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1.Introduction

Difference equations have occurred in many scientific areas such as biology, physics, engineering, and eco-
nomics. Particularly, rational difference equations and their systems have great importance in applications.
See [4, 11, 23, 24]. As a natural consequence of this, it is very worthy to examine the qualitative analy-
ses of such equations and their systems. Over the past two decades, many studies have been published
on the qualitative behavior of difference equations and systems. For example, see [1-3, 5, 6, 8-10, 12—
15, 21, 22, 25, 29, 30, 32, 34, 36, 38, 40-42, 44] and therein references. Below, we present a prototype, among
others, that caught our attention, along with its two extensions. Gibbons et al. [16] analyzed the bound-
edness, the oscillatory and periodicity, and the global stability of the nonnegative solutions of the rational
difference equation

Xpa1 = % n €Ny, (1.1)
where the parameters «a, § and y are nonnegative and real. Din et al. [8] investigated the boundedness, the
local and global stability, the periodicity, and the rate of convergence of positive solutions of the system of

difference equations

a1+ Prxn-1 _ a2+ Poyn

Xny1=—————— n+l —
Y ay + ben

, neNy, (1.2)
ar+biyn
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where a;, i, a;, b;, (i =1,2), and x_j, y-j,» (j =0,1), are positive real numbers. Din [10] investigated the
boundedness, the local and global stability behavior, the periodicity, and the rate of convergence of positive

solutions of the system of rational difference equations

_ a1+ P1ynn _ a2+ Paxna

Xn+1 = ) 1= » ne NO} (13)
nr a + l’)l Xn nr ap + bgyn

where a;, B;, a;, b;, (i =1,2), and X-j, y-j, (j =0,1), are positive real numbers.

Studies on the qualitative behavior of the difference equations and systems still continue actively. For recent
studies, see, for example [7, 17-20, 26-28, 32, 33, 35, 37, 39, 43] and therein references.

The systems in (1.2) and (1.3) are two-dimensional symmetric extensions of (1.1). Apart from these, there is
another two-dimensional symmetric extension of (1.1). In this paper, we define the aforementioned exten-

sion of (1.1). That is, we define the rational system

a1+ P1Yn1 _ 2+ Paxp

Xn+1 = » n+1 ) (1.4)
a +b1yn a2+b2xn

where a;, B;, a;, b;, (i = 1,2) are positive real parameters, and x_;, y-;, (j = 0,1) are positive real initial
conditions, and discuss qualitative behavior of its solutions. More concretely, we investigate existence of a
unique positive equilibrium, local and global stability of the equilibrium, rate of convergence of a solution

converging to the equilibrium, existence of unbounded solutions and the periodicity of solutions.
2. Preliminaries

Assume that I, J are some intervals of real numbers and
A:PxPP—1, fr:Px]?P—]

are continuously differentiable functions. Then, for every set of initial conditions x_;,xp € I and y_1, yo € J,

the system of difference equations

Xne1 = fi (X Xn-1, Y Y1), Yna1 = fo (X Xn-1, Yo ¥n-1),  mEN, 2.1)

o0
n=-1°

has a unique solution denoted by {(x,, y»)} An equilibrium point of system (2.1) is a point (X,y) € I x J

that satisfies
x:fl (Y)%»y)?)) 7:f2 (f,f»?,y)'
For stability analysis, we use some key results of the multivariable calculus. Hence we transform system

(2.1) into the vector system
Xn+1=F(Xn), neNy, 2.2)

where X, = (xn,yn,xn_l,yn_l)T, F is a vector map such that F: I? x J> — I? x J> and

Xn Fi (% Yn» Xn=1, Yn-1)
F Vn _ I (xn,yn»xn—l,yn—l)
xn_l x”

Yn-1 Yn
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It is obvious that if an equilibrium point of system (2.1) is (X,¥), then the corresponding equilibrium point

of system (2.2) is the point X = (¥,7,%,7) T

By ||-Il, we denote any convenient vector norm and the corresponding matrix norm. Also, Xg € Ix JxIx Jisan
initial condition of the vector system (2.2) corresponding to the initial conditions x_;,xp € I and y_;,y0 € J

of system (2.1).
Definition 2.1. [23] Let X be an equilibrium of system (2.2). Then,

i) The equilibrium X is called stable if for any € > 0 there exists § > 0 such that “X() —X” < 6 implies

“Xn —Y” <e¢, for all n = 0. Otherwise, the equilibrium point X is called unstable.

ii) The equilibrium X is called locally asymptotically stable if it is stable and there exists y > 0 such that
“XO—X” <7yand X, — X as n — oo.

iii) The equilibrium X is called a global attractor if X;, — X as n— oo.

iv) The equilibrium X is called globally asymptotically stable if it is both locally asymptotically stable and

global attractor.

