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Abstract

In this paper, it was investigated how many different ways an m-rung stairs can be climbed within certain
rules. It was observed that the climbing numbers of the stairs have relations with the Catalan numbers.
The combinatorics problem discussed in this article is different from the ones done so far and is related not
only to Catalan numbers but also to some Fuss-Catalan numbers. Some results were obtained regarding
the climbing numbers. It was observed that with the initial ascent being fixed, the climbing numbers of
stairs with m, m + 1,m + 2,m + 3, ... rungs, where m > 1 is an integer, are related to respectively the
some Fuss-Catalan numbers.
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1. Introduction

Catalan numbers appear in many combinatorics problems [1-5]. Applications of these numbers are used in some
engineering fields and health sciences [3, 4, 6]. In this study, it was examined the combinatorics problem of how
many different ways an m-rung stairs can be climbed within certain rules. The rules that should be applied while
ascent and descending the stairs are as following. The first is that no matter how many rungs we move up, our
descent should be at least one rung above the beginning of the previous ascent. The second is no matter how many
rungs we move down, our ascent should be at least one rung above the beginning of the previous descent. Our last
rule is that when the number of rungs on the stairs is more than 1, the first move should be at least 2 rungs up. It
was observed that with the initial ascent being fixed, the climbing numbers of stairs with m,m +1,m+2,m +3, ...
rungs, where m > 1 is an integer, are related to respectively the Fuss-Catalan numbers.

Definition 1.1. ([7, 8]) The generalized Fuss-Catalan numbers are integer sequence defined by

k (ij+k

k>1 91>1., 1> 2. 1.1
- j),_,y_,z_ (L.1)
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Specially, if we take ¢ = 2, k = 1 in the formula (1.1), we have Catalan numbers C, [3, 5, 6, 9, 10] as follows

, 1 (2j+1 1 [2j
F 1) = = — =C.. 1.2
2 (1) 2j+1( j ) j+1(j) 7 (1.2)

The Generalized Fuss-Catalan numbers are also called Raney numbers [8, 11, 12].

2. Problem statement and solution

The problem is to find the number of different climbings of an m-rung stairs within certain rules.
Notation 2.1. Let p? be the representation of the ascent of a stairs from the p-th rung to the ¢-th rung.

Notation 2.2. Let p?r® be the representation of the ascent of a stairs from the p-th rung to the g-th rung, the descent
from the ¢-th rung to the r-th rung, and finally the ascent from the r-th to the s-th step.

Let’s start with some numerical examples.
Example 2.1. Let’s find the number of different climbing of a 1-rung stairs.

Solution. The number of climbs is 1.

01:

Figure 1. Climbing on a 1-rung stairs

Example 2.2. Let’s find the number of different climbing of a 2-rung stairs.

Solution. The number of climbs is 1.

02:

Figure 2. Climbing on a 2-rung stairs

Example 2.3. Let’s find the number of different climbing of a 3-rung stairs.

Solution. The number of climbs is 2.

3 3

2.3 : 3 2]
071 : 1! 0 -1
0 0

Figure 3. Climbing on a 3-rung stairs

The first one goes up from the 0-th rung to the 2-nd rung. Then go down from the 2-nd rung to the 1-st rung. So,
the first climbing 0213 is completed by climbing from the 1-st rung to the 3-rd rung.

The second one 03 is completed by climbing from the Oth rung to the 3-rd rung.
In this case, according to the rules of the problem, there is no other climbing position.

Example 2.4. Let’s find the number of different climbing of one 4-rung stairs.
Solution. The number of climbs is 5.

021324, 0214, 0314, 0324, ot

Let’s show two particular climbs with figures, the others can be done similarly.
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rung stairs

Example 2.5. Let’s find the number of different climbing of one 5-rung stairs.
Solution. The number of climbs is 14.
031495 031435 315 039435 (395
0415, 0425 0439,
0°.

Let’s show two particular climbs with figures, the others can be done similarly.

031433

B N W &ou,

L e 0
Figure 5. Two of the fourteen climbings on a 5-rung stairs

(= L L - ) |

Example 2.6. Let’s find the number of different climbing of a 6-rung stairs using the number of climbing of one
5-rung stairs.

