] [Scopus] [Web of Science]
[9] H. Ogiilmiis and M.Z. Sarikaya, Some Hermite—Hadamard type inequalities for h-convex functions and their applications, Tran. J. Sci.
Technol. Trans. A: Sci., 44(3) (2020), 813-819. [CrossRef] [Scopus] [Web of Science]
[10] Y. Zhang and J. Wang, On some new Hermite-Hadamard inequalities involving Riemann-Liouville fractional integrals, J. Inequal. Appl.,
220(2013). [CrossRef] [Scopus] [Web of Science]
[11] J. Wang, X. Li, M. Feckan and Y. Zhou, Hermite—Hadamard-type inequalities for Riemann—Liouville fractional integrals via two kinds of
convexity, Appl. Anal., 92(11), 2241-2253. [CrossRef] [Scopus] [Web of Science]
[12] J. Wang, X. Li and C. Zhu, Refinements of Hermite-Hadamard type inequalities involving fractional integrals, Bull. Belg. Math. Soc. Simon
Stevin, 20(4), (2013), 655-666. [Web] [Scopus] [Web of Science]
[13] J. Wang, C. Zhu and Y. Zhou, New generalized Hermite-Hadamard type inequalities and applications to special means, J. Inequal. Appl.,
2013(315) (2013), 1-15. [CrossRef] [Scopus] [Web of Science]
[14] M. Cakmak, The differentiable h-convex functions involving the Bullen inequality, Acta Univ. Apulensis, 2021 (65), 29-36. [CrossRef]
[15] M. Cakmak, On some Bullen-type inequalities via conformable fractional integrals, J. Sci. Perspect., 3(4) (2019), 285-298. [CrossRef]
[16] T.Du, C. Luo and Z. Cao, On the Bullen-type inequalities via generalized fractional integrals and their applications, Fractals, 29(07) (2021),
2150188. [CrossRef] [Scopus] [Web of Science]
[17] S. Erden and M.Z. Sarikaya, Generalized Bullen type inequalities for local fractional integrals and its applications, Palest. J. Math., 9(2)
(2020). [Web] [Scopus]
[18] A. Fahad, S.I. Butt, B. Bayraktar, M. Anwar and Y. Wang, Some new Bullen-type inequalities obtained via fractional integral operators,
Axioms, 12(7) (2023), 691. [CrossRef] [Scopus] [Web of Science]
[19] F. Hezenci, H. Budak and H. Kara, A study on conformable fractional version of Bullen-type inequalities, Turk. J. Math., 47(4) (2023),
1306-1317. [CrossRef] [Scopus] [Web of Science]
[20] I iscan, T. Toplu and F. Yetgin, Some new inequalities on generalization of Hermite-Hadamard and Bullen type inequalities, applications to
trapezoidal and midpoint formula, Kragujev. J. Math., 45(4) (2021), 647-657. [CrossRef] [Web of Science]
[21] S. Hussain and S. Mehboob, On some generalized fractional integral Bullen type inequalities with applications, J. Fract. Calc. Nonlinear
Syst., 2(2) (2021), 93-112. [CrossRef]
[22] M.Z. Sarikaya, On the some generalization of inequalities associated with Bullen, Simpson, midpoint and trapezoid type, Acta Univ. Apulen-
sis Math., (73) (2023), 33-52. [CrossRef]
[23] M.Z. Sarikaya and N. Aktan, On the generalization of some integral inequalities and their applications, Math. Comput. Model., 54(9-10)
(2011), 2175-2182. [CrossRef] [Scopus] [Web of Science]
[24] B.N. Yasar, N. Aktan and G.C. Kizilkan, Generalization of Bullen type, trapezoid type, midpoint type and Simpson type inequalities for
s-convex in the fourth sense, Turk. J. Inequal., 2022, 6(2), 40-51. [Web] [Scopus]