The linearized system of (2.2) about the equilibrium X is of the form
Zp+1=JrZn, neNy, (2.3)

where J is the Jacobian of the map F at the equilibrium X. The characteristic polynomial of (2.3) at the
equilibrium X is
PV = apA* + a1 A3 + ap A% + az A + ay, (2.4)

with real coefficients and ag > 0.

Theorem 2.2. [23] Let X be any equilibrium of (2.2). If all eigenvalues of Jr at X lie in the open unit disk
|A| < 1, then the equilibrium point X is local asymptotically stable. If one of the eigenvalues has a modulus

greater than one, then the equilibrium point X is unstable.

The next results deal with the rate of convergence for a solution converging to an equilibrium of a system of

difference equations. See [11, 31] for more details.

Consider the system of difference equations
Xn+1 = (A+Bn) Xn, neNO) (2.5)

where X, is an m—dimensional vector, A € C™*™ is a constant matrix, and B : Z* — C™*™ is a matrix
function satisfying
Bl —0 (2.6)

as 71 — oQ.

Theorem 2.3 (Perron’s First Theorem). Suppose that condition (2.6) holds. If X}, is a solution of (2.5), then

either X, =0 for all large n or

| X1
p=lim ———
n—oo || Xpll

(2.7)
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exists and is equal to the modulus of one of the eigenvalues of matrix A.

Theorem 2.4 (Perron’s Second Theorem). Suppose that condition (2.6) holds. If Xj, is a solution of (2.5),
then either X,, = 0 for all large n or
p = lim (1X,I)"'" (2.8)

exists and is equal to the modulus of one of the eigenvalues of matrix A.

The following lemma is the second part of Lemma 3.1 in [30].

Lemma 2.5. Let f:R* x R* — R*, g:R* x R* — R* be continuous functions and a;, by, az, b, be positive

numbers such that a; < b1, a < b,. Suppose that
f: [a27 bZ] X [aZr bZ] - [al’bl]’ 8: [aI) bl] X [al» bl] - [02,b2]~

In addition, assume that f(u, v) is a decreasing (resp. increasing) function with respect to u (resp. v) for
every v (resp. u) and g(z, w) is a decreasing (resp. increasing) function with respect to z (resp. w) for every

w (resp. z). Finally suppose that if the real numbers m, M, r, R satisfy the system
M=fnR), m=f(Rr), R=gmM), r=gMm)
then m = M and r = R. Then the system of difference equations

Xn+l = f()’nvyn—l)y Yn+1=8(Xn, Xn-1), neN, (2.9

has a unique positive equilibrium (x, ) and every positive solution {(xn, yn)}(:lo:_1 of the system (2.9) which

satisfies
Xno € lay, b1l,  Xpor1 €lay, b1l,  yYny € laz, b2],  Yny+1 € laz,b2], noeN

tends to the unique positive equilibrium of (2.9).

3.Main results

In this section, we express and prove our main results on the system of difference equations (1.4).
3.1. Boundedness and persistence of the system

In this subsection, the boundedness and the persistence of (1.4) are investigated. The following theorem

states the result obtained.

Theorem 3.1. If 8, B2 < a; ay, then every solution of the system of difference equations (1.4) is bounded and

persist.

