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ABSTRACT. In this paper, by considering ideal which is special subfamily of
power set of natural numbers I*-convergence of sequence of functions in asym-
metric metric spaces is defined and some results about new concept are given.
Obtained results is supported some examples to show differences by the clas-
sical ones.

1. INTRODUCTION

The definition of statistical convergence by using asymptotic density was first
introduced by Fast [6] and Steinhaus [17] in the same year 1951, independently.
Although, it looks a simple generalization of classical convergence, this definition
gave a new perspective to the researchers.

In [8], Freedman A.R. and Sember J. J. introduced a general concept of density
and studied the relationship between densities and strong convergence areas of dif-
ferent summability methods. In [2], It has been demonstrated that if a sequence
is strongly p-Cesaro summable or w, convergent then the sequence must be statis-
tically convergent for 0 < p < oo Furthermore a bounded statistically convergent
sequence must be w, convergent for any p, 0 < p < oco.

Di Maio G. and Kocinac L. D. R. introduced and examined statistical conver-
gence in topological and uniform spaces in [3]. They demonstrated the applicability
of this convergence to the theory of choice principles, function spaces, and hyper-
spaces.

Some years later in the paper [12], Ilkhan and Kara obtained some results about
completeness, compactness and pre-compactness by using statistically Cauchy se-
quences in a quasi metric spaces.

Later, based on the idea of this definition, P. Kostyrko, T. Salat, W. Wilczynki
[13] gave the concepts ideal convergence by characterizing the small sets of a space
in different ways.
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In article [7], the Bolzano-Weierstrass theorem is generalized by using ideal con-
vergence. The authors of the paper [7] provided instances of ideals possessing and
lacking the Bolzano-Weierstrass property, and examined the BW property in rela-
tion to submeasures and its extendibility to a maximal P-ideal. Apart from these,
The study [18] examined the completion of a linear n-normed space regarding ideal
convergence by introducing the notion of uniform continuous n-norm.

B. K. Lahiri and P. Das [14] carried out studies on I-convergence and I* con-
vergence and obtained important results. These concepts were studied in arbitrary
metric spaces or arbitrary topological spaces.

In [11], Argha Gosh discussed and examined the concepts of I*(«)- convergence
and I*-exhaustiveness of metric function sequences and explained the relationship
between these two concepts.

In asymmetric metric spaces (or quasi metric spaces in some sources) which is
a larger structure than metric spaces, some properties of quasi metric spaces were
given by Otafudu O. O. in [15], Reilly et all. in [16], Doitchinov D. in [4] and Dutta
R. in [5], where sequence and function sequence convergence and fixed point results
were given. Then, Ghosh A. (in his paper [10]) investigated the convergence of
sequences of functions in asymmetric metric spaces with the help of ideals.

In this paper, our aim to give new kind definitions of left (right) I* («)-convergence,
left (right) I*- Alexandroff convergence, left (right) I*-uniformly convergence for
function sequences in an asymmetric metric space and some relations between them
will be investigated.

2. PRELIMINARIES AND NEW RESULTS

In this part, we will present several new definitions along with corresponding
results related to them.Throughout the text, we are going to use YX to indicate
the set of all maps from the asymmetric metric spaces (X, q) to (Y, p)

Definition 2.1. Let X # ) be a set and q : X x X — [0,00) be a function.
The function ¢ is defined as an asymmetric metric on X if it meets the following
criteria: (¢) q(z,y) > 0, for all z, y € X; (i) q(z, y) = 0 if and only if z = y and (4i7)
q(z, 2) < q(z, y) + q(y, 2) holds for all z,y, z € X.

Then, the pair (X, q) is referred to as an asymmetric metric space and in addition
to this if q possesses the property of symmetry, it is classified as a metric and (X, q)
is termed a metric space.

Definition 2.2. Let (X, q) be an asymmetric metric space. A left(right) topology
77(7T) induced by q is generated by the collection of left(right) open balls

B (z,7):={yeX:q(y,2) <r} (B (2,7) :={y € X:q(z,y) <r})
for all x € X and positive reals r > 0, respectively.

