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Abstract. In this paper, a new class of curves is called binormal curves are

introduced. Here,we calculate the Frenet vector fields of binormal curves and
using them give the curvature and torsion of such curves. Also, we provide

some examples of binormal curves in Euclidean space R3.

1. Introduction

Curves are the most important tools for elementary differential geometry. In
the study of fundamental theory and characterization of space curves, the calcu-
lation of the curvature function, the torsion function and Frenet frame are very
interesting and important problem in three dimensional space. So there are many
articles on curves in the literature. In [1], the authors investigate the quaternionic
Bertrand curves in Euclidean 3−space. In the papers [2, 8], the curve theory in
Galilean space is investigated. Further studies about curves and its applications
are found in [3, 4, 5, 9]. In addition to these, the motion of parallel curves in Eu-
clidean 3−space is given in [7]. Gözütok, Çoban and Sağıroğlu [6] are study the
classical differential geometry of curves with respect to conformable fractional de-
rivative. In [7], Aldossary and Gazwani defined the notion of parallel curve based
on binormal vector and calculated the Frenet frame of such a curve. Then, in [11]
Sağıroğlu and Köse defined the notion of normal curve based on normal vector and
gave some properties. Inspried by [11], in this paper we introduce a new class of
curves which is called binormal curves. Here we study the Frenet frame of such
curves and then calculate the curvature and torsion of binormal curves in Euclidean
space R3. Also, we provide some examples of binormal curves. The definitions of
curvature, torsion and Frenet frame of a curve is given in [10].

2. Preliminaries

Let α : I → R3 be a unit speed curve , so ‖α′(s)‖ = 1 for each s in I. Then
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T = α′ is called the unit tangent vector field on α. Since T has constant lenght 1,
its derivative T ′ = α′′ measures the way the curve is turning in R3. Differention
of T.T = 1 gives T ′ always orthogonal to T . The lenght of T ′ gives a numerical
measurement of the turning of α. The function κ(s) = ‖T ′(s)‖ for all s in I is

called the curvature function of α. The unit vector field N = T ′

κ on α is called
the principal normal vector field on α. The vector field B = T × N is called the
binormal vector field of α. The vector fields T,N,B are called the Frenet frame
field of α. Also, it is clear that the torsion function τ of α satisfies B′ = −τN such
that the torsion function τ measures twisting of α.

Theorem 2.1. [10] If α : I → R3 is a unit speed curve with curvature κ > 0 and
torsion τ , then

T ′ = κN,

N ′ = −κT + τB,

B′ = −τN.
(2.1)

Theorem 2.2. [10] Let α be a regular curve in R3. Then

T =
α′

‖α′‖
, B =

α′ × α′′

‖α′ × α′′‖
, N = B × T

κ =
‖α′ × α′′‖
‖α′‖3

, τ =
α′ × α′′.α′′′

‖α′ × α′′‖2
.

(2.2)

3. The Curvature Function, The Torsion Function and Frenet Frame
of a Binormal Curve

Definition 3.1. Let α be a unit speed curve in R3 and t(s), n(s), b(s) be its Franet
frame in a point α(s). Including k to represent a real number constant, binormal
curve of the curve α is defined as

(3.1) αb(s) = α(s) + kb(s).

Now let us consider the binormal curve of a curve α having the equation (3.1).
Let be s3 be the arc lenght function of this curve. So, the unit tangent vector of
the curve αb(s) has the form;
(3.2)

tb (s3) =
dαb
ds

(s3) .
ds

ds3
= (t(s) + kb′(s)) (s3).

ds

ds3
= (t(s)− kτ(s)n(s)) (s3).

ds

ds3
.

If we take the dot product with t of both sides;

(3.3) tb.t =
ds

ds3
= cosθ

is obtained, where θ is the angle between the vectors tb and t. If it is multiplied
both sides of this equation by the vector b, we get the equation

(3.4) tb.b = 0.