Proof.
From (1.4), we have the following system of difference inequalities
a B2

b1 as
Xni1 S —+—Yn-1, Ynt1S —+—Xp1, NENp. (3.1)
a a a ap
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We pay regard to the system of nonhomogeneous linear difference equations

a; P a P
Ups1=—+—Up-1, Ups1=—+—Up_1, NEN), (3.2)

a a a ap

with u_; = x_1, ug = xg, v—1 = y—1 and vy = yp. System (3.2) yields the following independent equatios

a a
a ayax dad) a

n-3, n= 2r (33)

and

a a
=2 Pra Pipe
a dazay dad)a

w3, N=2. (3.4)

The general solutions of (3.3) and (3.4) are given by

a1t axf i/ P1 B2 !
YT aia - pips +CI(V @ ﬂ2)
+CZ(_,4/EQ) +c3(—i,4/ﬁ@) +c4(i\4/ﬁ@) (3.5)
a ax a, a ay ap

_ mart+aif 4| B1 B2 ’
oz alaz—ﬁ1ﬁ2+cs( a ﬂz)
+ca(—\4/&&) +C7(—i\4/&&) +Cs(i\4/ﬁ&) ) (3.6)
a ap a a a1 az

where cg, (s = 1,2,...,8), are arbitrary constants and i is the imaginary unit. From (3.5) and (3.6), it follows

and

that if B, B2 < a; ap, then there exist the limits

_a1ap+azf

lim y,= ——— (3.7)
n—co " ajar— 1B
and
ara, +a
lim v, = M, (3.8)
n—oo ayaz — 152

and so the sequences {u,} and {v,} are bounded. Also, since u_; = x_1, ug = xo, V-1 = y-1 and vy = yp, by

comparison method, we find x, < u, and y, < v, and so

L dide+ azfr

< =U, (3.9)
ayaz — P12 !
and 5
aza; +ai1P2
<—==U,. (3.10)
a az — P12 2

Therefore, the sequences {x,} and {y,} are also bounded. On the other hand, from (1.4), (3.9) and (3.10), it
follows that

a a ay (ayaz —
oy = 1 > 1 _ 1 (ara2 - B12) -1 3.11)
a1+b1yn al"‘bl% dl(dldz—ﬁlﬁz)-i-bl (a1a2+a1,62)
12— P12
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and
¥ - (0%] - az _ az (01612—,51/32) - L
n+l = = = = L.
ax+ byxy, a2+b2% a (alaz—ﬁ1ﬁ2)+b2 (0!1612+ﬁ16¥2)

Consequently, from (3.9), (3.10), (3.11) and (3.12), for n = 1, we have

Ly<x,<U, LZSynSUg

which means that {x,} and {y,} are bounded and persist. The proof is completed.

Theorem 3.2. If 3§, < aj ay, then the set [Ly, Uj] x [Ly, Us] is invariant set of (1.4).

Proof.

50

(3.12)

(3.13)

Let {(xn,yn)}(;lo:_1 be an arbitrary positive solution of (1.4). If 8,8, < a; ay, then the bounds L, U;, L, and

U, exist. Also, let x_1, xp € [L1, U1] and y—_1, yp € [L, Uz]. Then, from (1.4), we have

art+piy1 _aa+pils _ _@+fox1 _ a2+ Bl

X = = =U; 1 < =U;
ay +b1y0 ay Y a2+b2x0 a ’
_ at+fiy _ar+pilz _ax+faxo _ ax+foUr
X2 = < =U, )= = = Uy,
ay+ by a a + byxy a
. aitpin a1+ prls _axtfox1 _ax+foly
X3 = = =U, y3= = = Uz,
ay+byys a as + by xo a
and
P atpiyr @ S, yi= artfox-1 @ 1
1 = = =1 1= = =L
a1+b1y0 (11+b1U2 ’ a2+b2x0 d2+b2U1 ’
v = a1+,31J/0> ai “L, _062'*‘[32160> as -1
2 = = =1 2 = = =1Ly
a1+b1y1 a1+b1Ug ’ a2+b2x1 a2+b2U1 ’
ar+pin a) az + Pox; as
X3 = = =L, y3= = Ly,

a1+b1y2 a +b1U2 612+b2)€2 B a2+b2U1 B

Considering inductively, it can be easily shown that x, € [L1, U1] and y,, € [L2, U>] for n = —1. So the proof is

completed.

3.2. Stability analysis

In this subsection, the existence of the unique positive equilibrium of (1.4) and local asymptotic stability

and global asymptotic stability of the equilibrium are investigated.