Solution. Let’s write the climbings of a 6-rung stairs starting at 13 anda 5-rung stairs starting at 02, respectively.

13— 13243546 132436 132936 139546 1396
02 — 02132435, 021325, 021425, 021435, 0215

Note that here the number of different climbings starting with 13ina 6-rung stairs and the number of climbings

starting with 0%ina 5-rung stairs are equal to each other. Because in both cases, after the start the number of rungs
remaining to the top of the stairs are equal. This result can be used also for other situations. We can see all the
situations in the Table 1 below.

Starting Position of | # of climbing | # of climbing | Starting Position of
5-Rung Stairs of 5-Rung | of 6-Rung | 6-Rung Stairs
Stairs Stairs
02 5 5 0213
214

03 5 5 041

5 0314

3 0215
04 3 3 0315

3 0415




An application to Fuss-Catalan numbers 15

1 0216
0° 1 1 0316
1 0416
13 2 2 0324
355
4 ) 2 032
1 105
2 042
356
5 ) 1 032
1 406
1 042
24 1 1 0435
16
25 . 1 043
56
1 0°3
0° 1 1 0216
19 1 1 0926
39 1 1 0246
1 00
42 Total

Table 1. Obtaining the number of climbing of a 6-rung stairs by using the number of climbing of a 5-rung stairs

Therefore the number of different climbings of a 6-rung stairs is 42.
Remark 2.1. In general, the number of different climbings of a stairs with m-rungs starting from p? is equal to the
number of different climbings of a stairs with (m + 1)- rungs starting from (p + 1) 1

Similarly, the number of different climbings of a 7-step stairs can be found using the number of different
climbings of a 6-step stairs. By continuing like this, the number of different climbings up to a 13-step stairs was
found and shown in the Table 2 below. Using the Table 2 we can write the following results.

Number of Rungs of the Stairs

Beginings | 2 (3 (4| 5 [ 6 7 8 9 10 11 12 13
02 1(1|2]5 14| 42 [ 132 | 429 | 1430 | 4862 | 16796 | 58786
03 o|1[2|5 |14 42 | 132 | 429 | 1430 | 4862 | 16796 | 58786
04 olo|1] 3|9 28 1001 | 3432 41990
0° ololo| 1| 4] 14 25194
06 olojo|o]| 1] 5 13260
07 olofolo]o]| 1] 6 6188
08 olojolo|o0] 0| 1 7 35 | 154 | 637 | 2548
09 olololo|of| o o 1 8 44 208 910
010 olofolo]o| o] o 0 1 9 54 273
oll olojlojlo|o| o] o 0 0 1 10 65
Total 12514 42| 132|429 | 1430 | 4862 | 16796 | 58786 | 208012

Table 2. All climbing numbers from 2-rung stairs to 13-rung stairs
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Notation 2.3. Let N(m,(0") denotes the number of different climbs of a m-rung stairs with 0" ascents.

For example, from the Table 2 it can be seen that N (8, 06) =20, N(12, 07) = 1638.
Generally, denote by N (m, k') the number of different climbs of a m-rungs stairs starting with £"*. Note that for
m, n positive integers,
1, n=m
N(m,0™) =
0, n>m

Corollary 2.1. For m positive integers, m > 3, N(m, 0™ ~ 1) =m—2.

Proof.

(m—2) terms

Corollary 2.2. For m, (m > 4) positive integers, N (m, 0" ~ 2y = % -1

Proof.
(m—2) terms
(m—3) terms
Om—23m—14m Om—23m715m 0m723m71(m_2)m Om—23m
(m—4) terms
Om - 2(m _ 3)m - ].(m 2)TTL7 Om - 2(m 3)m ].(m 1)m’ Om - 2(m _ 2)m
3 terms
m—2 m—1 m am—2/_ __ o\m
0 (m —3) (m—2)""0 (m —3)
2 terms
Therefore,

-2 m—2)(m—1
N(m,0M™ = 2) = (m—2) 4 (m—3) + (m —4) + ... + 34 2 = m=2m=) _ 4
Corollary 2.3. For m positive integers, m > 3, N(m, 02) = N(m,03).

