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Onbasioglu and Pazar Varol [17] successfully unified metric-like and intuitionistic fuzzy metric structures and establish a foundation for
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1. Introduction and Preliminaries

In classical set theory, the idea of member and non-member of an element in a set was exact, i.e., an element either belongs to a set or does
not belong to the set. However, there was no knowledge about the transition of an element from member to non-member of the set and
vice-versa. The fuzzy set theory, introduced by Zadeh [30], solved these ambiguities. Fuzzy set theory helps elements gradually become
members of a set through evaluation using a membership function. This approach has provided a marked development in dealing with fields
involving data that can be uncertain and imprecise, such as natural sciences and engineering. Indeed, fuzzy set theory is a mathematical
framework dealing with uncertainty and data imprecision. It extends classical set theory by allowing elements to belong to a set to varying
degrees.

Definition 1.1. [30] A fuzzy set A in a nonempty set X is defined by A = { (¥, pa (¥)) : ¥ € X}, where py : X — [0, 1] denotes membership
functions. up(X) is membership degree of each element & € X to the fuzzy set A.

Although fuzzy set theory provides a powerful tool for modelling problems by assigning degrees of membership to the elements of a set,
at one point it was inadequate for real-world problems because it only included degrees of membership. Atanassov [2] has solved this
deficiency and gap in the literature through his new invention, the intuitionistic fuzzy set theory. This theory allows us to handle not only a
degree of membership but also a degree of non-membership.

Definition 1.2. [2] An intuitionistic fuzzy set A on X is an object having the form A = { (X, s (¥),va(¥)) : ¥ € X} where s : X — [0, 1]
and vy : X — [0,1] denote membership and nonmembership functions, respectively. U4 (X) and V4 (X) are membership and nonmembership
degree of each element X € X to the intuitionistic fuzzy set A and p (%) +va(¥) < 1 for each ¥ € X.

In fuzzy set theory and logic, t-norms and t-conorms are mathematical operators used to define the intersection and union of fuzzy sets,
respectively. These operators play an important role in operations involving fuzzy sets or intuitionistic fuzzy sets, allowing you to combine,
separate or control membership degrees and non-membership degrees of an element to make informed decisions in the presence of uncertainty.
They are fundamental tools in fuzzy logic for making decisions under uncertainty.

Definition 1.3. [23] Let 1 = [0,1]. The binary operation x : 1 x I — Lis called a (continuous) t-norm if  satisfies the following for all
uv,witel:

(1) ux1=u,

(2)uxv=vsuandux(vxw) = (u*xv)*w,
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() Ifu<wandv <t then uxv < wxt,
(4) * is continuous.

Definition 1.4. [23] Let I = [0,1]. The binary operation ¢ : I x I — Lis called a (continuous) t-conorm if © satisfies the following for all
u,yywit €1 :

(1) uo0=u,

(2)uov=vouanduo(vow) = (uov)ow,

(3)Ifu<wandv <t thenuov <wot,

(4) © is continuous.

Below, we provide well-known examples by considering the relation between t-norms and t-conorms.

t-norm t-conorm

usy, v =min{u,v} uoy, v =max{u,v}
UxpV = Uy UOpV =u-+v—uv
uxv=max{u+v—1,0} | uo;v=min{u+v,1}

Here symbols %, minimum t-norm and ¢, maximum t-conorm ; *,, ¢, product t-norm and t-conorm; *;, o; Lukasiewicz t-norm and
t-conorm are describes respectively. Also, the following inequalities are satisfied:

u*;v <u*,v < uxy,vand for each t-norm u*v < ux*, v
UV > 1o, v > udy v and for each t-conorm u oy, v <uov.

By the definitions, we have that if r| > ry, then there exist r3,r4 € (0,1) such that ry xr3 > rp and ryory <ry.

George and Veeramani(GV)[5] extended the original concept of fuzzy metric spaces, defined by Kramosil and Michalek [15], by incorporating
continuous t-norms to refine and generalize the structure. This modification allowed many natural examples of fuzzy metrics, especially
fuzzy metrics obtained from classical metrics. Fuzzy metric spaces in the sense of GV appeared to be more appropriate for the study of
induced topological structures from classical metrics and also, it has a lot of applications ([3], [6], [9]-[11], [18], [24], [26]) in various fields
where fuzzy distances are a more appropriate way to model the relationships between elements.

Definition 1.5. [5] Let M be a fuzzy set on X x X x (0,00) and * be a continuous t-norm. If M fulfills the following features for all X eX
andt,s >0, we call that M is a fuzzy metric on X :

(FM1) M(x,%,1) >

(FM2) M (% )7 t) = 1 if and only if X = y,

(FM3) M(%,3,1) = @wﬂ

(FM4) M(%,¥,t) « M (¥,Z,5) < M(¥,%,t +s),

(FM5) M(%,¥,.) : (0,00) — [0, 1] is continuous.

The triplet (X, M, ) is called fuzzy metric space (shortly, FMS).