Lemma 3.3. System (1.4) possesses a unique positive equilibrium point. If §; 8, < a; ay, then the equilib-

rium point is in the set [Ly, U;] x [Ly, Ua].

Proof.
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For the equilibrium points of (1.4) we consider the system

ay+p1y ay+ fox

X=—7-—"7, y= —. 3.14
a+byy y a +byx ( )

From (3.14) we have the independent quadratic equations
D1X* +(C1 - B)X— A1 =0, Dy7* +(Ca—B2)y— Az =0, (3.15)

where

A1 = aiax+praz,
B = aib2+f1f2,
Ci = aatbhas,
Dy = aib2+b1f2,
Ay = amax+aif,
By = azbi+p1f2,
C = aa+ba,
D, = aybi+bps.

Hence, from (3.15), we have
Az=(C—B)*+4A1D1 >0, Ay=(Cy—By)*+44;D,>0

which implies that they have two real simple roots. Also, since —A;/D; <0 and —A,/D; <0, both equations
in (3.15) have one negative and one positive root. Therefore there exists the unique positive equilibrium
point of (1.4).

Consider the inequalities B _
fsal_i_ﬁly, ?S a2+ﬁ2xy
a1 ay
which is obtained from (3.14). Using these two inequalities within each other we get the following inequal-

ities

a _ o« a _
a g o fraz pipeg
a a a ayax da)ap
a a a
—2+@§S—2+@—1+&&_.
a ap a; dza aza;

X

IA

IA

y
If 81 B2 < a1 ay, from the last inequalities, it follows that

_ a1azx+axpr _ aza;t+ai1Pp:
XS—ﬁZUl, <—ﬁ—

< _
ayaz — 162 a az — P12
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Moreover, from (3.14) and the inequalities x < Uj, y < U,, we obtain the inequalities

ay a) — az az
—= =L, y=
6l1+b1y Cll+b1U2

x= L.

> =
- a +byx - a + b, U
Thus, for the aforementioned equilibrium point, we have (x,y) € [L1, U;] x [Lp, Uz]. So the proof is com-

pleted.

Theorem 3.4. If 5, f» < a; ay, then the unique positive equilibrium of system (1.4) is locally asymptotically
stable.

Proof.
We know from Lemma 3.3 that (1.4) has the unique positive equilibrium (%,y). In this case, the vector

system corresponding to (1.4) also has the equilibrium point X = (x,7.% 7)T. The aforementioned vector

system is given by the vector map

X a1+f1Yn-1

n 6l1+b1yn

y A2+ LfoXn1

F n — a2+b2xn
Xn-1 Xn
Yn-1 Yn

The linearized system of the vector system about X = (x,7.%,7) Tis the system

Zni1=Jr(X) Zn, (3.16)
where the vector Z,, is
<n
Zp—
Zn — n-1
Zn-2
Zn-3
and Jr at X is
bix B
0 B (llJrlbly 0 a1 +by
— byy 0 B2
Jr(X)=| (@thx ar+byX . (3.17)
1 0 0 0
0 1 0 0

The characteristic polynomial of (3.16) at Xis

P = 24— b1 boXy 12, DiBeX+Briboy P1B2
(dz + bgf) (a1 + bly) (612 + bzf) (dl + bly) (612 + bgf) (a1 + bly)

or

(B1— b1xA) (B2 — bayA)

PA) =A%~ — -
((11 + bly) ((12 + ng)

(3.18)

Let us consider the polynomial equation P(A1) = 0. Obviously, since ;2 # 0, A # 0. In this case, it can be

seen from (3.18) that there are two cases to consider.
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(@) If B1 < b1 xA and B2 < by A, then we have

Pr-biTN) (fo-17A) __ Di¥AbYA _DiXABYA _ o,

14 — ( ~e)
(611 + b]?) (612 + bgf) (a1 + bly) (az + bzf) blyng

from which it follows that |A]| < 1.

(i) If B1 > by1xA and B2 > b,y A, then we have

24— (B1— b1XA) (B2 — boyA) < B1B2 < ﬁlﬁz.
(a1 +b1Y) (a2 +b2X) (a1 +b51Y) (a2 + beX)  araz
Hence if 81 B2 < a; a», then we obtain that |A| < 1. Therefore the proofis completed.
Theorem 3.5. If 3§, < a; ay, then the unique positive equilibrium point of (1.4) is a global attractor.
Proof.