This shows that the vectors tb and b are orthogonal. Multiplying both sides by the
vector n

(3.5) tb.n = −kτ(s)
ds

ds3
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is found. If the norm of both sides of the expression tb(s3) is taken, we get

‖tb(s3)‖ =

∥∥∥∥(t(s)− kτ(s)n(s))
ds

ds3

∥∥∥∥ = ‖(t(s)− kτ(s)n(s))‖ ds
ds3

=
ds

ds3
[[(t(s)− kτ(s)n(s))]

1
2 =

ds

ds3

[
1 + k2τ2(s)

] 1
2

(3.6)

Then since ‖tb(s3)‖ = 1,

(3.7)
ds3

ds
=
√

1 + k2τ2(s)

and from here

(3.8)
ds

ds3
=

1√
1 + k2τ2(s)

is obtained.
If it is taken as tb = n, from the derivative of the vector tb(s3) with respect to s3,
then in according to Frenet formulas

(3.9) κbnb = (−κ(s)t(s) + τ(s)b(s)) .
ds

ds3

is found. If we substitute the expression for ds
ds3

in here, we get

(3.10) κbnb =
−κ(s)t(s) + τ(s)b(s)√

1 + k2τ2(s)
.

If we take the dot product of this vector with itself,

κbnb.κbnb = κ2
b =

1

1 + k2τ2(s)
(−κ(s)t(s) + τ(s)b(s)) . (−κ(s)t(s) + τ(s)b(s))

=
κ2(s) + τ2(s)

1 + k2τ2(s)

(3.11)

is obtained. Principal normal vector and binormal vector of binormal curve of the
curve α are

(3.12) nb =
−κ(s)t(s) + τ(s)b(s)

κb
√

1 + k2τ2(s)

and

bb = tb × nb =

(
t(s)− kτ(s)n(s)√

1 + k2τ2(s)

)
×

(
−κ(s)t(s) + τ(s)b(s)

κb
√

1 + k2τ2(s)

)

=
1

κb (1 + k2τ2(s))

(
−kτ2(s)t(s)− τ(s)n(s)− kκ(s)τ(s)b(s)

)(3.13)

respectively.
Now let us determine the Frenet frame of the curve αb(s) in terms of the Frenet
frame of α(s) in the general case. We know that

(3.14)
dαb(s)

ds
=
dα(s)

ds
+ k

db(s)

ds
= t(s) + k(−τ(s)n(s)) = t(s)− kτ(s)n(s).

If we take the norm of this equation;

(3.15)

∥∥∥∥dαb(s)ds

∥∥∥∥ =
√

1 + k2τ2(s) = K(s)
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is obtained. Then, the unit tangent vector tb(s) is as;

(3.16) tb(s) =
dαb(s)
ds∥∥∥dαb(s)
ds

∥∥∥ =
t(s)− kτ(s)n(s)√

1 + k2τ2(s)
.

Moreover;

d2αb(s)

ds2
=
dt(s)

ds
− kτ ′(s)n(s)− kτ(s)

dn(s)

ds

= kκ(s)τ(s)t(s) + (κ(s)− kτ ′(s))n(s)− kτ2(s)b(s)

(3.17)

and

dαb(s)

ds
× d2αb(s)

ds2
= [t(s)− kτ(s)n(s)]×

[
kκ(s)τ(s)t(s) + (κ(s)− kτ ′(s))n(s)− kτ2(s)b(s)

]
= (κ(s)− kτ ′(s))t(s)× n(s)− kτ2(s)t(s)× b(s)− k2κ(s)τ2(s)n(s)× t(s) + k2τ3(s)n(s)× b(s)

= k2τ3(s)t(s) + kτ2(s)n(s) + (κ(s)− kτ ′(s) + k2κ(s)τ2(s))b(s)

(3.18)

are obtained. The norm of this expression is found as;
(3.19)∥∥∥∥dαb(s)ds

× d2αb(s)

ds2

∥∥∥∥ =
√
k4τ6(s) + k2τ4(s) + (κ(s)− kτ ′(s) + k2κ(s)τ2(s))2 = L(s)

The third derivative of the curve αb(s) with respect to the s parameter is;

d3αb(s)

ds3
= kκ′(s)τ(s)t(s) + kκ(s)τ ′(s)t(s) + kκ(s)τ(s)

dt(s)

ds
+ (κ′(s)− kτ ′′(s))n(s)

+(κ(s)− kτ ′(s))dn(s)

ds
− 2kτ(s)τ ′(s)b(s)− kτ2(s)

db(s)

ds
.

= (kκ′(s)τ(s) + kκ(s)τ ′(s)− κ2(s) + kκ(s)τ ′(s))t(s) + (kκ2(s)τ(s) + κ′(s)− kτ ′′(s) + kτ3(s))n(s)

+(κ(s)τ(s)− kτ(s)τ ′(s)− 2kτ(s)τ ′(s))b(s)

= (kκ′(s)τ(s)− κ2(s) + 2kκ(s)τ ′(s))t(s) + (kκ2(s)τ(s) + κ′(s)− kτ ′′(s) + kτ3(s))n(s)

+(κ(s)τ(s)− 3kτ(s)τ ′(s))b(s).