The fuzzy metric of two points in a fuzzy metric space is measured by the degree of the nearness of two points concerning one parameter
¢t > 0. In this definition, when X = ¥, the degree of nearness of the points X and y of the space is perfect, that is, the self fuzzy distance is unity.
In 2004, Park [19] introduced intuitionistic fuzzy metric spaces, which are an extension of fuzzy metric spaces as a generalization of classical
metric spaces. Obtained by the idea of combining these three structures, intuitionistic fuzzy metric spaces are a more useful tool to deal with
uncertainty, imprecision, and hesitation using the concept of metric spaces.

Definition 1.6. [19] (X,M N, *,o) is called intuitionistic fuzzy metric space (shortly, IFMS), if M and N are fuzzy sets on X2 x (0,00), *
and o are continuous t-norm and t-conorm, satisfy the following conditions for all X,%,%7 € X and t s > 0:
(HMUM@iﬂ+N@ﬁHSL

(IFM2) M(%,5,1) >

(IFM3) M (% it)*lzfandonlylfx—y,
(IFM4) M(%,¥,1) = M(¥,%1),

(IFMS) M(%,5,t) * M(3,%,5) < M(%,%.1 +5),
(IFM6) M(%,9,.) : (0,00) — (0,1] is continuous,
(IFM7) N(x,¥,t) < 1,

(IFMS8) N(x,¥,t) = 0 if and only if ¥ =¥,
(IFM9) N(x,¥,t) = N(¥,%,1),

(IFM10) N(X,¥,t) oN(¥,Z,8) > N(¥,Z,t +5),
(IFM11) N(X,¥,.) : (0,00) — (0, 1] is continuous.
(M,N) is called intuitionistic fuzzy metric on X.

The functions M(%,¥,t) and N(¥,,r) denote the degree of nearness and the degree of non-nearness between X and y with respect to 7,
respectively.

In IFMS, distances between points with respect to one positive parameter are represented as intuitionistic fuzzy numbers called membership
and non-membership, allowing for a more delicate description of vagueness. Many researchers use intuitionistic fuzzy sets to create proper
mathematical models for their picked-up data. These results motivate many authors to study this concept in various areas such as fixed-point
theorems and contraction mappings in this structure ([1], [13], [20], [22], [27], [28]).

Remark 1.7. Let (X,M,N,*,0) be an IFMS, then (X, M) is a FMS. Let (X ,M ) is a FMS, then (X,M,1 — M, *,0) is an IFMS, where
uov=1—((1—u)*(1-v)), Vu,v €[0,1].
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Metric functions and metric spaces are always important tools for mathematics. As a result of ongoing studies in this field, different metric
structures have been discovered and the properties of the spaces obtained with these structures have been examined by many authors.
Recently, Harandi [12] introduced the concept of metric-like spaces as a generalization of partial metric spaces and metric spaces to the
literature and proved the results of the fixed point theorem in these spaces. The metric-like structure allows us to work in more relaxed
conditions, as it suggests that in some cases, the self-distance of any point to itself is not necessarily zero. This is an interesting result
compared to the traditional understanding of metric spaces.

Definition 1.8. [/2] A mapping 6 : X x X — IR" is called metric-like on X if the following hold:
(MLI) 0(%,5) =0= %=y,

(ML2) G(xva)u’) = G()\jvxu);

(ML3) 6(x,2) < o(X,¥) + 0(¥,2).

The pair (X, 0) is called a metric-like (or a dislocated metric or d-metric) space on X.

In 2014, Shukla [25] defined fuzzy metric-like spaces and presented the results of the fixed point theorem in this new setting by combining
fuzzy metric structure and metric-like structure.

Definition 1.9. [25] Let % be a continuous t-norm,F be a fuzzy set on X x X x (0,0), in this case (X,F, ) is called fuzzy metric-like space
(shortly, FMLS) if the following properties hold for all ,%,7 € X and t,s > 0;

(FMLI) F(%,%,1) >0,

(FML2) F(X,5,t) =1=X%=7},

(FML3) F(x,¥,t) = F(¥,%,1),

(FMLA) F(X,, t)*F(y,z s) < F(X,Z,t+5s),

(FMLS5) F(X,¥,.) : (0,00) — [0, 1] is continuous.

Here, F with  is called fuzzy metric-like on X.

In this settings, when X = y, the degree of the nearness of the points X and y of the space is not perfect, that is, the self-fuzzy distance may not
necessarily be equal to 1.

Studies on fuzzy metric structures have been continued over time and extended to other sets such as neutrosophic sets as referred ([4], [14],
[29]). In 2023, Onbasioglu and Pazar Varol [17] considered the intuitionistic fuzzy metric-like space which is a combination of intuitionistic
fuzzy metric space and metric-like space and presented their new results and studied fixed point theorems in this new setting.

Definition 1.10. [17] Let F,G be fuzzy sets on X* x (0,00), * and © be continuous t-norm and t-conorm, respectively. We say that (F,G) is
characterized as intuitionistic fuzzy metric-like on X if F and G fulfills the following conditions for all %,5,7 € X and t,s > 0;
(IFMLI) F(%,5.1 )+G(i v <,

(IFML2) F (%,¥,t) >

(IFML3) F (x )7 N=1=x=jy

(IFMLA) F (%,3,1) = F(,%,1),

(IFML5) F(x,¥,t) «F (¥,Z,5) < F(%,Z,t +5),
(IFML6) F(%,¥,.) : (0,00) — (0, 1] is continuous,
(IFML7) G(%,y,1) < 1,

(IFMLS8) G(%,¥,t) = 0:>)Z=)7,

(IFML9) G(x,%,1) = G(3,%,1),

(IFMLIO0) G(%,%,t) oG (¥,Z,5) > G(X,Z,t + ),
(IFML11) G(% ¥ .) 1 (0,00) = [0,1) is continuous.
The five-tuple (X, F,G, *,) is called intuitionistic fuzzy metric-like space (shortly, IFMLS).