We will use Lemma 2.5 to prove the theorem. Let {(x, yn)}?f:_1 be any solution of system (1.4). We know

that if the inequality ;82 < a; a, is satisfied, then {(x, yn)}(:loz_1 is bounded and persist. Suppose that

fu V):Oél+,310 ( ):az“‘ﬁzy

a1+b1u' a2+b2x'
Then we have
(a1 +pB1v) by b1
) - 5 07 ) i —— O
Julto V) (aq + ub1)2 < fol,v) a) + ub; >
for (u,v) € (Lp,Us) x (Ly, Us) and
(az+B2y) b2 B
y) = P22 ) ,y)=——=—>0
8x (x y) (ap + xb2)2 8y (x y) az + xby

for (x,y) € (L1,Uy) x (L1, Uy). Therefore, the function f(u, v) is decreasing with respect to u for every v €
(L2, U») and it is increasing with respect to v for every u € (L, U>), and also the function g(x, y) is decreasing

with respect to x for every y € (L, U;) and it is increasing with respect to y for every x € (L1, Uy).

Let

limsupx, = M;, liminfx,=m;, limsupy,=M,, liminfy, =m,.
n—o0 n—oo n—o0 n—oo

In this case we can define the system

_at+piM, _atpimy _ Q2+ foM _ @t fom (3.19)
a1+b1m2’ ! 611+b1M2’ 2 612+b2m1’ 2 a2+b2M1' '
From (3.19), we have
a1M1+b1M1m2:a1+,61M2, a1m1+b1m1M2:a1+,61m2, (3.20)

a2M2+b2M2m1 =(Xz+ﬁ2M1, a2m2+b2m2M1 :a2+,62m1. (3.21)
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Furthermore, from (3.20) and (3.21), we have
ay (M, —my) + by (Mymy — my M) = 51 (M2 — myp) (3.22)

and
ay (Mo — my) + by (my My — Mymy) = B (M — my), (3.23)

respectively. If M; = m, then it is seen from (3.22) that m, = M». On the other hand, if my, = M>, then it
is seen from (3.23) that M; = m;. Therefore, we will just show that M, = m,. After some operations, the

equalities (3.22) and (3.23) yield the equality

ar  Po az ﬁl)
— — = (M, — +|—=—-—1(M> — =0. 3.24
(bl bz)( 1o (bz by (Mz = ma) 329
We rewrite (3.24) as
a _ B
My —my =2y — M), (3.25)
a _p
b " b

If B1 B2 < a1 ay, then (3.2) becomes
a
My—my = —Z(Mz—mz)-
B2

Using this result in (3.23), we obtain
m1M2 - Mli’)’lg =0.

Using the last two results in (3.22), we obtain
(ar1a2 - B1B2) (Mz—mp) =0

which implies that M, = m,. So the proofis completed. In order to verify the theoretical result we obtained
in Theorem 3.5, a special case obtained by giving some values to the parameters and initial conditions of

system (1.4) is given in the example below.

Example3.6. Ifa; =1, 5, =13.1,a, =7, b1 =3, a2 =12, B, =3.5, a» = 8.2, by = 1, then (1.4) becomes

1+12.1y,1 _ 12+3.5x,-1

Xntl=—F5 5. JYn+1= 6+ x
n

(3.26)
7+3yn

The unique positive equilibrium of (3.26) is (2.364109242,1.919175757). Plot of the corresponding solution
to x_1 =5.4, xg =9.5, y_1 =7 and yp = 1.7 is given by Figure 1 and Figure 2.

According to the item iv) of Definition 2.1, we give the next result from Theorem 3.4 and Theorem 3.5.

Theorem 3.7. If 8, 5> < a; ay, then the unique positive equilibrium point of (1.4) is globally asymptotically
stable.