A sequence T = (x,,) is said left(right) convergent to a point z* if for every € > 0
there exists n. = n.(e) € N such that z,, € B~ (z* r) (z,, € B* (2% r)) holds for all
N> Ny

One of the important problems that arise as a result of the lack of symmetry
property is that left(right) limit of a sequence is not unique, in generally. Let’s give
an example to see this defect of asymmetric metric space:
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Example 2.3. Let us consider a real valued sequence & = (x,,) as

R &, nis odd,
" 3w, T 1S even,

and asymmetric metric as
0, a<bd
a, b) =4 =)
9(a, b) {1, a > b.
Hence, it is evident that every point of (—oo,0) serves as a left limit point of the
sequence.

Definition 2.4. [9] A subset B of N is considered to have natural density natural
density (or asymptotic density) denoted by d(B) if following limit exists

d(®B) := lim M,

n—00 n

where B(n) := {j € B :j <n} and the symbol |.| denotes the cardinality of the
inside set.

Definition 2.5. [13] Let X be a non-empty set. A family I C 2% is termed an
ideal on X if (i) UUV €1 holds for all U,V € T and (i7) U € I and V C U, then
V €I holds.

An ideal I is is referred to as non-trivial if I is not equal to # and X is not an
element of I. A non-trivial ideal is termed admissible if it includes the singleton set
{z} for every z € X.

Definition 2.6. [13] Let X # (). Then, § C 2% is defined as a filter on X if it
meets these criteria: (i) UNV € Fforal U,V € Fand (i) U € Fand U C V
implies that V' € § holds.

For any non-trivial ideal I C 2% it can be defined a filter as follows
SO :={UcCcX:U°el}
and it is called a filter associated with I. Following families
I, ={UCN:d(U)=0}; §{Ay):={U CN:dU) =1}
are well known nontrivial admissible ideal and filter.

Definition 2.7. [10] Let I be an admissible ideal.It is referred to as Good, for any
sequence {An}, oy of sets where A, ¢ I for all n € N, if there exists a sequence
{Bn},cy of mutually disjoint sets such that B,, C A,, B, € L and Ur B, ¢1
hold.

A condition equivalent to this definition will be given in the following lemma:

Lemma 2.8. An ideal I is Good iff for every { Dy}, cn & §(I) there exists pairwise
disjoint sets {Pn}, cny C $(I) such that P, D> D, and Moy Pn ¢ F(I) hold.

Proof. Assume I is a Good ideal and consider {D,}, .y ¢ $(I). Then, N\ D,, ¢ L.
Since I is Good ideal, there exists A,, C N\ D,, such that A4, € Tand |J;—, A, ¢ L
If P, is chosen as such P, := N\ A,, € §(I), then
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Definition 2.9. [13] A sequence {zy}, .y C (X, q) is described as left(right) I-
convergent to x, € X if

{keN:q(ap,x.) >e} €eL,({k eN:q(zs,ap) >} €1
holds for every € > 0, respectively.
In this case,it is denoted by symbolically xy LN T, and x S T4, Tespectively.
Definition 2.10. [10] Function sequence {fi}, oy C Y is defined as left(right)

pointwise I-convergent to a function f € YX if f (z) L f() (fi (x) r f(z)) holds
for each z € X.

Definition 2.11. [10] Function sequence {fi},cy C Y™ is called left(right) I-

convergent uniformly to f € YX if for each ¢ > 0 there exists A € F(I) such that
p (fr(x), f(x)) <e (p(f(x), fu(z)) <€) holds for all k € A and z € X.

Definition 2.12. [10] A function f € YX is referred to as left continuous (f~-
continuous) at a point £ € X, if for every ¢ > 0, there exists 6 > 0 such that

p (f(y), f(§)) < e satisfies for all y € B~ (&, 9).
Similarly, right continuous (f*-continuous) at ¢ € X, if for every € > 0, there

exists & > 0 such that p (f(£), f(y)) < e satisfies for all y € BT (¢, 4).