If we compare the definitions of IFMS and IFMLS according to conditions (IFML3)-(IFM3) and (IFMLS)-(IFMS), we observe that the value
of F(¥,%,1) and G(X,%,¢) may be less than *1° and greater than *0’, respectively, in an IFMLS. Besides, we can also conclude that every
IFMS is IFMLS with unit self distance, which means F(¥,%,7) = 1 and G(%,%,t) =0 forall t > 0, ¥ € X.

Remark 1.11. (1) Every FMLS (X, F,*) is an IFMLS of the form (X, F,1 — F,*,0), where uov =1~ [(1 —u) * (1 —v)] for all u,v € .
(2)If (X ,F,G,*,0) is an IFMLS, then (X F,*) is a FMLS. [25].

The remark below shows that a metric-like space can construct an IFMLS.

Remark 1.12. [] 7] Let (X, ) be any metric-like space. Then, (X, F,G,%m,on) is an IFMLS, where (F,G) is given as F (X,%,t) = m
and G(%,5,1) =

forallxyeX t>0.

t+6 i )“
This type of IFMLS (X, F, G, #,%,) is called the standard-IFMLS induced by metric-like.

Definition 1.13. [17] Let (X, F,G,*,0) be an IFMLS. We define the open ball with center %, radius r with respect to t like B(¥,r,t) = {j €
X:F#y,6)>1—r, GEy,1) <rhforieX, re(0,1), t>0.

Therefore, T(r,g) = {T C X:WeT < 3t>0,r€(0,1):B(¥,t) CT}is atopology on X.
Example 1.14. Let (X, F,G, *,0) be a standard IFMLS and o (%,5) = max{X,¥} be a metric-like function on X. From the definition of the
open ball in IFMLS, when we choose the variables X, r,t specifically as ¥ =0, r = 0.5 and t = 1, then we obtain B(0,0.5, 1) open ball, which

is a set of ¥ € [—10, 1] points which satisfy F(0,¥,1) > 0.5 and G(0,¥,1) < 0.5 inequalities. Below, we show the behaviours of F and G
under these circumstances. The second graph also shows the interior points of the B(0,0.5,1) open ball for y € [—10, 10].
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Figure 1.1: F and G for y € [—10,1].
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Figure 1.2: F and G for y € [—10, 10].

Definition 1.15. [17] Let (X ,F,G, *,o) be an IFMLS.

(i) (%) is called convergence to X if limy_ye F (X, X,1) = F (X, %,1) and lim,_e. G(X,,%,1) = G(X,%,1) for all t > 0.

(ii) (%) is called Cauchy sequence if limy,_seo F (¥4 p, X, 1) and limy,_eo G(Xyy p,¥n,t) exist and finite for allt >0, p > 1.

(iii) (X, F, G, x,0) is called complete if every Cauchy sequence (%,) in X converges to some ¥ € X such that lim, e F (X,,%,1) = F (%, %,1) =
1imy,yeo F (X4 p, Xn, 1) and

limy, 00 G(¥n, X, 1) = G(X,X,1) = liMy 00 G(¥4-p, X, t) forallt >0, p> 1.

Remark 1.16. [/7] In an IFMLS, a convergent sequence might not have a unique limit and might not be a Cauchy sequence.

Definition 1.17. [17] Let ()?,F,G,*,o) be an IFMLS. ® : X — X is called an intuitionistic fuzzy contractive mapping if there exists
0 < A < 1 such that

1 1 v ¥ vy
W*ISA-[W*H and  G(D(X),D(¥),1) < A.G(X,¥,1)
forall %, € X and t > 0. Here, A is called the intuitionistic fuzzy constant of .

2. (a,B) - Contractive Mappings in Intuitionistic Fuzzy Metric-Like Spaces

The fixed-point theorems of Banach and Edelstein for contraction mapping are extended to FMS in the sense of Kramsoil and Michélek by
Grabiec in 1988. Following that, Gregori and Sapena [8] and Mihet [16] extended the fixed point theorem of Banach for contraction mapping
to fuzzy metric spaces in the sense of George and Veeramani(GV). In 2006, Rafi and Noorani [22] presented the fuzzy contraction mapping
and fixed point theorem in IFMS. Onbasioglu and Pazar Varol [17] introduced the intuitionistic fuzzy contraction mapping in IFMLS in 2023
and have proved that the distance between two same points is not necessary to be zero to find a fixed point in this new setting.

Priskillal and Thangavelu [21] defined the (y, )-contraction mapping using special type functions in intuitionistic fuzzy metric spaces in
2017. Here, we present (o, )- contraction mapping and extend our results considering important features of the metric-like structure.

Definition 2.1. [21] Let B be the family of functions o : [0,1] — [0, 1] satisfying the following conditions:
(1) « is non-decreasing;

(2) limy, e " (s5) = 1, for each s € (0,1).

