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ABSTRACT. In this paper, we will investigate the infinite Coxeter groups Bn
and D,. Their Grobner-Shirshov bases and classifications of normal forms
are achieved by leveraging results from the infinite Coxeter groups of types

Cr. Additionally, new algorithms are presented for obtaining normal forms of
elements within these groups.

1. INTRODUCTION

To begin with, we revisit certain ideas related to the Grobner-Shirshov basis
theory. Let S represent a set, and S* denote the free monoid of strings formed by
S. We refer to the empty string as e. A well-ordering < on S* is referred to as a
monomial order if z < y implies axzb < ayd for all a,b € S*. Let (S) denote the free
associative algebra generated by S over a field k. Given 0 # f € (S), we denote
by f the leading word of f concerning a specified monomial order. For two monic
polynomials f and g, f(S) if there exists a word w such that w = fb = ag for some
a,b € S*. The intersection composition of f and g is defined by (f, g)., = fb—ag. If
f = agb for some a,b € S*, the inclusion composition is defined as (f, g) = f — agb.
In this scenario, the transformation f — f — agb is known as the elimination of the
leading word (ELW) of f in g. Let R C (S) be a collection of monic polynomials,
and let f be another monic polynomial. We say that f is reduced to h modulo R
if f is derived from a sequence of ELWs involving elements of R, and no further
ELWs of r are possible. A set R C (S) is termed a Grébner-Shirshov basis, denoted
by GSB if every composition of polynomials from R is reduced to zero modulo R.
A GSB R is considered minimal if there are no inclusion compositions within R. If
R C (S) is not a GSB, take a composition of intersections of polynomials from R
and reduce it modulo R. If this reduction results in a non-zero polynomial r, add
r to the set R. Continue this process for each composition of polynomials from R
until no further enlargements are required. The final set obtained will be a GSB.
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This procedure is referred to as the Shirshov algorithm. The Composition Diamond
Lemma ([I3]) is valuable for finding the normal form of a group through its GSB.

When a group G is defined by generators S and relations R, each relation z =y
in R can be associated with a polynomial x — y. Thus, the set of relations can be
viewed as a subset of T1(S). Consequently, a GSB of R, referred to as a GSB for the
group G, can be found. It’s worth noting that R comprises ”biwords,” essentially
differences of words. The Shirshov algorithm maintains this property throughout
the computation. Therefore, a GSB of a group can be considered a unique set of
relations for that group. Furthermore, the set

Red(R) = {w € S*|w # 25y, z,y € S*,s € R}

constitutes the set of all normal forms of G, as established by the Composition
Diamond lemma.

Coxeter groups, known as Weyl groups, represent one of the most significant
examples of groups defined by generators and defining relations. Consequently, the
pursuit of finding GSB for these groups has attracted considerable attention from
researchers. GSB for finite Coxeter groups can be found in [I]. For the finite excep-
tional Coxeter group of type Eg, a GSB has been established in [3], while for the
finite exceptional Coxeter groups of type Eg and E7, a GSB can be found in [4].
The method of GSB bases introduces a new algorithm for deriving normal forms of
elements in groups, monoids, and semigroups, providing a fresh approach to solving
the word problem in these algebraic structures. The word problem for a finitely
generated group G involves the algorithmic challenge of determining whether two
words formed by the generators represent the same element. A novel algorithm for
obtaining normal forms and addressing the word problem for Extended Modular,
Extended Hecke, and Picard groups through their GSB is explored in [5]. Compa-
rable findings for the singular part of the Brauer semigroup and braid groups via
the complex reflection group Gz are presented in [I1] and [I4], respectively. In
[6], the authors establish a connection between graph theory and GSB of groups.
This article aims to pave the way for further research in this area. GSB for infinite
Coxeter groups of type Km dl, as well as for finite Coxeter groups of type A,,, By,
and D,,, have been obtained in [8], [I5], and [I2], respectively. Additionally, for
the infinite exceptional Weyl group of type Fy, a GSB has been constructed in [I0].
The author worked on GSB bases for infinite Coxeter group of type A, in [7] and
the results in this article were obtained from [I3].

The primary objective of this article is to derive GSB and normal forms for
infinite Coxeter groups of types B, and D,,.

2. GROBNER-SHIRSHOV BASES

This section focuses on the discussion of GSB for the infinite Coxeter groups of
Types B,, and D,,.

2.1. GSB for B,,.

Definition 2.1. The presentation of the infinite Coxeter group of type B,, includes
generators S = {sg,S1,...,8,} for a positive integer n > 2 and the following
defining relations:

(RB1) $48q=¢€¢ for 0<a<n,

(RB3) SqSp =spsq for 0<a<b—1<n but (ab)#(0,2),
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(RB3) SaSa+1Sa = Sa+18aSa+1 for 1<a<mn-—1,
(RB4) Sp0S1 = S150,

(RB5) Sn—15nSn—15n = SnSn—15nSn—1,

(RBG) 508250 = S250S52.

where e represents the identity element of the group.
For the sake of convenience, let us assume that

SaSa+1 " " Sb, ifl<a<b<n;

Sab = SaSa+1 " SnSn—1-""S¢, 1< a<c=2n—7<n;
e, fo<b=a-1<n.

and

SbSb—1 """ Sas ifl<a<b<n;

—1 . .