Definition 2.13. (Sequential continuity at a point) A function f € YX is
said to be (i) f~~ continuous at z* € X, if whenever a sequence {x;}, oy left
converges to z* in (X, q), then corresponding sequence {f(xx)},cy left converges
to f(*) in (Y, p);

(44) fT continuous at a point x, € X, if whenever a sequence {xy},y right
converges to z, in (X, q), then corresponding sequence { f(x)},cy right converges
to f(z.) in (Y,p).

Definition 2.14. Let (X,q) be an asymmetric metric space, {z,} C X be a
sequence and a* € X. A sequence {z,} is said to be left (right) I*-convergent to
a*, if there exists K = {m; < may < ... <m, < ...} such that

Jim q(z,,a”) =0 ( lim q(a”, zm,) = 0)
holds.

It is denoted by symbolically x,, oo (X I:; a*), respectively.
Definition 2.15. A sequence of function {f},cy C Y is called left (right) I* ()
convergent to f € YX if for any sequence {x},} that left(right) I* converges to point
x in I, the sequence (fy {z1}) is also left I*-convergence to f(x).

Definition 2.16. A sequence of function {fi},cy C Y™ is called left(right) I*-
exhaustive at a point ¢ € X if there exists A = A(d) € I such that for every e > 0
there exist § = d(e,d) > 0 and ng = ng(e, d) € N such that q(d,z) < 0 (q(z,d) < 0)
implies p (fn(4), fn(z)) <e (p (fn(z), fn(d)) <e) for all n € N\ A and n > ng.

Definition 2.17. A function sequence {fi}, oy C Y is called left(right) pointwise

I*-convergent to a function f € YX if f (£) 5 f(&) ( fr(2) e f(£)) satisfies for
all £ € X.

Theorem 2.18. Let v € X and {fr},cn C YX is left pointwise I*-convergent to
[ at point v € X. If {f},cy 48 Tight pointwise I*-convergent to f at every point
z € X\ {2} and {fr}cy is left I*- ezhaustive at v € X, then f is f~-continuous



I"-CONVERGENCE OF FUNCTION SEQUENCES 113

Proof. Owing to the fact that {fi},cy is left I*-exhaustive at x € X, then there
exists A = A(x) € I such that for every ¢ > 0 there exists 6 = d(e,z) > 0 and
Ing = no(e, z) € N such that for every q(y,z) < ¢ implies

p(fn(y), fulz)) <¢

for all n > ng and n € N\ A.
Let y € B~ (x,0) \ {«}. Since, {fx} is right pointwise I*-convergent to f, then

we have fj (x) r f(z) for all y € X.

So, there exists K = {k1 < k2 < ...} € §F(I) such that lim,,,oc P(f(y), [, (¥)) =
0. Then, for all € > 0 there exists n; € N such that p(f.(y), fn(z)) < § holds for
every k, > nj.

Since, {fr}ren C YX is left pointwise I*-convergent to f at point z € X, then
there exists My € §(I) such that lim,, e p(fk,, (), f(z)) < § holds.

Now, K1 N KN (N\ A) € F(I) and this implies that K3 N Ko N (N\ A) # 0.

Hence, we can choose j € K1 NKyN(N\ A). Then, for all y € B~ (z,d) \ {z} we
have

p(f (), f(@)) <p(f(), £i(y)) + p(f;(Y), f;(x)) + p(f;(2), f(z)) <e.

Therefore, f is left continuous. O

Theorem 2.19. If {fi},cn C YX is left pointwise I*-convergent to f at point
v € X and {fx}ey 5 left T*- exhaustive at x € X, then {fix},cy is left T* ()
convergent to f € YX at x € X.