If o € B, then ou(s) > s forall s € (0,1) and o(1) = 1.

Let B be the family of functions B : [0,1] — [0,1] satisfying the following conditions:

(1) B is non-decreasing;

(2) limy_e B"(r) =0, for each r € (0,1).

If B € B, then B(r) < rforall r € (0,1) and B(0) =0.
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Example 2.2. The functions o : [0,1] — [0, 1] below belong to the class B.
(i) afs) = 1

(ii) a(s) = £

The functions B : [0,1] — [0,1] below belong to the class B.

(i) B(r)=0

(ii) B(r) = 3

Below, we define B -contraction mapping in IFMLS using a, 8 € B functions.

Definition 2.3. Let (X, F,G,*,0) be an IFMLS and o, B € B. ® : X — X is called an (., B)-contractive mapping if the following implications
hold:
F(D(X),D(3),t) > a(F (% 3,1)) and G(D(X),DH),t) < B(G(&,¥,t)) for all ¥,5 € X and all t > 0.

In this case, we say that © is a B -contraction with respect to (o, 3).

Remark 2.4. Every intuitionistic fuzzy contractive mapping with contractive constant A is an (a., ) contraction where o/(s) = m

and B(r) = %ﬁ)r all s,r € 0,1].

Theorem 2.5. Let (X, F,G,*,0) be a complete IFMLS and ® : X — X be an (a, B)-contractive mapping. Then ® has a unique fixed point
feX

Proof. Let © be an (o, B)-contractive mapping. Choose an arbitrary %) € X and define a sequence (¥,) given by %, = D(,) for all
n€IN.
If there exists some ngy € IN such that ¥, | = X;,, thus X, is a fixed point of ©. Hence, the existence part is completed. On the contrary
part, consider that X, # X, for all n € IN.
Then for a fixed positive parameter ¢ ,
F(Xp,%541,1) = F(®(X,—1),D(%,),1)
> a(F(inflaimt))
= a(F(D(2),D (1))
> 0 (F (2,8 1,1))

Y

o' (F (Xo,%1,1)).
By taking limit as n — oo, we reach limy_seo F (¥, X1 1,7) = 1.
F(xn+17xn+27[) ( (x ) (xn+1) t)
(j n+17 ))
( (@(xn 1) (fn)vt))
(F( Xn—1,%n, ))

VI vl

> o (F(%,%,1)).

By taking limit as n — oo, we reach limy—yeo F' (¥511,%,42,) = 1.

F(in,i,,ﬂ,,t) > F(in,)?nJrl.,%)*...*F()?,,er,l,inw,%)

2 (X"(F(X'07xV1,é))*...*(X"(F()En+p,17in+p,é))

By taking limit n — oo, we get

1imy, oo F (¥, Xt p s ) 2limnﬁma"(F(in,inH,%))*.,.*limnﬁma”(F(in+p,1,in+p,%))

>1*x...x1=1

Hence, limy, oo F (X, X4 p,1) = 1.
Now, again ¢ > 0,

G(invjnJrlvt) (Q(xn 1) ()Cn),l)
(G(xn 1,%n, ))
(G( (xn 2) D(infl)vl))
2( (xn 25X 17t))

IA I IA

B
B
B
< B(Glio0)).

By taking limit as n — oo, we get limy—yeo G(¥p, %,41,¢) = 0.
Similarly, we obtain limy,—e G(X,,41,%,42,¢) = 0.

G(¥n, Fntp,t) < G(Fn, Xt 1, 35) 0.0 GEnsp1,Fntp, )

< B(Gl0tr, )00 B (Gt g L))

By taking limit n — oo, we get

1My o0 Gn, Tt pt) < 1y oo (G Fog 1, 5)) 0 0Litmy oo B (GEnt pot Tt s £)

<0¢..0=0

Hence, limy, o0 G(Xy, X4 p,1) = 0.
That is, (¥,) is a Cauchy sequence in X. Since (X,F,G,*,¢) is a complete IFMLS, there exists ¥ € X such that lim,_se. F (¥, ¥,t) =
1imy,—yoo F (Xt p, Xn, 1) = F(X,%,¢) = 1 and limy, 00 G(Xy, X,1) = limy—y00 G(Xy4p, Xn,t) = G(X,X,t) = 0, for all positive parameter # and p > 1.
Now, we prove that X is a fixed point for ®. Using Definition 2.3, we obtain
F(ED(E,0) > F(E g1 5 F s 1, D), 5) = F(E g1, §) % FD (), D(9),§) > F(% Ky 1, 5) % 0.F (6,5, )
and G5, D(1),1) < G(E, Frs1,£) 0 Glikns 1, D(1), 5) = G, K1, 5) 0 G(D (), D), 1) < G(E, Fus1, &) 0BGl

"xv7
Taking limit as n — o and using above equalities, we get F (¥, (X),t) = 1 and G(X,D(%),r) = 0. Hence, ®(X) = X.

).

I~
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We now proceed to prove that the X is a unique fixed point of ©. Let Z be another fixed point of ®. For any positive ¢, we get

F(x,2,t) = F(D(X),D(2),t) > a(F(¥,%,1))... > o (F(X,Z,1)).