Sap = ScSc41t SpSn—177Sq, 1 <a<c=2n—j<mn;
e, if0<b=a—-1<n.

It is important to note that s;bl is, in fact, the inverse of s, since s,s, = e for
each a.

Lemma 2.2. Assume that < denotes the degree lexicographic order on S*. A GSB
for the infinite Cozeter group of type B, with respect to < includes the following
polynomials:

. f“):sasa—lifogagn,

° féa’b) = SaSp — SpSq if 0<a <b—1<n but (a,b) # (0,2),

b .

éa )*sabsa75a+1sab if1<a<n—-2anda<b<2n—a-—1,
(a) :

® J4 = Sa2n—aSa+l — Sa+1Sa,2n—a ifl<a<n-— 1,

. éa) = 50524510 — 515052451,a—1 if 1 <a <n—1,
(a) :

o fo ' =50522n—a51,2n—a+1 — 515052,2n—aS51,2n—qa if 2 <a < n,

° f7(a’b) = 5082451580 — $25082481p if 2<a<2n—-3 and 0<b <1,
b .
. féa’ ) = 5052051550525 — 52505245165052,a—1 if 2 <b<a <n,

(a7b) PR .
fo 7 = 5052,2n—aS1650526 — 525052,2n—aS1a5052,b—1 if 3 < a < n—1 and

[ ]
2<b<n-1,
b .
1(8 ) = 5082,2n—251a5052651 — 525052,2n—251a5052p if 1 < a < 2 and 2 <
b<2n -3,
(a,b) .
11 = 5052,2n—251a5052b51,a—1 — 525052,2n—251a5052b51,a—2 if 3 < a <

n—1,3<b<nanda<b,
o fl2 = 5052,2n—25052 — 525052,2n—250,

13 = 5052,2n—251a5052,2n—b51a — 525052,2n—251a5052,2n—b51,a—1 if 2 < b <
a<n-—1,
(a,b) _
14 5052,2n—251,2n—a—15052,2n—b51,2n—a
—525052,2n—251,2n—a—15052,2n—b51,2n—a—1 if 2<b<a<n-—1,
(ab) __
® 15 = S052,2n—aS1,2n—b—15052,2n—b

— 525052,2n—a51,2n—b—15052,2n—b—1 if 2<a—-1<b<n—1,

o fig = 5052,2n—2515052,2n—25152 — 525052,2n—-251505052,2n—251,
(ab) _ :
17 = = S052,2n—25165052,2n—aS1,b—1 — $25052,2n—251b5052,2n—aS1,b—2 if 3<

b<a<n-—1.



GSB AND NORMAL FORMS FOR B, AND D, 89

Proof. The proof is conducted using the Shirshov algorithm.
< fiz, ngQ) >= f1((1)’2) - 528082,277.72]0551)827
< fl((1)7b)7 ’;bJ) >= fl((?b) - 528082,2717231]07([)70) lf 2 S b S n,

Similarly, other elements can also be found.For a detailed proof, you can refer
to the thesis [13] O

Let RP denote the set of polynomials as outlined in Lemma Currently,
we are unable to demonstrate that the provided polynomials in the lemma form
a GSB for the infinite Coxeter group of type B,. Verifying this would involve
intricate computations to confirm that the remaining compositions in R® reduce
to zero modulo RE. Instead, we will utilize the Composition Diamond lemma to
establish that R serves as a GSB for the infinite Coxeter group of type B,.

2.2. GSB for D,,.

Definition 2.3. The presentation of the infinite Coxeter group of type D,, includes

generators S = {sg,S1,...,8,} for a positive integer n > 4 and the following

defining relations:

(RD1) 848 =1 for 0 <a<n,

(RD3) 8a8p = 8pSq for 0 <a<b—1<mn but (a,b)# (0,2) and (a,b) #
(n—2,n),

(RD3) $4Sq+15¢ = Sa+1SaSa+1 Wwhere 1 <a<mn-—1,

(RD4) Sp—25nSn—2 = SpnSn—25n,

(RDs) sosa2sp = s250S2-

For the sake of convenience, let us assume that

SaSa+1 " Sby ifl<a<b<n;
. SaSat1 " Sn—2SnSn—1-*"Son—p, H1<a<n—1<b<2n-—a;
YY) s, if b=aq;

1, ifb=a—1.

From this point forward, we will refrain from using superscripts unless it becomes
necessary to distinguish between the groups B,, and D,.