Proof. Since m > 3, the movements starting with 03 and 02 are as follows:

(i) Movements starting with 03 are in the formof0314..., 0312...,0316... ... 031m—1_ . 031m . and
0324, .., 0325 .. 0320 . .. odam—1 g3am

11 ovements starting wit are 1n the form o cee, R ey ey T,

(i) M ing with 02 are in the f f021324 ..., 021325 ..., 021326 02132m — 1
02132 . and 0214...,0215...,0216. .. ... 021t =1 . o021,

Comparing (i) and (ii), it is not difficult to see that N (m, 0314) = N(m, 0214)7 N(m, 0315) = N(m, 0215), ... and

N(m,032%) = N(m,02132%), N(m,0325) = N(m,021329), ...

Therefore we obtain
N(m,03) =N(m,031%) + N(m,031%) + ... + N(m,031™ — 1) + N(m, 031™)

+N(m, 032%) + N(m,0325) + ... + N(m, 032 — 1) + N(m, 032m)

N(m, 0214 + N(m,021%) + ... + N(m,021™ ~ 1) 4 N(m,021™)

+N(m,02132%) + N(m,021325) + ... + N(m, 02132 — 1) 4 N(m, 0%2132™)

=N(m,02)

Hence the equality N(m, 02) = N(m,03) is valid for all m > 3.
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Corollary 2.4. The number of possible climbings of a stairs with m-rungs is equal to the number of climbings of a
stairs with (m + 1)-rungs starting from 02.

Proof. It is sufficient to show the equality N (m +1, 02) = N(m,02) + N(m,03) + ... + N(m,0™ — 1) 4+ N(m,0m).
Using Remark 2.1, we have

N(m+1,0%) =N(m+1,021%) + N(m +1,021%) + ... + N(m+1,021™) + N(m + 1,021+ 1)
ANmA+ L1+ Nm+ 1,15+ .+ Nm+1,1") + N(m + 1,1t 1)
=N(m,0%) + N(m,0%) + ... + N(m,0™ = 1)+ N(m,0o™).

HenceN(m—l—l,OQ) :N(m,02)+N(m,O3)+... —|—N(m,0m—1)+N(m,0m).
Corollary 2.5. Let m, n be positive integers with m > 6, n > 3, then the equality

N(m—1,0" " b 4 N, 0" T 1) = N(m,0")
holds.

Proof. Firstly, let’s write number of the climbs of a stairs with m-rungs starting at 0"

N(m,0™) =N(m,0"1" T lon +2) 4 N, 0m1n Flon+3y 4 4 N(m,0m1 T 12m)
FN(m, 01" H g2y 4 N onin I3ty 4 4 N, 01 Tt 13m)

+..
—|—N(m,0n1n+1nn+2)+N(m,0n1n+1nn+3)+... +N(m,0n1n+1nm)
FN(m, 01"+ 2) 4 N(m, 0" T 3) + ..+ N(m,0"1™)
FN(m,0"2" 1) £ N, 02 T 2) 4 N(m, 072
FN(m, 073" T 1) 4 N(m, 037 T 2) 4 N(m, 073™)

FN(m, 0" (n— 1" T 4 Nm, 0% — 1) T 2) 4 . N(m, 0™ (n — 1)™).

Secondly, let’s write number of the climbs of a stairs with m-rungs starting at 0"* - 1,

N(m, 0" 1y =N(m, 0" T 117+ 2y L N, on T 11in 3y 4 N, o T 11
FN(m, 0"t lon 2y 4 N ontlant 3y 44 N, 07 Tt 1am)
FN(m, 0" T 132y 4 N on 133y L 4 N, 07 T 13m
T
+N(m,0n+1nn+2)+N(m,0n+1nn+3)+... +N(m,0n+1nm).

Finally, let’s write number of the climbs of a stairs with (m — 1)-rungs starting at 0" ~ L.