By taking limit n — oo, we have F(¥,Z,¢) > lim,—. 0" (F(X,Z,¢)) = 1 and hence F(¥,Z,¢) = 1.

Now, again fort > 0, G(X,%,1) = G(D(¥),D(2),t) < B(G(¥,%,1))... < B"(G(%,Z,1)).

By taking limit n — co, we have G(X,Z,1) < lim,—e f(G(%,Z,¢)) = 0 and hence G(%,Z,¢) = 0. Hence, X = Z. O

Example 2.6. Let X = [0,0) with the metric-like G defined by 6 (%,¥) = |¥ — ¥ (X,¥,0) = - M( 57 and G(¥,3,1) = ,ff;‘ ;y for all
%, yeX andt > 0.

Then, (X F,G,x,0)isa complete IFMLS where uxv = uv and uov = min{1,u+v}.

Let®:X — X, D(x) =23~

Define the maps o, 3 : [0,1] — [0, 1] by (

and B(r) = 355 for each s,r € [0,1] and o, 3 € B.

+1
3t
o o o 7 3F( ,yt) ' ol
F(®X),9(),1) > a(F(%,3,1)) = F(2 T t > B
3t
t 1+\x Bl t 3t _
= — > = > LA -
DAL AT ,HX 7+l + ‘X = 3t+[¥-y] z+—“3“

7
s+ B s Bl 53

G(D(X),D(),1) < B(G(¥,3:1)) =

¥ \i—ﬂ
(Rl

=il < Il [ =
PN R Y = +\x T = 3r+[x—y] = A+[x=y = 3r+[x—y]

L
9y

1+
=3+ [¥—y <4+ |x—y =3 <4
Therefore © is the intuitionistic fuzzy (o, )-contractive mapping. Then 3 is the unique fixed point.

3. 1 — .# —Complete Intuitionistic Fuzzy Metric-like Space and Fixed-Point Results

Fuzzy metric spaces present two distinct concepts regarding Cauchy sequences and completeness: G-Cauchy sequence and G-completeness
[7] (Grabiec, 1988), M -Cauchy sequence and M-completeness [5] (George and Veeramani, 1994). George and Veeramani’s definition of
completeness is more encompassing compared to Grabiec’s. Within this section, we study a modification and generalization of the ideas
surrounding Cauchy sequences and completeness in intuitionistic fuzzy metric-like spaces given by Onbasioglu et al. [17]. This involves
introducing the notions of 1-Cauchy sequence and 1-complete fuzzy metric-like spaces, considering both Grabiec and George and Veeramani.
Within this novel framework, we establish several fixed-point theorems that expand and consolidate previous findings.

Definition 3.1. Let (X F,G,*,9) be an IFMLS and (%,) be a sequence in X.

(i) (X,) is called a 1 — G — Cauchy sequence if lim,_sco F (X1 p, Xy,1) = 1 and limy,_,o G(x,,er,x,,7 )=0forallt >0, p>1.

(ii) (X, F,G,,0) is called 1 —% — complete if every 1 —% — Cauchy sequence (%,) in X converges to some % € X such that F (%,%,t) = 1
and G(%,%,t) =0 for all t > 0.

Every 1 —%— Cauchy sequence is a Cauchy sequence (in the sense of Onbasioglu et.al. [17] (2023)) in (X, F,G, *,¢), and every complete
IFMLS (in the sense of Onbasioglu et.al.) is 1 —% —complete.

With the following examples, we see that a Cauchy sequence (in the sense of Onbasioglu et.al) need not be a 1 — % —Cauchy sequence and
that there exists an IFMLS which is 1 —%- complete, but it is not complete (in the sense of Onbasioglu et.al).

Example 3.2. Let X = IN, uv =uv and uov = min{1,u+v}. F and G in X2 x (0,) are defined by

v . o V- o o
vy min (¥, y 5, X< o . max(%,¥)* — min(¥,y A X<y,
P50 = VU;—{g R P
max(%,¥ &, ¥<x max(x,y = Y<K
Then (X, F,G,*,0) is IFMLS. Consider the sequence (n) C X.From the definition,
limy, o0 F (X, Xt ps 1) = limy, e (n+p)2 =0 and lim, e G(&, X1 p,1) = lim, oo (1 — (n+171p)2) =1 for each p > 1. Since this limit exists, (n)

is a Cauchy sequence (in the sense of Onbasioglu et. al) in (X, F, G, *,0). However, it is not a 1 —% Cauchy sequence.

Example 3.3. Let X = [0,1]NQ and define 6 : X x X — IRTby o(¥,¥) = max{x,¥}. Hence, (X,0) is a metric-like space. The standard
IFMLS (X,F,G,*p,0) is a 1 —% complete IFMLS.

If (%) is a 1 —9- Cauchy sequence in X, then we have %, — 0 as n — oo, and so F(%,,0,t) — 1 and G(%,,0,1) — 0 as n — oo for all t > 0.
Hence, every 1 —%- Cauchy sequence in X converges to 0 € X and (f(, F,G,*,0) is not a complete IFMLS (in the sense of Onbasioglu et.al.).

Definition 3.4. Let (X,F,G,*,0) be an IFMLS and (%,) C X.