Lemma 2.4. Assume that < denotes the degree lezicographic order on S*. A GSB
for the infinite Cozeter group of type D, with respect to < includes the following
polynomials:

og%“):sasa—lif()gagn,

. gé“’b) = SaSp — SpSq if 1 <b—a but (a,b) # (0,2) and (a,b) # (n —2,n),
(a)

® g3 = Sa,a+l — Sa+1Sa if a=0,n-1,

® J4 = Spn—2nSn—2 — SnSn—2n;

° géa’b) = SapSa — Sat+18a If 1 <a<b<n-—1)or (1 <a<n-—2and
n<b<2n—-3and 2n—-b—1>1),

L4 Qéa) = Sa,2n—aSa+1 — Sa+15a,2n—a if 1<a<n-— 3,

® g7 = Sp—2n4+28n — Sn—15n—2,n+2;

® gg = Sn—27n+23n—1 — SnSn—2,n+2;
b .

géa ) — 508245150 — $25052451p If 0 < b<1land 2<a<2n-—3,
(@) _ .

® g1y = 8052a51a — 515052451,a—1 if 2<a <n—1,
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® Ji11 = S0S2nS1n — S15052nS1,n—2;
® Ji2 = S5052,n—151,n+1 — $15052,n—151n,
(a) _ :
® G135’ = 5052,2n—a51,2n—a+1 — 515052,2n—aS1,2n—a if 2 < a < n,
b .

. gﬁ’ ) = 5052451550525 — 525082¢5165052,6—1 1f 2 <b<n—1landn <a <

2n—3)or (2<b<n—-land3<a<n-—1andb<a),
® Ji5 = S052,n—151nS052n — S25052,n—151n5052,n—2,

(a,b)
Y916

n—1,

= 5052,2n—251a5052651,a—1 — 525052,2n—251a5052651,a—2 if 2 <a <b <

® Ji17 = S052,2n—25052 — $25052,2n—250;

(a,b) _
® gis = 5052,2n-251a5052651 — $25052,2n—251a50526 if (@ = 1 and 2 < b <

n—1) or (1§a§2andn§b§2n—3),
(a) :
® J19° = 5052,2n—aS1,n—15052,n+1 — $25052,2n—aS1,n—15052n if 3<a<mn,
(a) _ :
® Jo0 = S052,2n—aS1nS052n — $25052,2n—aS1nS052,n—2 if3<a<n-1,

(@) :
® Gy = 5052,2n—251a5052,2n—2512 — 525052,2n—251a5052,2n—251 if 1 <a <2,

® (22 = 5052,2n—251n5052nS1,n—2 — 525052 2n—251nS052nS1,n—3,

(a)

® (go3° = 85052,2n—-251,n—15052,2n—aS1n — $25052,2n—251,n—15052,2n—aS1,n—2 if
2<a<n-—-1,

° (a) _ _ f 9 <
9oq4 = S052,2n—251n5052,2n—aS1,n—1 — $25052,2n—251n5052,2n—aS1,n—2 1 S
a<n-—1,

(a,b)
® go5 ' = S0S2,2n—251,2n—aS5052,2n—bS1,2n—a+1
— 525052,2n—251,2n—a5052,2n—b51,2n—a if 2<b<a < n,
(a,b) _ .

L4 926 = 5052,2n—aS1,2n—b5052,2n—b+1 — 525052,2n—aS1,2n—bS052,2n—b if 3 <

a<b<n-1,
(a,b,c) __ if (¢ —
® gor = 5052,2n—251a5052,2n—bS1c — $25052,2n—251a5052,2n—bS1,c—1 1 (C =a
and2<b<n—-2and3<a<n—-2)or(c=a—1land 3<a<n-—2and
a<b<n),

Proof. As in the case of B,,, the proof is established using the Shirshov algorithm.
For a detailed proof, you can refer to the thesis [13].
O

At this stage, we are unable to demonstrate that the polynomials provided in the
lemma form GSB for the infinite Coxeter group of type 5 We will demonstrate
that the set of polynomials found for B,, and D,, indeed forms GSB for the infinite
Coxeter group of types B, and D,, by examining their normal forms, respectively.

3. NorRMAL FORMS

The necessary definitions and properties for the normal forms of C~’n are provided
n [13] and [15].

~ —~C
3.1. Normal Forms for B,. For v € S, , let us define v[a,b] = |{t € Z :
t < a,v(t) > b}| for all a,b € Z. Now, consider SZ = {u € S¢ : u[n,n +
1] = 0 mod 2} which is a subgroup of S$ consisting of elements in the form

{fu e S : un,n+1] =0 mod 2}. It is clear that SB is a subgroup of S¢
with an index of 2. Moreover, for any u € Sn, we can represent it as u =

-1 .
(Sgbnsg—l,bn,l "'5%1)(3005?,%—1)&2” Lo (s§s9)1(s§)™ where Y, " ay is an
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even number. The following proposition affirms that gf is indeed the infinite
Coxeter group of type B,,.