(3.20)

Then we get

(
dαb(s)

ds
× d2αb(s)

ds2

)
.
d3αb(s)

ds3
= k2τ3(s).(kκ′(s)τ(s)− κ2(s) + 2kκ(s)τ ′(s))

+kτ2(s).(kκ2(s)τ(s) + κ′(s)− kτ ′′(s) + kτ3(s))

+(κ(s)− kτ ′(s) + k2κ(s)τ(s)).(κ(s)τ(s)− 3kτ(s)τ ′(s))

= k3κ′(s)τ4(s)− k2κ2(s)τ3(s) + 2k3κ(s)τ ′(s)τ3(s) + k2κ2(s)τ3(s) + kκ′(s)τ2(s)

−k2τ2(s)τ ′′(s) + k2τ5(s) + κ2(s)τ(s)− 3kκ(s)τ(s)τ ′(s)

−kκ(s)τ(s)τ ′(s) + 3k2τ(s)(τ ′(s))2 + k2κ2(s)τ3(s)− 3k3κ(s)τ3(s)τ ′(s)

= k3κ′(s)τ4(s) + k2κ2(s)τ3(s)− k3κ(s)τ ′(s)τ3(s) + kκ′(s)τ2(s)− k2τ2(s)τ ′′(s)

+k2τ5(s) + κ2(s)τ(s)− 4kκ(s)τ(s)τ ′(s) + 3k2τ(s)(τ ′(s))2.

(3.21)



BINORMAL CURVES 61

In this case, the expressions of the curvature and torsion of the curve αb(s) in terms
of the curvature and torsion of the curve α(s) are;
(3.22)

κb(s) =
‖α′

b(s)× α′′
b (s)‖

‖α′
b(s)‖

3 =

√
k4τ6(s) + k2τ4(s) + (κ(s)− kτ ′(s) + k2κ(s)τ2(s))2

(1 + k2τ2(s))
3
2

and

τb(s) =
(α′
b(s)× α′′

b (s)).α′′′
b (s)

‖α′
b(s)× α′′

b (s)‖2

=
k3κ′τ4 + k2κ2τ3 − k3κτ ′τ3 + kκ′τ2 − k2τ2τ ′′ + k2τ5 + κ2τ − 4kκττ ′ + 3k2τ(τ ′)2

k4τ6 + k2τ4 + (κ− kτ ′ + k2κτ2)2

(3.23)

We also obtained the unit tangent vector of the curve αb(s) as;

(3.24) tb(s) =
dαb(s)
ds∥∥∥dαb(s)
ds

∥∥∥ =
t(s)− kτ(s)n(s)√

1 + k2τ2(s)

The other Frenet frame elements of this curve;

(3.25) bb(s) =
α′
b(s)× α′′

b (s)

|α′
b(s)× α′′

b (s)‖
=

k2τ3t+ kτ2n+ (κ− kτ ′ + k2κτ2)b√
k4τ6 + k2τ4 + (κ− kτ ′ + k2κτ2)2

and

nb(s) = bb(s)× tb(s) =
1

K(s).L(s)
[k2τ3t+ kτ2n+ (κ− kτ ′ + k2κτ2)b]× [t− kτn]

=
1

K(s).L(s)
[−k3τ4t× n+ kτ2n× t+ (κ− kτ ′ + k2κ2τ2)b× t+ (−kκτ + k2ττ ′ − k3κτ3)b× n]

=
1

K(s).L(s)
[(kκτ − k2ττ ′ + k3κτ3)t+ (κ− kτ ′ + k2κ2τ2)n+ (−k3τ4 − kτ2)b].

(3.26)

Theorem 3.2. The expression of the Frenet frame of the binormal curve αb(s) in
terms of the Frenet frame of the curve α(s) is of the form;

tb(s) =
t(s)− kτ(s)n(s)√

1 + k2τ2(s)

bb(s) =
k2τ3(s)t(s) + kτ2(s)n(s) + (κ(s)− kτ ′(s) + k2κ(s)τ2(s))b(s)√

k4τ6(s) + k2τ4(s) + (κ(s)− kτ ′(s) + k2κ(s)τ2(s))2

nb(s) =
1

K(s).L(s)
[(kκ(s)τ(s)− k2τ(s)τ ′(s) + k3κ(s)τ3(s))t(s)

+(κ(s)− kτ ′(s) + k2κ2(s)τ2(s))n(s) + (−k3τ4(s)− kτ2(s))b(s)].