(i) (%) is called a 1 — .# - Cauchy sequence lfhmn_,ooF(imim, ) =1 and limy 0o G(Xy, X,1) = 0 for all t > 0.

(ii) If every | — .# Cauchy sequence (%,) in X converges to some % in X such that F(%,%,t) = 1 and G(x,%,t) = 0 for all t > 0, the space
(X,F,G,,0) is called 1 — A - complete.

Remark 3.5. Every complete IFMS in the sense of Grabiec is 1 —%9- complete as an IFMLS and every complete IFMS in the sense of
George and Veeramani is 1 — A - complete as an IFMLS.
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The 1 —¥ completeness implies 1 — .# completeness. Every IFMS which is complete in the sense of Grabiec [7] is also complete in the
sense of George and Veeramani [5]. Hence, by the previous Remarks, we can say that the notion of 1 —.# completeness is more general
than that of 1 —% completeness.

The figures below illustrate the relationships among these concepts, with arrows indicating their implications.

[ G-Completeness (FMS) ] = [I—G—Completeness(FMLS) ]

! ]

[ M-Completeness (FMS) ] = [I—M—Completeness (FMLS) ]

Figure 3.1: Relation of completeness between FMS and FMLS

M-Cauchy (FMS) M-Complete (FMLS) @--* M-Cauchy(FMLS)
: 4 :
v : v
G-Cauchy (FMS) G-Complete (FMLS) €:***  G-Cauchy (FMLS)
: : 4
v v :
G-Complete (FMS) ...-$ 1-G-Complete (FMLS) €+*** 1-G-Cauchy (FMLS)
: : -
v v =
NS M-Complete (FMS) ----% 1-M-Complete (FMLS) €++++ 1-M-Cauchy (FMLS)

Figure 3.2: Relation of concepts between FMS and FMLS

M-Cauchy (IFMLS)  ++--%  M-Complete(IFMLS) M-Cauchy (IFMS)  «--=
3 4 : :
v : v
G-Cauchy (IFMLS) +e+«®  G-Complete (IFMLS) G-Cauchy(IFMS)
4 .
; v v
1-G-Cauchy (IFMLS)  «««+=| » 1-G-Complete (IFMLS) €:--- G-Complete (IFMS)
» : :
H v v
1-M-Cauchy (IFMLS)  «..c.e| P 1-M-Complete(IFMLS) .... M-Complete (IFMS) 4

Figure 3.3: Relation of concepts between IFMS and IFMLS

[ G-Completeness (IFMS) ] = [ 1-G-Completeness (IFMLS) ]

1 1

[ M-Completeness (IFMS) ] = [ 1-M-Completeness (IFMLS) ]

Figure 3.4: Relation of completeness between IFMS and IFMLS

Theorem 3.6. Let (X,F,G,*,0) be a | —.# complete IFMLS and ® : X — X be a B-contraction. ® has a unique fixed point a € X and
F(a,a,t) =1and G(a,a,t) =0 forallt > 0.

Proof. Let® be a B-contraction with respect to o, 8 € B. For any arbitrary ¥, € X, set up a sequence (¥,) C X by ¥ =D (i), ¥ = D (¥1),...,
Xy =D (X,_1) foralln € IN. If ¥, = X, for some n € IN, then X,,_| is a fixed point of ©. On the contrary part, consider that ¥, # X, for
alln € IN.