https://orcid.org/0000-0002-6165-9242
https://orcid.org/0000-0002-6165-9242
https://rgmia.org/papers/monographs/Master.pdf
https://doi.org/10.22130/scma.2020.121963.759
https://www.scopus.com/record/display.uri?eid=2-s2.0-85106670717&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22On+new+extensions+of+Hermite-Hadamard+inequalities+for+generalized+fractional+integrals%22%29
https://www.webofscience.com/wos/woscc/full-record/WOS:000644432100006
https://doi.org/10.22130/scma.2022.539417.992
https://www.scopus.com/pages/publications/85135809704
https://www.webofscience.com/wos/woscc/full-record/WOS:000829504300005
https://doi.org/10.1016/S0893-9659(98)00086-X
https://www.scopus.com/pages/publications/0002448458
https://www.webofscience.com/wos/woscc/full-record/WOS:000075622100017
https://doi.org/10.1186/1029-242X-2011-86
https://www.scopus.com/pages/publications/84864093101
https://www.webofscience.com/wos/woscc/full-record/WOS:000301731300001
https://doi.org/10.1016/S0096-3003(02)00657-4
https://www.scopus.com/pages/publications/0141525042
https://www.webofscience.com/wos/woscc/full-record/WOS:000185952900012
https://doi.org/10.1016/j.amc.2007.03.030
https://www.scopus.com/pages/publications/35248836071
https://www.webofscience.com/wos/woscc/full-record/WOS:000253495400004
https://doi.org/10.3390/sym12040610
https://www.scopus.com/pages/publications/85084607059
https://www.webofscience.com/wos/woscc/full-record/WOS:000540222200121
https://doi.org/10.1007/s40995-020-00880-w
https://www.scopus.com/pages/publications/85086095154
https://www.webofscience.com/wos/woscc/full-record/WOS:000537926700002
https://doi.org/10.1186/1029-242X-2013-220
https://www.scopus.com/pages/publications/84894475585
https://www.webofscience.com/wos/woscc/full-record/WOS:000323605100003
https://doi.org/10.1080/00036811.2012.727986
https://www.scopus.com/pages/publications/84887890155
https://www.webofscience.com/wos/woscc/full-record/WOS:000327723000001
https://projecteuclid.org/journals/bulletin-of-the-belgian-mathematical-society-simon-stevin/volume-20/issue-4/Refinements-of-Hermite-Hadamard-Type-Inequalities-Involving-Fractional-Integrals/10.36045/bbms/1382448186.full
https://www.scopus.com/pages/publications/84879620827
https://www.webofscience.com/wos/woscc/full-record/WOS:000328302300006
https://doi.org/10.1186/1029-242X-2013-325
https://www.scopus.com/pages/publications/84893168407
https://www.webofscience.com/wos/woscc/full-record/WOS:000323661100001
https://doi.org/10.17114/j.aua.2020.65.03
https://doi.org/10.26900/jsp.3.030
https://doi.org/10.1142/s0218348x21501887
https://www.scopus.com/pages/publications/85119416634
https://www.webofscience.com/wos/woscc/full-record/WOS:000723712200047
https://pjm.ppu.edu/sites/default/files/papers/PJM_May2020_945_to_956.pdf
https://www.scopus.com/pages/publications/85094599846
https://doi.org/10.3390/axioms12070691
https://www.scopus.com/pages/publications/85165980275
https://www.webofscience.com/wos/woscc/full-record/WOS:001037975300001
https://doi.org/10.55730/1300-0098.3429
https://www.scopus.com/pages/publications/85160302395
https://www.webofscience.com/wos/woscc/full-record/WOS:000996022900018
http://dx.doi.org/10.46793/KgJMat2104.647I
https://www.webofscience.com/wos/woscc/full-record/WOS:000684187800012
https://doi.org/10.48185/jfcns.v2i2.390
https://doi.org/10.17114/j.aua.2023.73.03
http://dx.doi.org/10.1016/j.mcm.2011.05.026
https://www.scopus.com/pages/publications/80051579462
https://www.webofscience.com/wos/woscc/full-record/WOS:000293829300028
http://tjinequality.com/articles/06-02-004.pdf
https://www.scopus.com/pages/publications/85166016496

Fundamental Journal of Mathematics and Applications 71

[25] B.Y. Xiand F. Qi, Some Hermite-Hadamard type inequalities for differentiable convex functions and applications, Hacet. J. Math. Stat., 42(3)
(2013), 243-257. [Scopus] [Web of Science]

Fundamental Journal of Mathematics and Applications (FUIMA), (Fundam. J. Math. Appl.)
https://dergipark.org.tr/en/pub/fujma

All open access articles published are distributed under the terms of the CC BY-NC 4.0 license (Creative Commons Attribution-
Non-Commercial 4.0 International Public License as currently displayed at http://creativecommons.org/licenses/by-nc/4.

0/legalcode) which permits unrestricted use, distribution, and reproduction in any medium, for non-commercial purposes, provided the
original work is properly cited.

How to cite this article: M.Z. Sarikaya, Generalized Bullen type inequalities and their applications, Fundam. J. Math. Appl., 8(2)
(2025), 67-71. DOI 10.33401/fujma.1557116



https://www.scopus.com/pages/publications/84887924562
https://www.webofscience.com/wos/woscc/full-record/WOS:000324009500005
https://dergipark.org.tr/en/pub/fujma
http://creativecommons.org/licenses/by-nc/4.0/legalcode
http://creativecommons.org/licenses/by-nc/4.0/legalcode

	Introduction
	Main Results
	Applications
	Conclusion