(3.27)

Theorem 3.3. The expression of the curvature and torsion functions of the binor-
mal curve αb(s) in terms of the curvature and torsion functions of the curve α(s)
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is obtained as;

κb(s) =

√
k4τ6 + k2τ4 + (κ− kτ ′ + k2κτ2)2

(1 + k2τ2)
3
2

τb(s) =
k3κ′τ4 + k2κ2τ3 − k3κτ ′τ3 + kκ′τ2 − k2τ2τ ′′ + k2τ5 + κ2τ − 4kκττ ′ + 3k2τ(τ ′)2

k4τ6 + k2τ4 + (κ− kτ ′ + k2κτ2)2

(3.28)

Example 3.4. Let the curve

(3.29) α(s) = (acos(
s

a
), asin(

s

a
), 0), a > 0

be given. Then, let us calculate the Frenet apparatus of binormal curve. The
definition of binormal curve was αb(s) = α(s)+kb(s). Let us compute the binormal
vector b(s) of the curve α(s). Since the curve α(s) is unit speed curve, we get

(3.30) b(s) = t(s)× n(s) =

∣∣∣∣∣∣
U1 U2 U3

−sin( sa ) cos( sa ) 0
−cos( sa ) −sin( sa ) 0

∣∣∣∣∣∣ = (0, 0, 1).

Then the equation of the curve αb(s) is,

(3.31) αb(s) = (acos(
s

a
), asin(

s

a
), 0) + k(0, 0, 1) = (acos(

s

a
), asin(

s

a
), k).

From here;

(3.32) α′
b(s) = (−sin(

s

a
), cos(

s

a
), 0)

and

(3.33) ‖α′
b(s)‖ =

(
(−sin(

s

a
))2 + (cos(

s

a
))2
) 1

2

= 1

are obtained. Therefore the binormal curve αb(s) is the unit speed curve. If we
take the necessary calculations;

α′′
b (s) = (−1

a
cos(

s

a
),−1

a
sin(

s

a
), 0)

α′′′
b (s) = (

1

a2
sin(

s

a
),− 1

a2
cos(

s

a
), 0)

α′
b(s)× α′′

b (s) =

∣∣∣∣∣∣
U1 U2 U3

−sin( sa ) cos( sa ) 0
− 1
acos(

s
a ) − 1

asin( sa ) 0

∣∣∣∣∣∣ = (0, 0,
1

a
)

(3.34)

and

‖α′
b(s)× α′′

b (s)‖ =

√
02 + 02 + (

1

a
)2 =

1

a

α′
b(s)× α′′

b (s).α′′′
b = 0

(3.35)
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are found. So the Frenet frame of the binormal curve is;

tb(s) =
α′
b(s)

‖α′
b(s)‖

= (−sin(
s

a
), cos(

s

a
), 0)

bb(s) =
α′
b(s)× α′′

b (s)

‖α′
b(s)× α′′

b (s)‖
= a(0, 0,

1

a
) = (0, 0, 1)

nb(s) = bb(s)× tb(s) =

∣∣∣∣∣∣
U1 U2 U3

0 0 1
−sin( sa ) cos( sa ) 0

∣∣∣∣∣∣ = (−cos( s
a

),−sin(
s

a
), 0).

(3.36)

The curvature and the torsion functions of this binormal curve are;

κb(s) =
‖α′

b(s)× α′′
b (s)‖

‖α′
b(s)‖

3 =
1
a

1
=

1

a

τb(s) =
α′
b(s)× α′′

b (s).α′′′
b (s)

‖α′
b(s)× α′′

b (s)‖2
=

0

( 1
a )2

= 0.

(3.37)

Hence the binormal curve of the curve α(s) is a circle.

Example 3.5. Let the helix α(s) = (cos( s√
2
), sin( s√

2
), s√

2
) be given. Then let us

calculate the Frenet apparatus of the binormal curve. Since α(s) is a unit speed
curve, we get
(3.38)

b(s) = t(s)×n(s) =

∣∣∣∣∣∣
U1 U2 U3

− 1√
2
sin( s√

2
) 1√

2
cos( s√

2
) 1√

2

−cos( s√
2
) −sin( s√

2
) 0

∣∣∣∣∣∣ = (
1√
2
sin(

s√
2

),− 1√
2
cos(

s√
2

),
1√
2

).