For a fixed t > 0, let I, = infy,;>, F (X,,%y,t) and J,, = sup,,~,, G(X,,%,1), n € IN.
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Since © is a B-contraction with respect to a, 8 € B, then by properties of & and 3 for all m,n € IN, m > n, we have
F(Xp,%n—1,1) < Q(F (X, %n_1,1)) < F(D(X,),D(Xu_1),f) = F (X1, %m,1)
and
G(Xy, Xp—1,1) > B(G(X, Xp—1,1)) = G(D(¥n),D (Xp—1),1) = G(Xyi1,%m,1).
Now, take infimum and supremum over m > n+ 1, we have I, <1, and J, > J,.1 for all n € IN. Then, there exists / and J such that
limy—sooly, = I and limy—yoodpy = J.
Since © is a B-contraction with respect to a, 8 € B, then for all m,n € IN, m > n, we get
OC(F(x“n,l,)‘c'm,I,t)) < F(:D()énfl)ag(fmfl)vt) :F()Emfmvt) and
B(G(Xy—1,%m—1,1)) > G(D(Xp—1),D (Xu—1),1) = G(Fn,Xm,1).
Therefore, if n > 2, m > n, then @(F (X,_2,%,_2,1)) < F(%,_1,%,_1,t) and B(G(¥,_2,%n_2,1)) > G(Xy_1,%n_1,1)-
Since a, B are non-decreasing, it follows that
0% (F(Rp_2,%m—2,1)) < Q(F(¥y_1,%pn_1,1)) < F(%y,%n,t) and
ﬁ2(G(xun727im727t)) 2 ﬁ(G(infl»fmfht)) > G(imfmvt)'
Hence, by induction, we get & (F (Xo,%n—n,t)) < F (X, %p,t) and B"(G(Xp, Xm—n,t)) > G(Xn,Xn,t) for all n € IN.
Now, take infimum and supremum over m(> n), we have
inf{a" (F(%o,X1,t)), " (F(Xo,%2,t)),...} < I, and sup{B"(G(xXy,%1,1)), B"(G(Xo,%2,t)),...} > Jy foralln € IN.
Taking into account (2) in Definition 2.1, we obtain from the above inequalities that
limy—sooly = I = 1 and liny_sedy = J = 0.
By the definition, we get I, < F (Xy,,%,t) and J;, > G (X, %, ) for all n,m € IN,m > n and from the above equalities [imy, m—ooF (X, X, 1) = 1
and limp y—e0 G (X, %, 1) = 0.
Hence, (¥,) is 1 —.#- Cauchy sequence in X. Since (X, F,G, *,0) is a 1 — ./ -complete IFMLS, there exists ¥ € X such that
limy—seoF (%, %,1) = limyseoF (¥, %m, 1) = F(%,%,1) = 1 and
limp—yo0 G (X, %,1) = limy 300G (¥, Xn, 1) = G(¥,X,1) = 0 for all 7 > 0.
Now, we prove that X is the unique fixed point for ©. By Definition 2.3, we have that o(F (¥,,%,1)) < F(D(X,),D(X),1) = F (X141, D(%),1)
and B(G(Xy,%,1)) > G(D(¥n),D(X),t) = G(Xp11,D(%),)) foralln € IN and t > 0.
From above equalities and properties of «, 3, we obtain that liny,_eF (¥, 1,0 (X),) = 1 and
limy—yee G (X141, D(X),1) =0 forall r > 0.
By (IFMLS) and (IFML10), we get
FEDE).0) 2 F( %1, 5) * F (601, D(0), 4) and GED().1) < G 1. §) 0 GlEs1.9(). ).
Using the above last two equalities and 1nequa11ty, we obtain F (¥, D(X),r) = 1 and G(¥,D(¥),t) = 0 for all 7 > 0, which means that ©(X) = ¥
We proceed by investigating whether the fixed point ¥ of © is unique. Let # € X be another fixed point of D, that is (%) = Z and there is
k > 0 such that F(¥,Z,k) < 1 and G(¥,Z%,k) > 0. Then, by the Definition 2.3 and the fact that s > ¢¢(s) and B(r) < rforall s,r € (0,1), we get
F(%,2,k) < o(F(%,%,k)) < F(D(xX),D(%),k) = F(¥,%,k) and
G(x,Z,k) > B(G(x,Z,k)) > G(D(X),D(Z),k) = G(¥,Z,k), which is a contradiction. Then, we must have F(¥,Z,k) = 1 and G(¥,%,k) = 0 for
all k > 0 and therefore ¥ = Z.
O

Corollary 3.7. Let (X,F,G,*,9) be a | — .4 -complete IFMLS. © : X — X be a (a, B)-contraction, meaning that F(D(¥),D(¥),t) >
a(F(%,3,1)) and G(D(%),D(¥),t) < B(G(X,¥,t)) for all ¥,5 € X and t > 0, where &, 3 € B. Thus, © has a unique fixed point a € X and
F(a,a,t) =1and G(a,a,t) =0 forallt > 0.

Corollary 3.8. Let (X,F,G,*,0) be a | — # -complete IFMLS and ® : X — X be a self mapping. Suppose that there exist a positive integer
nand a, 3 € B such that

a(F(%,¥,t)) < F(D"(¥),D"(¥),t) and B(G(%,¥,t)) > G(D"(¥),D"(¥),t) for all #,5 € X and t > 0,

Then ® has a unique fixed point a € X and F(a,a,t) = | and G(a,a,t) =0 for all t > 0.

Proof. The proof is similar to the proof of Corollary 1 in [17].
O

Theorem 3.9. ( , ,0) be al— .4 complete IFMLS and D : X —Xbea mappmg satisfying

F(D((X),2(y),t) > ¥,8(t)) and G(D(X),D(),t) < G(¥,¥,h(t)) for all %5 € X and t > 0, where g,h : (0,00) — (0,00) is such
F(x,5,8(t)) > F(X,5,1) and lim, .. F (%,7,8"(t)) = 1,

G(¥,¥,h(1)) < G(%,7,t) and lim,_e G(X, 7,1 (1)) = 0.

Then ® has a unique fixed point a € X and F(a,a,t) = | and G(a,a,t) = 0 for all t > 0.

F,G,x
(%,

Proof. Let %y € X arbitrary and define (¥,) by ¥, = D(¥,_;) for all n € IN. We can take ¥, # X, for all n € IN. We need to show that
(%) is a 1 — .#- Cauchy sequence.

Let I, = infy,,>, F(X,,%p,t) and J, = sup,,~,, G(X,,%y,t), for a fixedt >0 and n € IN.

For all n,m € IN,m > n, we have from the hypothesis that

F(xunJrhxvmvt) = F(@(in),g(fm71)7[) > F(invxvmflag(t)) > F(jénvxumfht) and

G(Xpi1,%m,t) = G(D(¥n), D (Xp—1),t) < G(Xn, X—1,h(t)) < G(Xy,Xp—1,1).

Taking infimum and supremum over m(> n+ 1), respectively, we get I, < I, and J,| > J, foralln € IN.