3.3. Rate of convergence of solutions

In this subsection, the rate of convergence of a solution converging to the unique positive equilibrium of

(1.4) is studied.
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7
9-
8 6
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5.
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‘QS_ ‘g4
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2-
2-
0 50 100 150 200 0 50 100 150 200
n n
Figure 1. Plot of (x,;) converging to x Figure 2. Plot of (y,) converging to y
Let {(xp, yn)},.._; be any solution of (1.4) such that
lim x,=x and lim y,=7, (3.27)
n—oo n—oo
where x € [L1,U;] and y € [Ly, U»]. From (1.4), we have
—_mthiyn1 at+piy
Xn+1 —X = - =
a+biyn  ar+byy
—by (a1 + 1Y) — b1 (a1 + b1y) _
(a1 + b1yy) (a1 + b1y) (a1 + b1yy) (a1 + b1Y)
or after some operations and by using (3.14)
_ -bix _ B1 _
Xpr1—X=——"——\Vn—YV)+ ————\Vn-1—7). (3.28)
T o) ) gy Ve Y
Similarly, from (1.4), we have
—_afoxp-1 @2+ foX
Ynvr1— Y= - =
a2+b2xn a2+b2x
-b + a + byx
_ 2 (a2 + f2X) (- + B2 (az + byX) e
(ag + ngn) (dz + ng) (ap + ngn) (ag + bzx)
and so, by (3.14),
_ -byy _ _
Va1 =T = ——2Y (R Py, 7). (3.29)

= Xp—X)+ —————
(a2 +baxy) " (az + baxp)

If the error terms el, = x,, — x, €2 = y,, — y, then we can write the system of the error terms as follows

1 _ 2 2
e,.1 = aney,+bye,_;,

2 _ 1 1
e,.1 =cne,+dye,_;,
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where

gL _hix P __~by g - P
" a1+—b1yn’ " a1+—b1yn' " a2+—b2xn’ " a2+—b2xn'

From (3.30), we obtain the limits

. -b1x
lim a, = ———,
n—oo a1+-b1y

. p
lim bn =,
n—oo d14-b1y

. —-byy
lim ¢, = —y_,
n—oo a24—b2x

. 2
lun_dn::——li——:.
n—oo az +byx

Consequently, from (3.31)-(3.34), we have the following system

-bix b1
n+1 ay+byy ay+byy n
2 -byy 2
en || =2 L_ 0 ey
1 - a2+-b2x a2+-b2x 1
e, e,_
1 0 0 0
e2 e?
" 0 1 0 0 n-

56

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

which resembles the linearized system of (1.4) about the equilibrium X. In this case, one can obtain from

Theorem 2.3 and Theorem 2.4 the following results.

Theorem 3.8. Let {(xy, y,,)}flo:_1 be any positive solution of (1.4) satisfying (3.27). Then, the error vector

1,2 ,1 2
(en’en’en—l’en—l

Tim (lleall)” = [A125,40r (%7)|

and
llens1ll

n—oo |lepl|

=|A1,2,34F (%.7)]
where the values A, 7 3 4 are the eigenvalues of the Jacobian Jr(x,7) .

3.4. Existence of unbounded solutions

In this subsection, the existence of unbounded solutions of (1.4) is proven.

Theorem 3.9. If 5, > > a; ay, then every positive solution of (1.4) is unbounded.

Proof.

From (1.4) we have the system of difference inequalities

a1+ Piyn-1 a1+ Biyn
a14—b1yn - a14-b1Lb ’

Xn+l1 =

)T of the solution {(xy, yn)}(:lo:_1 of (1.4) satisfies the asymptotic relations

(3.36)
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and

A+ BoXp_1 Qo+ Boxy—
Vet = 2+ Baxn 1, Q2 P2xn y (3.37)
a2+b2xn dg-i—bgUl

where U; and U, are given by (3.9) and (3.10), respectively. Now we can consider the system of nonhomo-

geneous linear equations
Wpy1 = C2+dozZp-1, Zp+1=C1+diwp-1, neNp, (3.38)

where

a) B1 ap B2

Cl=—"—F 1= C2 = d2=—
6l1+b1U2, d1+b1U2, dg-i-bgUl, 6lg+b2U1

and w_; = x_1, Wy = Xo, 2—1 = y-1, %0 = Yo. The general solution of (3.38) is given by the formulas
=L (V) sk (V) sk (V) k() 3:39)
and

where ks, (s =1,2,...,8) are arbitrary constants and i is the imaginary unit. It is easy to see from (3.39) and
(3.40) that if d;d» > 1, that is,

P1B2 > (a1 + b1U>) (ax + baUy) > arap

then the sequences (w;) and (z;) are unbounded. Therefore, since w_; = x_;, wy = xg, 2-1 = y-1 and
Zo = Yo, by comparison method, we have the inequalities x, = w,, y, = z,. Hence the sequences {x,} and

{yn} are unbounded. The proof is completed.