Then the equation of the binormal curve is,

(3.39) αb(s) =

(
cos(

s√
2

) +
k√
2
sin(

s√
2

), sin(
s√
2

)− k√
2
cos(

s√
2

),
s√
2

+
k√
2

)
Hence

(3.40) α′
b(s) =

(
− 1√

2
sin(

s√
2

) +
k

2
cos(

s√
2

),
1√
2
cos(

s√
2

) +
k

2
sin(

s√
2

),
1√
2

)
and

‖α′
b(s)‖ =

((
− 1√

2
sin(

s√
2

) +
k

2
cos(

s√
2

)

)2

+

(
1√
2
cos(

s√
2

) +
k

2
sin(

s√
2

)

)2

+

(
1√
2

)2
) 1

2

=

(
1 +

k2

4

) 1
2

=

√
4 + k2

2

(3.41)



64 Y. SAĞIROĞLU AND G. KÖSE

are found. Therefore, the binormal curve is not unit speed curve. If we make
necessary calculations on arbitrary speed curves;

α′′
b (s) =

(
−1

2
cos(

s√
2

)− k

2
√

2
sin(

s√
2

),− 1√
2
sin(

s√
2

) +
k

2
√

2
cos(

s√
2

), 0

)
α′′′
b (s) =

(
1

2
√

2
sin(

s√
2

)− k

4
cos(

s√
2

),− 1

2
√

2
cos(

s√
2

)− k

4
sin(

s√
2

), 0

)

α′
b(s)× α′′

b (s) =

∣∣∣∣∣∣∣
U1 U2 U3

− 1√
2
sin( s√

2
) + k

2 cos(
s√
2
) 1√

2
cos( s√

2
) + k

2 sin( s√
2
) 1√

2

− 1
2cos(

s√
2
)− k

2
√

2
sin( s√

2
) − 1

2sin( s√
2
) + k

2
√

2
cos( s√

2
) 0

∣∣∣∣∣∣∣
=

(
1

2
√

2
sin(

s√
2

)− k

4
cos(

s√
2

),− 1

2
√

2
cos(

s√
2

)− k

4
sin(

s√
2

),
2 + k2

4
√

2

)

(3.42)

and

‖α′
b(s)× α′′

b (s)‖

=

√(
1

2
√

2
sin(

s√
2

)− k

4
cos(

s√
2

)

)2

+

(
− 1

2
√

2
cos(

s√
2

)− k

4
sin(

s√
2

)

)2

+

(
2 + k2

4
√

2

)2

=

√
k4 + 6k2 + 8

32

α′
b(s)× α′′

b (s).α′′′
b =

2 + k2

16

(3.43)

are obtained. Then Frenet frame of the binormal curve is;

tb(s) =
2√

4 + k2

(
− 1√

2
sin(

s√
2

) +
k

2
cos(

s√
2

),
1√
2
cos(

s√
2

) +
k

2
sin(

s√
2

),
1√
2

)
bb(s) =

√
32

k4 + 6k2 + 8

(
1

2
√

2
sin(

s√
2

)− k

4
cos(

s√
2

),− 1

2
√

2
cos(

s√
2

)− k

4
sin(

s√
2

),
2 + k2

4
√

2

)
nb(s) =

√
32

k4 + 6k2 + 8
.

2√
4 + k2

.(−1

4
cos(

s√
2

)− k

4
√

2
sin(

s√
2

)

−(
2 + k2

8
)cos(

s√
2

)− (
2k + k3

8
√

2
sin(

s√
2

),−2 + k2

8
sin(

s√
2

)

+(
2k + k3

8
√

2
cos(

s√
2

)− 1

4
sin(

s√
2

) +
k

4
√

2
cos(

s√
2

), 0).

(3.44)

The curvature and the torsion function of the curve are;

(3.45) κb(s) =

√
2.
√
k2 + 3

4 + k2

and

(3.46) τb(s) =
2

4 + k2
.

Hence binormal curve is also a helix.
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4. Conclusions

The definition of binormal curves is given by αb(s) = α(s) +kb(s) using the unit
speed curve α(s). These curves are called parallel curves in the literature. The
main goal of this paper is to investigate parallel curves using binormal vector and
to study the associated geometry of these curves. We give a similar definition of
parallel curves using the normal vector. The aim of this study is contribution to
the literature on the theory of parallel curves based on binormal vector in three-
dimensional space. In addition, the studies discussed here will later be expanded
to surfaces and their geometric properties will be examined. Also, the instrinsic
geometric formulas will be derived from the curvatures. This study was conducted
at the Karadeniz Technical University in the Department of Mathematics and pre-
sented as a master’s thesis.
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