Proposition 3.1. ([2], Proposition 8.5.3)
The group Sb with generating set {SOB, sP,... 5B} is the infinite Coxeter group
of type B,, where sB=s¢ fora=1,2,...,nand sf = [2n —1,2n,3,...,n].
First of all, we give some relations between words in En and words in én
Lemma 3.2. The following statements are equivalent.
(1) s§'s{s§ = s6,

(ii) (s§s5,)(s5s5,) = sBsB sB for0<azb<2n-—2.

Proof. (i) s§s7sS =[2n,2,...,n][2,1,3,...,n][2n,2,...,n] = s&.
(ii) sPsB sB = s§s{s§sS s§, = 555,55 5§, by a series of ELW in f(O <)

O

It’s worth mentioning that the length of a word in CN'n is two greater than the
length of the corresponding word in B,,.

Lemma 3.3. In the context of the infinite Cozeter group of type 571, the following
relation is valid:
(56 5an 1) (6§ 5E(sE'35, 1), i atb<2m,

c_.C c_.C c_.C
(s0 51,2n—2)(50 515) (80 81a) =

(56 5T 2n—1) (5§ 8Ta—1)(s§s%,), ifa+b>2n.

This equation is applicable for 1 < a,b < 2n — 1 with the condition that b < a when
a<nora<bwhena>n.

Proof. In the scenario where a + b < 2n, there are two distinct cases to consider:
(i) 1<b<a<n,
(i) 1<b<n<a<2n-—h.

In both of these cases, the following relationships hold:

(585 n_2) (555 ) (55 85) = (55 5 _1)(55'55) (555, 1) (sE'C,..) applying by

an ELW in féb).
(Sgslcjzn—l)(5005%)(585%71)(555%1@) = (Socsfzn—ﬁ(58‘516;)(500516:1)71) apply-
ing by a series of ELW in fs.
In the case where 2n < a + b, we have n < b < a < 2n — 2. Let a = 2n — ¢ and
j = 2n — d. Therefore;
c.C C.Cy\(.C.C c.C C.C\(.C.C
(50 81,2n72)(80 1) (50 81a) = (50 81,2n71)(80 515) (50 51p)8d—25d-3 " " * S¢

due to an ELW in féb). Furthermore; (s§'s$,)s: = (s§s§,_1)s{1s5 by an ELW

in ét’b). (s§s1_1)s54155 = 518§, by a series of ELW in f;. This results in the
desired equality. ([

Corollary 3.4.

c.c
(s s59n_as1 b+1)(50 57a), a+b<2n—1,

(5003102 —1)(3(?51 50 31b
" ) (s 85 9n_ 251b)(553€a+1)a a+b>2n—1

This equation holds for 1 < b < a < 2n —
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Lemma 3.5. Let m > 1.
2m

(i) (3(()}3?,27171)2"1 = (5(])952?271723{3) ’

(i) (s§5¥0n 102" (5§ s$5,) = (5§ 5 0n_osT)? ™ H(sFs5) for2 <b<2n -2,

(iif) (Sgslc,zn—l)zm Ls§ = (5(])352an 251 )Q(mfl)(s(])gszbizn—z)(sg)
Proof.
(i) We will utilize induction with respect to m. (s§s2,, o) (sF 585, _osF) =

(Sgslczn 2353?)(35310271 25339) = (38‘510,27%2)(3?50031050%(32%725003?) =

c.C C.C CoCCY _ (CoC 2 s
(56 31,2n71>(50 81,27172)(50 s5s7) = (85 81,2n71) . The first equality is de-
rived from Lemma and the second and the third equalities stem from
1 0 .
ELW in () and ( ) respectively. Assume that (sBsB _,sP)2e =
s p Y 0 52,2n—251
(sgsf%_l) for a p081tive integer c¢. Consequently, (5(1)3552”_23{3)2(0“) =
C.C 2¢( B B B\2 _ (C.C 2(c+1
(8681 2n—1) (50 52 2n—251 )* = (5 31,2n—1) (et1),
i, B_B omA1( B B\ _ (.C.C 2m ( ,C .C C «C\(C C C
(i) (sg 52,2n—251 ) (50 83) = (55 31,2n—1) (s0 S1,2n—250 S1 )(s5 81,50 ) by
Lemma 5.2
C.C 2m( C C C oC\(C oC «C\ — (CC 2m .C C C oC .C C C C
(56 81,2n71) (s6 81,2n—250 51 )(s6 150 ) = (s5 Sl,2n71) 50 51,2n—251 50 S1 S0 S2p50
1
by ELW in f{V.

c.C C.C C.C.C.C.C.C _ (.C.C 2m+1 ,C .C
(5§'8T 2n—1)"" 56 57 2n— 251 S0 ST 50 53450 = (50 5T,2n-1)""" 55 57,8655 by a series of
(0,
ELW in f2 2
C.C 2m+1.C .C .C.C Cc.C 2m+1
(86 8T,2n—1)""""5G 511;50 55 = (80 ST .2n-1)"" s 55, by ELW in f1

(iii) (3(])335,21@—1)( 6) = (5§ 57 2n— 250C)(3(?51 s5) by Lemma
(s§ sf,gn_zs(?)(sgs? 3 ) = 565720156 -

The remaining part follows as a straightforward consequence of part (i). O

It should be noted that the length of word in C, is 2m greater than the length
of the corresponding word in B,,.