Nm—-1,0""H =Nm-1,0" 11" + Nm—-1,0" ~h1n+ 4 4 N —1,0n — Lim— 1
+N(m—1,0" " Loy 4 N(m—1,0n ~lont by 4 Nm 1,0 lam — 1
FN(m—1,0" = 137 4 Nm—1,0" ~13nt 4 4 Nm—1,0n 1gm— 1
...

FNm—1,0" " Y2 s Nm—1,0" ~ L -2ty 4
FN(m—1,0"~ Y —2ym— 1y,
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Since
N(m,omn T lon+ky — N ot t1on+ k) for k=2 3, ..., (m—n),
N(m,0M1" t1gn+ 8y = N o g TRy for k=23 ..., (m—n),
N(m,0n1n+lnn+k):N(m,0n+1nn+k), for k=2,3, ..., (m—n),
N(m,0n1n+k):N(m,0n+11n+k), for k=2,3, ..., (m—mn),
N(m,om2n t 18y = N — 1,0 =i T8y for k=0, 1, ..., (m—n—1),
N(m,0n3n+1+k)=N(m—1,0n_12n+k), for k=0,1,..., (m—n—-1),
N(m, 0" — )P TRy o N —1,0" Y — 2 T 5 for k=0, 1, ..., (m—n—1),

then we have

N(m,0") =N(m,0m1" t1on + 8y L Ny 01+ 1on 43y L 4 N(m, 017 T Lom)
FN(m, 0"t g+ 2y 4 N oman I3t 3y 44 N, 01t 13m)
¥
+N(m, 0" H 2y L N 0m T L 3y 4 N(m, 0™ T Ly
FN(m, 0"t 2) 4 N(m, 071" T3) + .. 4 N(m,0"1™)
+N(m, 0"2" T 1) 4 N(m, 0" T 2) 4 4 N(m, 0"2™)

FN(m, 073" 1) 4 N, 0737 2) 4 4 N(m, 0737)

+

FN(m, 0"(n — )" T Y £ Nan, 0% — 1) T 2) 4.+ N, 0™ (n — 1))
=N(m,0" t1on+2) 4 N, on+1on+3)y L 4 N, 0" T 1am)
+N(m, 0" T 13+ 2y L N on T L33y L N, 0" T L3y

( )—|—N(m,0n+1nn+3)—|—... —|—N(m,0n+1nm)
FN(m, 0" TN T2y 4 N0 T 113y 1 N, 0 T 11
FNm—1,0" L)y Nm -0t~ hinthy 4y Nm 1,0 lim L
+N(m 1,00~ Lom)y 4 Nm—1,0" —Lont )4 4 Nm—1,0n~ 1am — 1)

FNm-1,0" " Y -2 + Nm—1,0" " Ln-2" T4+ Nm—-1,0""1n-2" 1)
={N(m,0" T 11"+ 2) 4 N(m, 0" T11n+3) 44 N, 0 1™
+N(m,0n+12n+2)+N(m70n+12n+3)+'” +N(m70n+12m)

FN(m, 0" T3+ 2) 4 N(m,on 137 +3) 4 4 N(m, 0" T 13m)

¥

+N(m,0n+lnn+2)+N(m,0n+lnn+3)+... —|—N(m,0n+1nm)}
H{Nm—-1,0" """ 4 Nm—1,0n ~lin+ by 4 N -1, 0n T him— Y
FN(m—1,0"~Lon)y 4 N(m —1,0n —lont Ly L 4 Nm 1,0 Lom — L

+...
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+N(m=1,0" " n=2)") + N(m =1,0" ~ =2t 4 4 Nm—1,0" " 1 —2)™ 1)}
=N(m,0" 1 £ Nm - 1,07~ 1)

Therefore the equality N(m — 1,0 ~ 1) + N(m,0" 1) = N(m,0") holds for m > 6, n > 3.