Thus, there exists / and J such that lim,,_seI, = I and lim,_,«J,, = J. For k € IN, from the hypothesis again, we obtain
F(Xyk Xmks 1) = F (D (Fnik—1), D B k—1),1) = F (Bppr—1,Xmrk—1,8()) 2 F (Rnoh— 15 Fnrx—1,1).

G(in+k:im+k>t) = G(:D (inJrkfl)v:D(ierkfl)vt) < G(inJrkfl >im+k717h(t)) < G(xu11+k717im+k71 7t)-

From the above inequalities, it follows that

F (%1 Emik—1,8()) > F(Ryik—2. Fmik—2,82(1)) = F (¥ ik—2,Xik—2,1) and
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G(Xpsk—1 k1, h(t)) < G(Rnpk—2, Xmak—2,h* (1)) < G(Xpih—2, Kmsk—2,1).
Using the obtained inequalities and repeating this process, we obtain
F(Zpaies Xmairt) > F (B, X, g5 (1)) > F (%, %, 1) and
G(in+k7-xum+k>t) < G("Emim:hk(t)) > G(in,.fm,t).
Now, let take infimum and supremum over m(> n), respectively, we get
Ly = inf{F (%, %+1,85 (1)), F (¥, %s2,85(1)), ..} < Intp and
= Sup{G(invinJrlvhk(l))’ G(xvnvinJerhk(l))v } > Jn+p~
Since limy_oF (%,%,85(t)) = 1 and limy_,.G(%,3,h(t)) = 0 for all £, 5 € Xt > 0, we get from the above inequality, that lim, e, =1 =1
and limy—eoJy =J = 0. By definition, we get I, < F (X, %, 1) and J, > G(Xn, X, t) for all n,m € IN,m > n and then limy, jy—oo F (X, %, 1) = 1,
Limy m—ye0G (%, %m,t) = 0. Hence, (¥,) is a 1 —.#- Cauchy sequence in X. Since (X,F,G, *,0) is a 1 — .#-complete IFMLS, there exists
a € X such that
limp—eoF (Xy,a,t) = limy m—sooF (X, %m,t) = F(a,a,t) = 1 and
limp—0eG (X, a,1) = liMty 00 G (Xy,Xm,1) = G(a,a,t) = 0, for all positive parameter 7.
We need to show that a is the unique fixed point of ©.
Fa®a,) > Flag,b)+F(ie,0(a),5)
Flayb 1, 2)+ F(D (%), D(a), £)

IVl

Flar b1, §)+ F(5a,8(4)
and
G(a7©(a)vt) < G(a xn+17%) G(X,H_], ( )7%)
= (a-xIH»lvé) G( ( ) ()7%)
< G(a, xn+172)<>G(x,,7a,h( )

Using the inequalities mentioned above, we find F(a,D(a),t) = 1 and G(a,D(a),t) = 0 for all # > 0, hence D (a) = a.

We shall show that the fixed point is unique, for this let @ # b € X be another fixed point of D, this means ®(b) = b # a = D(a). Given the
hypothesis, we get

F(a,b,s) = F(®(a),D(b),s) > F(a,b,g(s)) and G(a,b,s) = G(D(a),D(b),s) < G(a,b,h(s)).

By repeating this process we have F(a,b,s) > F(a,b,g"(s)) and G(a,b,s) < G(a,b,h"(s)).

Taking n — oo and using the properties of the functions g and 4, we get F(a,b,s) = 1 and G(a,b,s) = 0, which implies a = b. Therefore, a is
the unique fixed point of ©, which verifies F(a,a,t) = 1 and G(a,a,t) = 0 for all positive parameter ¢.

O
Example 3.10. Let a,b,c be rationals such that 0 < a < b < c and X = [0,¢c] N Q. Let define intuitionistic fuzzy sets F and G in X% x (0,0)
by F(%,y,t)=1— muj_{:;}} G(x,y,t) = max{”}forallx yeXandt>0.
Then (X, F,G,%;,0) is a | — .# -complete IFMLS, but it is not a IFMS, as F(%,%,t) = 1 —%/(c+1) # 1 and G(,%,t) = ¥/(c+1) # O for
all # € X\ {0}.

Let the mapping © : X — X defined by

.o, xe0,6]n0;
Q(x)_{a, xe (b,e)ng.

Define the mappings g, h : (0,00) — (0,00) by g(t) = (b—;“)c—o— (%)t and h(t) = (%) —c(ba 5) for all t > 0. Hence, we obtain F (X,¥,g(t)) >
F(x,9,1), G(&3,h(t)) < G(X,3,t) and limy_seF (%,%,8"(t)) = 1, limp_secG(X, %, 1" (t)) = 0 for all %, € X and t > 0. Therefore, ®,g,h
satisfy all the conditions of Theorem 3.9 and ® has a unique fixed point 0 € X with F (0,0, t)=1and G(0,0,t) =0 forall t > 0.

4. Conclusion

Onbasioglu et. al. [17] defined intuitionistic fuzzy metric-like space to combine the concepts of intuitionistic fuzzy metric space and
metric-like space. As a continuation [17], this article improves the definitions of Cauchy sequences and completeness in [IFMLS and proves
several fixed-point results. This study can be extended to other fuzzy metric structures.
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