Definition 3.6. The following words are defined in B,

(i) wozsfdn---saBda sfd fora—1<d,<2n—aanda=1,...,n

(ii) wy =[]\, (56 5 an_25T,,) for t >0 and 1 < a; € a;—1 < 2n — 2.

S

(iil) wy = H;:1(5(?3§b2i,15ﬁ2i) fors>0and 0<b; € b;_1 <2n— 3.

(56 52n—251 )™,
(iv) wg =< (sFsB,_,sP)2m=1(sFsB), form>0and1<b<2n-2,
(50 53257 )2(m 1)(3 Sszn 2)5 -

(v) wq = wowrwy where a; > 2 and either by € a; or by Z a; but
by at, a; + by > 277,;
b2+1<at, a; + by < 2n.

(Vl) W5 = WoW1Ws.
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Let Wg = {w4, ws}.

Theorem 3.7. Any word w € We in which number of appearance of sy is even
can be converted into a word in Wg.

Proof. Since sZ = s¢ for a = 1,...,n, we focus on words of the form w =
(5§55 9 _1)™ Hf 1(3005117 ) where m + t iseven 0 < b; €b;_1 <2n—2.
t
If m = 0, then according to Lemma [3.2)we can write w = i2:1(5033£b2i,15£i)~
As a result, w belongs to Wp.
Suppose that m > 1land 2n —2 = by = by = -+ = bg > bgy1. Then
L[4 / ’ t
w = (Iliz (50 3 bar_1 S1iby,)) W Where w = (Sgslc,2n—1)m Hizzt%ﬁl(socsgyi)

by repeated applications of Corollary |3 n and Lemma Let us rewrite w as
follows, w' = (5§ 5 am_1)™ (5§ 550) TTh_o (s s50,)- Assume that a+i+a; >2n—1
for0<i<g<panda+qg+l+a;<2n—1forg+1<i<p Letx=(2n—2)—a.
Now we investigate each case separately. There are 6 cases.

Case (i): ¢ >  — 1 and m > z. Corollary ﬂ 3.4 and Lemma imply that

’ " "
w = Lo (8 s5an—osTa,Jw where w = (5§72, —1)" " [y 11 (56 87, ). Now

same process can be applied to w”. This should be repeated until one of the
conditions is not met. Therefore we can assume that w does not satisfy one of the

conditions without loss of generality.
Case (ii): ¢ > x—1 and m=zx. Corollary n and Lemma suggest that w' =

[T (8580, _ost,) ]_[2 ma (s85P.,,  S1.as;) because of ay € az41, w € Wp and
o is w.

Case (ili): ¢ >  — 1 and m < z. Corollary and Lemma suggest that

’ —1(.B.B B B B B 5 B B _

w = (H:‘io (50 52,2n—251a,~))(50 52,a+m51am) H::an(So Sz,a%,lsl,azi)- Ifa+m <
Qm—1, then clearly w € Wg which implies w € Wg. Suppose a+m Z a,,—1. Since
Am_1+m+a>2nand a,, € am_1, = Wp and so is w.

Case (iv): ¢ <z — 1 and m < ¢. Similar to the scenario in case (iii).

Case (v): g<z—1and g <m<p. w’ equals

(M)

q m—1

B B B B B B B_B
H 50 52 2n— 251%))( H (s0 52,271—281111—&-1))(80 52.atq+151a,,) H (S0 52,51 51,a2:)
1=0 i=q+1 7;:m2+2

by Corollary [3.4] and Lemma [3.2l We can observe that a, > agy1. If a + ¢ +
1 £ a,,_1 + 1, then it is evident that w € Wg which consequently implies that
w € Wpg. Now consider the scenario where a + ¢+ 1 Z a,,—1 + 1. In this case,
am-1+1<a+qg+1anda,, +a+q+1<2n—1. It follows that a,, < n and
consequently a,, + 1 < a,,_1 + 1. Therefore, we can conclude that w € Wpg and

hence w is also an element of Wg.

Case (vi): Applying Corollary and Lemma repeatedly provides the fol-

. ’ "
lowing, w = (H?:o(s(])gsl%—ﬁﬁi))( = q+1(SOBS2BQn 251a +1))w where

(8 8 2n—28T)™ 77, atqg+1l=2n-2
w = (S(JBSQBi2n—2S{3)m7p71(SOBSSEL—&-q—l-l)a 1 S a+ q +1 S 2n—3

(8550 _osP)" P 2(s8 585, 2)(s§), a+q+1=0
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by Lemma Thus, it is evident that w € Wg and consequently, w is also an
element of Wg.