3. Relation of the problem to some Fuss-Catalan numbers

Formula (1.2) in Definition 1.1 gives the sequence of Catalan numbers
(C))j>0 = (1, 1, 2, 5, 14, 42, 132, 429, 1430, ), which is the sequence (N(m, 02))m>2 in the Table 2.
If we take now i = 2, k = 2 in the formula (1.1), we have -

Fy(5,2) = ]% (23; 2), (3.1)

which are the Catalan numbers (Cj41);>0 = (1, 2, 5, 14, 42, 132, 429, 1430, ...).
The sequence (Cj11);>0 is the sequence (N (m, 03))m>3 in the Table 2.
If we take now i = 2, k = 3 in the formula (1.1), we obtain

, 3 (2543

so the sequence (F2(j’3))j>o = (1, 3, 9, 28, 90, 297, 1001, ...) is the sequence (N (m, 04))m>4 in the Table 2.
If we take now i = 2, k = 4 in the formula (1.1), we get -

2 (2j+4
Fy(j4) = —— (1T, 33
5(j,4) j +2( ] ) (3.3)
that means (F,(j, 4))j>0 = (1, 4, 14, 48, 165, 572, 2002, ...) which is the sequence (N(m,()‘r’))m>5 in the Table 2

and so on.
Generally, the sequence (F»(j, )) ;, is equal to the sequence (N (m, ok +1y)

ie. (Fy(j,k)) oo = (N(m,0F T 1)) k> 1

m2k+11 k Z 1/ in the Table 2,

m>k+1’

4. Conclusion

In this study, we give an application of Fuss-Catalan numbers and Catalan numbers. This application was
formulated with a problem. By solving this problem some formulas related to Fuss-Catalan numbers are proved.
According to that, other applications related to Fuss-Catalan numbers can be done in future studies. We believe that
other formulas will be obtained with the help of this problem we presented.

Article Information

Acknowledgements: The author would like to express their sincere thanks to the editor and the anonymous
reviewers for their helpful comments and suggestions. The author would also like to thank Dr. Ozkan Deger and
Dr. Giilseren Cigek for helping with the Latex writing of this study. ism program. The author was funded by the
Scientific Research Projects Coordination Unit of Istanbul University. Project number: FBA-2023-38876.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Plagiarism Statement: This article was scanned by the plagiarism program.



20

C. Cigek

[1]
[2]
[3]

[4]
[5]
[6]
[7]
[8]

[91

[10]

[11]

[12]

References
Tucker, A.: Applied Combinatorics. John Wiley and Sons. New York, 2002.

Vilenkin, N. Ya.: Combinatorics. Akademik Press. New York and London, 1971.

Selimi, A., Saracevic, M.: Catalan numbers and applications. Vision International Scientific Journal. 4(1), 99-114
(2019).

Koshy, T.: Catalan Numbers with Applications. Oxford University Press. New York, 2009.
Stanley, R. P.: Catalan Numbers, Cambridge University Press. 2015.

Roman, S.: An Introduction to Catalan Numbers. Springer. Switzerland, 2015.

Aval, ].-C.: Multivariate Fuss-Catalan numbers. Discrete Mathematics. 308, 4660-4669 (2008).

Alexandersson, P, Fufa, S. A., Getachew, E., Qiu, D.: Pattern-Avoidance and Fuss—Catalan numbers. Journal of
Integer Sequences. 26, 1-27 (2023).

Berman, G., Fryer, K. D.: Introduction to Combinatorics. Akademik Press. New York and London, 1970.

Ozkan, E., Dervisoglu, S., Catalan numbers and modular arithmetic. Igdir University Journal of the Institute of
Science and Technology. 2(4), 63-66 (2012).

Simion, R., Schmidt, F. W.: Restricted Permutations, European Journal of Combinatorics. 6, 383— 406 (1985).

Chou, W.-S., He, T.-X,, Shiue, PJ.-S.: On the primality of the generalized Fuss-Catalan numbers. Journal of Integer
Sequences, 21, 1-8 (2018).

Affiliations

CEMAL CICEK

ADDRESS: Istanbul University, Dept. of Mathematics, Istanbul-Turkiye
E-MAIL: cicekc@istanbul.edu.tr

ORCID ID: 0000-0002-4855-9386



	Introduction
	Problem statement and solution 
	Relation of the problem to some Fuss-Catalan numbers
	Conclusion