Example 3.10. If oy =1, 1 =12.1, a; =3.6, by =3, a2 =12, B, =3.5, a, =6, bp =1, then (1.4) becomes

1+12.1y,-1 _ 12+3.5x,—1

Xn+l= (o 0 Yn+l = 6+ x
n

(3.41)
3.6+3y,

The unique positive equilibrium of (3.41) is (2.808100791,2.478213327) and unstable. Plot of the corre-
sponding solution to x_; =5.4, xo = 9.5, y_; =7 and yp = 1.7 is given by Figure 3 and Figure 4.

3.5. Period two solutions

In this subsection, the existence of two-periodic solutions of (1.4) is investigated. The next result states the

existence of such solutions.

Theorem 3.11. If a; a, = B B2, then the system of difference equations (1.4) has two-periodic solutions.

Proof.

Let a two-periodic solution of (1.4) be

eeey (pl» Ch), (PZ’ (h), (ply ql)r (Pz, CIZ), ceey (3-42)
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Figure 3. Plot of unbounded (x;,)
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200

Figure 4. Plot of unbounded (y;)

where p1, p2, g1, g» are positive real numbers such that p; # p, ve g1 # g2. Then, from (1.4) and (3.42), we

have the system

_art+fiq _a1+piqe

ar+b1go a +byrqr

from which it follows that
aip1+bip1g2 = a1+ prq1,

and

axqr +baqi1p2 = az + Popi,

_atfopr Q2+ foap2

ax +bapa az + bapy

After some basic operations, from (3.43) and (3.44), we get the equalities

ay (p1—p2)+ b1 (p1g2 - p2a1) = Br (41 — 42)

and

az (q1— q2) + b2 (q1p2 — G2p1) = B2 (P1— p2).

The last equalities yield

(a1by — b1 B2)(p1 — p2) + (a2b1 — b281)(q1 — q2) = 0.

It is obvious from (3.45) and the assumptions p; # p» and q; # g» thatif

aibo—b1f2=0 and axb; —b2f1 =0,

aip2+bipagr = a1+ P1ge (3.43)
ax g2+ baq2p1 = az + Papo. (3.44)
(3.45)
(3.46)

then system (1.4) has two-periodic solutions. Note that (3.46) is equivalent to the desired equality a;a, =

B1B2. So the proofis completed.
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Example 3.12. If @y =3, §1 =6, a1 =12, b1 =9, a2 =2, B2 =4, a =2, bp = 3, then system (1.4) becomes

3+6y,— 2+4x,_
¢, Vi1 = —”1' (3.47)
12+9yy, 2+3x,

Xn+1 =

The unique positive equilibrium point of (3.47) is (0.4413911092,1.132782218) and it is unstable. Also, the
solution converges a two-periodic solution of the system. Plot of the corresponding solution with x_; =3,

Xp =2, y-1 = 1.3 and yp = 7 is given by Figure 5 and Figure 6.

3 71
2.5 61
5 4
2-
- _4
N =
= 1.51 =
3
1
2
0.5
1
0 20 40 60 80 100 0 20 40 60 80 100
n n
Figure 5. (x;) converging to a two-periodic so- Figure 6. (y;) converging to a two-periodic so-
lution lution
4. Conclusion

In this study, the qualitative behavior of the positive solutions of (1.4) was investigated. The results obtained

are summarized below.

1. If 8182 < ayay, then the solutions of the system are bounded and persist. In addition, the unique

positive equilibrium of the system is globally asymptotically stable.
2. If B1 B2 = a1 az, then the system has two-periodic solutions.

3. If B1 B2 > ay ay, then the system has unbounded solutions.

Availability of data and materials Not applicable.
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