O
Lemma 3.8. The generating function for words in Wy is given by the expression:
n 1 +ya
2a—1
[Ta+y+- 4y )W'

a=1
Proof. We have established a one to one correspondence between words in Wp
and words in W¢ with the even number of occurrence of sg. Consider a word
in We of the form w = (s&, sff_l’dnil s H;‘f:l(sgs%i) where t is even and
0<b; €bi_1<2n-—1. Since sg" = saB fora=1,...,n, sgdnsgfl’dnil ~-~51ch =
sfdnsf_l’dn_l ---sﬁll, we can express this word in Wpg as sfdnsf_l,dn_l ~-~sle1.
The generating function for this form of word in Wg is [[/_,(1+y+ -+ ¢y 1).
When converting the Hl 1 (socslb ) part into a word in Wg, the corresponding word
losses length by the number of occurrences of sg. The generatmg function for the
words in the form []}_ 1(s§'s$,,) where t > 0in We is [T,

to note we consider all words of the form Hl 1(58'5% ) where t > 0, and we can

a=1 11/7"'*"1' It is lmportant

add or remove s§ from the end of the word if the number of occurrences of s§ is
odd, without affecting the result. O

Consider the generating function for the infinite Coxeter group of type B,

ﬁ1+y++y2a—l

_ p2a—1
a=1 1 Yy
Using Section 7.1 in [2] we can express this as:
n 3 1+ya n 1+y+,._+y2a—1
1 . 2a—1 g —
al;[l( Ty+oty )(17yn+a) al;[l [

which corresponds to the generating function for words in Wj.
With t is understanding in place, we can now proceed to unveil the main result
about a GSB for the infinite Coxeter group of type B,..

Theorem 3.9. Let RE represent the set of all polynomials as described in Lemma
[23 Then,

(i) Wp = Red(RP).

(ii) R® serves as a GSB for the infinite Coxeter group of type B,,.

Proof. (i) It is evident that any word in Wy is RP-reduced. Thus, we have
Wp C Red(RP). Conversely, if w € Red(R?), then w can be expressed as
a permutation in §f . According to Theorem this permutation corre-
sponds to a word in Wp. Consequently, we obtain Red(R?) C Wp.

(ii) We know that any polynomial in RP is part of a GSB for the infinite
Coxeter group of type B,,. If RB were not a GSB, then, by the Composition
Diamond lemma, Red(R?) should be a proper subset of the set of normal
forms in the infinite Coxeter group of type B,,. This would contradict the
fact that W and the normal forms of the infinite Coxeter group of type

Nn share the same generating functions.
O
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3.2. Normal Forms for D,,. Define §£’ as a subgroup of 5,]? consisting of those
elements in §f which, in their complete notation, exhibit an even number of neg-
ative entries to the right of 0. SP = {u € SB : w[0,1] = 0 (mod2)}. Hence, it
follows that g',’? is a subgroup of gf with an index of 2.

Proposition 3.10. ([2], Proposition 8.6.3)

The group S2 generated by {s?,sP,...,sP}, constitutes the infinite Coxeter
group of type D,. In this group, s = s for a = 0,1,2,...,n — 1 and s? =
[(n—1 —n)].

Now, let’s attempt to find normal form representations of elements in l~)n with
respect to these generators. First and foremost, we’ll present some relations between
words in D,, and words in B,,.

Lemma 3.11. (i) sBsB | =sDsB
(i) spsp_1sp =57,
(i) 85155 sh_1 = 8757, _150 5
(iv) sy sh_15nsh_1 = 8551
Proof. (i) sysy y =[(n —n)][(n—1n)]=[(n—1 —n)][(n —n)]=s7s7.
(ii) sBsB | sB = sPsBsB = 5D by part (i).
(iii) sB_,sBsB | = sPsP_ B by applying part (i) and ELW in g{" ", respec-
tively.
(iv) sy s 187871 = 5,871 by part (if).
(]
Lemma 3.12. forl<a<n-2
s(?ba, by < m;
Sfba = S¢1D7n71857 ba =N
sfbi sB. b, >n

Proof. Since sf = 55 for 1 < a <n-—1, we also have saBba = sg)a for b, < n.
D B

Similarly sZ, = San—15n - Now, let us consider the case where b, > n and a < n—2.
Then, if part (ii) of Lemma ELW’s in féi’n) where ¢ = 2n — by, ...,n — 2 and
1)

ELW’s in f;" " are applied, respectively, then sb sB = s5 will be obtained.
O
Lemma 3.13. Forl<a<n-—2
sﬁ)asf, by <n—2;
BB sDsB b, =n—1;
= D .
" aba SaDn7 bCL = na
Sab, s ba > n.
Proof. i) stfba =[n —n)][(aa+l - bg+1)]=[(@aa+1 - b+ 1)][(n —
n)] = sfba sB because b, +1 < n. sfba’sf = ﬂa sB because sfba = sana.
(il) sh,sf =sP, osBsB sBsB. If ELW’s in fl(") and ELW’s in f;”n) for i =
n —2,...,a are applied, respectively, then sin_zsfsf_lsfsf = sfsfin_l.
(ili) sFsD, = sBsl, 1sD. Using part (i), then sPsB, sF = sD sBsh =D .
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B B B B - - B.B B B _
anSn—1""" 83,y - Using part (i), then s;7s. 5,7 1 -85, , =

(iv) sfsfba s

D B B _ D & B _ .D -
SunSn—1"""S2n_p, = Sap, SiNCE § sy for i # n.

S

O

Definition 3.14. Let us consider a word w of the form sZ. sB_ ...sB .. 6B
njn°n—1,b,_1 ab, 1by

where each b, satisfiesa—1 < b, <2n—a for 1 < a < n. We will define a function
n(w), which counts the number of occurrences of s, in the word w.

The following corollary is a result of the equalities sZsf = sFsE,

the lemmas discussed above.

sP = sb and

Corollary 3.15. Let 1 < bZ a <2n—2.

sisD sh a<n—lorb>n
ssP._1shsB a=nandb<n-—1

sPsP 1sPsB a=nandb=n-1

sEsB B = sODsz,n_lsﬂ, a=nandb=mn
s§ sk sh B a>nandb<n-—1
s sh sD B a>nandb=n-1
sPsDsh | a>nanda=n

Corollary 3.16. Let 1 < b < a <2n — 2.

s§ sk sh sB a<n—lorb>n
D D D B —

$BgBgB B _ ) 50595150 a=n—1

770 “2a71b s§ sk sh. a>nandb<n

D.D D B —
50 82451015, a>nandb=n

Definition 3.17.

a<b, ifa>n+1,;
a<b=< b=n—-1lorb>n+1, ifa=mn;
a <b, ifa<n-1.

It is clear that n and n — 1 are not directly comparable. However, we can say that
n<n—1landn—1<n.

Definition 3.18.

a<hb, if a > n;
as<Sb=¢ b=n—-lorb>n+1, ifa=n-1;
a < b, ifa<n-—1.

Indeed, it is important to note that n and n — 1 are not directly comparable to each
other.

Definition 3.19. We define the following words in l~?n,

(i) wo=sby ---sb - sf) wherea—1<d, <2n—afora=1,...,n except

n—2<d,—1<n-—1.
.. ¢
(i) w1 = [Tiq (58 50 _o57,,) for t > 0,1 < a; S ai—1 <2n—2.
cee S
(iil) we = Hi:1(5(§)3£b2,~,151[3b2i) for s >0,1<b; <bj_1 <2n-—3.

(Sgsgzn—zs?bzi)Qm

b
(iv) ws = (SODSQ%_QSM%)Qm_l(soDsé)b), form>0and1<b<
(8?85%728&%)2("“1)(85852”72)85,
2n — 2.
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(v) wq = wowrwy where a; > 2 and either by < a; or by Aay
but by < ag, at + by > 2n;
bo +1<ay, a;+b <2n.
(vi) ws = wowiws
Let WD = {w4,w5}.

Theorem 3.20. Any word w € Wy where n(w) is even can be transformed into a
word in Wp.

Proof. Let wy = sfbnsf_l b1 ---saBba . --sﬁl where a — 1 < b, <2n—a for 1 <
a<n. Let ty =n(sp, ---sF, basy)- Then
wo = (sﬁdn e S(dea .. -Sgdl), n(w) is even;
(sn)dn B s(?da . 'sl)dl)sf, n(w) is odd.
where
4 — n, bp=morb, 1 =n+1;
" n — 1, otherwise. ’
n—1, b,_1=n—1lorb,_1=mn; andb, =n—1;
dp1=¢ n—1, b,_1=n+1;
n — 2, otherwise.
and
ba, ba 7é n-— 1,7’L;
di=< n—1, b,=n—1orb, =n; and t, is even;
n, by =n—1orb, =n; and t, is odd.
fora=n—-2n-3,...,1.

The values of d,, and d,,_1 can be easily determined using Lemma To find
the values of other d,, apply recursively either Lemma or Lemma for
a=n—2,mn—23,...,1 while using the fact that sZs2 = 1.

Consider wy = Hle(s§s§2n,23§i) fort >0and 1 <a; € a;—1 <2n—2 and let
¢ be the count of a;’s that are less than or equal to n — 1 in wy. Through multiple
applications of Corollary and Corollary imply that

t D.D D i .
{ Hi:1(50 82,2n—25ai)’ ¢ is even;
w1 =

([Tiz1 (588520 —28))s8, ¢ is odd.
where b; = a; ifa; #n—1and b; =nifa; =n — 1.
Now consider w; = sZw;. Similarly

t .
o { Hi:l (50D$£2n—25aD,-)7 CIS Odd;
1 =

t .
(ITiz1 (588520 —250)))55 s is even.
where b; = a; if a; #n and b; =n — 1 if a¢; = n.
Hence both w; and w; can be transformed one of the following

t
{ Hi=1(5€s£2n—253)7
t
(Hi:l(SODs£2n72SaDi))S(?7

where for t > 0,1 <a; Sa;1 <2n—2.

~
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Lemma 3.21.

n—1 n—1
[TIa+y+y2+ Ay A4y = Qty+y+. 4y ) [[A+y+y®+ 42
a=1 a=1
Proof. If n is odd, then
n—3 n—3
z n—1 2 241 nolog 2
[[a+y+y+ sy [Ja+s) = J[5— H(1 )
i=1 t=1 ¢:1 t=1 Y
_ - y”“)( ) -y
- n—1
(1*y) 2
1— yn+1 1— n+3 1— y2n72
= T 1—y g
n-3
2
= JI[a+y+y*+-+ym).
m=0
If n is even, then
n—2 n—2
= n—1 =z 2i41 n—1 2t
1— 1—
[Te+y+y++vH[Ja+) = [~ [[+—%)
; . 1—a 1—y
i=1 t=1 i=1 t=1
Ay g (1Y)
(1-y)=
o l-y"1l-— ynt? 1 — y2n—2
-y 1-y -y
e
— H(1+y+y2_~_._.+yn+2m—2).
m=0

Lemma 3.22. The generating function for word in Wp is given by:

Lby+- 4yt 140
1_yn—1 1_yn—1+a'

a=1

Proof. We have established one to one correspondence between words in Wp and
the words in W¢ where the numbers of occurrences of both sg and s,, are even. Let
us consider a word w of the form:

t

w = (Sgdnsgq,dn,l T 51C,d1) H(Sgslc;)
i=1
Here, t is even, n(w) is even and 0 < b; € b;—1 < 2n — 1. First, we examiner the
part of the word sgdnsgfl’dn_l e sfdl, which corresponds to 5%, sfﬁl’dn_l e sﬁdl
in Wg. According to Theorem the corresponding word in Wp has

D _D D D
Sn Sn—lsn—Q,bn_g AT

where a — 1 < b, < 2n — a. The generating function for these words is (1 +
WP T (LFy + %+ y 2y Ty ) =1L (A +y+- ot
YA +y) = +y+y++y" DL +y+y? +- +y> ") as given by
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— t .
Lemma Now, let us analyze the word w = J];_, (s§'s{; ), where ¢ is even, and
n(w) is even. We are assuming that n(s% sP_,,  ---sP, ) is even; otherwise,

we would consider the word s5w. When converting the word []i_, (s§ s§,,) into a

word in Wp, the resulting word loses its length due to the number of occurrences

of both sg and s,,. The generating function for words in the form J];_, (s§'s$ ) in

n 14+y® . . . .
a=1 T—gnFa- Hence, the generating function for the corresponding

(A+y)(A+y?) (g™ 1 [ e O
T—yn—1)(1—yn)---(1—y2n—2) — yn—1 a=1 T—yn—1+a"

We is given by []

words in Wp is 0

We've established that the generating function for the infinite Coxeter group of
type D,, can be expressed as:

1+y+~-~+y"‘1ﬁ1+y+...+y2“_1
l_yn—l e 1_y2a—1 :

Using Section 7.1 in [2], we can simplify this expression to

n—1

= (JT+y+. 1)

a=1

n—1

l+y+-+y" P l+y+...+y2?
17yn71 H 17y2a71

1+ 9y
1— yn71+a))'

a=1
This result matches the generating function of words in Wp.

Now, we are ready to present the main result about a GSB for the infinite Coxeter
group of type D,,.

Theorem 3.23. Let RP be the set of all polynomials as provided in Lemma [2.4)
Then

(i) Wp = Red(RP). N

(ii) RP is a GSB for the infinite Cozeter group of type D,,.

Proof. (i) It is evident that any word in Wp is RP-reduced. Therefore, we have
Wp C Red(RP). Conversely, if w € Red(RP), then w can be expressed as
a permutation in §£ , and this permutation corresponds to a word in Wp
according to Theorem Hence, we have Red(RP ) C Wp.

(i) We understand that any polynomial in RP forms part of a GSB of the
infinite Coxeter group of type D,,. If, hypothetically, RP were not a GSB,
then according to Composition Diamond lemma, Red(R”) = W5 would be
a proper subset of the set of normal forms of the infinite Coxeter group of
type D,,. This would contradict to the fact that Wp and normal forms of

the infinite Coxeter group of type D,, share same generating functions.
O

4. CONCLUSION

The main purpose of this article is to derive the GSB and normal forms for
infinite Coxeter groups of type B, and D,,. Similar to many previously mentioned
papers, we use the Shirshov algorithm to obtain a set of R relations. We used it
partially. We then asserted that Red(R) is equal to the set of normal forms of
infinite Coxeter groups of type B, and D,,. Then, by applying the Composition
Diamond lemma, we find that R forms a GSB. At this stage, we took advantage
of the combinatorial properties of infinite Coxeter groups of type B, and D,, as
presented in [2]. Using this information, we determined a set of normal forms for
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this group and designed a method to determine the normal form of each element
of the group when provided in permutation form. As a result, we have determined
the normal form of the product of two normal forms. As a result, the group is
completely characterized in terms of these normal forms.
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