Proof. For the reason that {fi},cy C Y™ is left pointwise I*-convergent to f at

point x € X, then fi (x) o, f(z). So, it can be find a set K = {k1 < ka < ...} €
F(I) such that

lim  p(fx,, (2), f(z)) =0

m—0o0
holds. Hence, for all ¢ > 0 there exists natural number ng such that p(fx, (x), f(x)) <
£ holds for every k,,, > ng. Given that {fx},y is left I*- exhaustive at € X, then
there exists K = K () € I such that for all ¢ > 0 there exists § = (e, z) > 0
and ny = ny(e,z) € N 3 for every q(y,z) < ¢ implies p(fn(y), fu(z)) < 5 for all
ne N\K, and Vn > ny.

Let z,, T, x,n — oco. We must show that f,(z,) T, f(z),n — oo. Since

*—

Tn T, x,n — 00, then there exists
K' ={mj <m; <..<my<..}eF)

such that limg_,o0 q(Zm,, ) = 0.

So, for all 6 > 0 there exists n;(d) € N such that q(z,,2) < 0 holds for all
mg > Nni.

Let us take K* := K' N K" € F(I) and n* := maz {ng,n,} € N. Thus, we have
p(fu(zn), fu(z)) < § for all n > n* where n € K*. Also, for any j € K* following
inequality

p(fi(x5), () < p(fi(z5), f5(2)) +p(f5(2), f(z)) <e
holds.
This gives left pointwise I*-convergence of {fx}. So, proof is ended. (]
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Theorem 2.20. Assume that left I*-convergence signifies right T*-convergence in
Y. If1is Good and {fx},cy 4 left I* (a) convergent to f € YX at v € X, then
{fe}pen C Y is left pointwise I*-convergent to f at point x € X and {fi},cy is
left I*- exhaustive at x € X.

Proof. Obviously, {fr},cn C YX is left pointwise I*-convergent to f at point
x € X. Assume that {fx} does not left I*- exhaustive at a point x. Then, for
every A = A(z) € F(I) there exists an & > 0 such that for all § = d(¢’,z) > 0 and
no = no(e,x) € N there exists k € A (k > ng) such that q(z,z) < ¢ implies

p(fr(2), fr(x)) > .

Especially, let us choose A =N and é = % Then, there exists ny € N such that
for some z € B («, %), implies

P(fan (@), (@) = €
We consider only one such xj corresponding to each such ng. Let Ay denote
all such ny; € N satisfying the above inequality and By denote the collection of
corresponding unique z}.s. We claim that N\ {Ax} ¢ F(I). Suppose N\ {4} € F(I).
Then, {Ax} € L. Thus, there exists nf € Ay, such that

Pt (20), frg (2)) = €

for some z’g € B (x, %), which is inconsistent with the definition of Ay.

Thus, N\ {Ar} ¢ F(I). Since I is Good ideal, then from Lemma 2.8 for every
N\ {Ax} ¢ F(I) there exist P, D N\ {Ax} pairwise distinct sets such that N\ P, €
F(X) for every k € N and ;o N\ Py ¢ F(I).

Now, let P, = {p} < p5 < ...} . Examine a sequence {z,} as follows:

_[x n¢ ML N\ P,
{on} = {xéﬁ n € Py,
and n = pf, :cf € By corresponds to the natural number pf € Ag. Let € > 0 be
given. As a result, there is a least kg € N such that kio < e. Now,
ko—1
{neN:q(zn,2) >} C | JN\P el
k=1

Thus, z, r, x,n — co. On the flip side,

{neN:p(flzn), ful@) 2 &'} =N\ P € 5(D)
holds which is a contradiction. Hence, {fi},cy is left I*- exhaustive at 2 € X. 0O

Definition 2.21. A sequence of functions {fx},cy C Y™ is described as left(right)
uniformly I*- convergent to a function f if for every ¢ > 0 and for all € X there
exists K ¢ I with ng = ng(e) € K such that p(f,(z), f(z)) <e (p(f(x), fn(z)) <e)
holds for all n > ng and n € K.

Similarly, right uniformly I*- convergence can also be defined.

Theorem 2.22. Assume that left T*-convergence implies right T*-convergence in
Y and x € X. If for every € > 0 there exists 6 >0 and K = {k1 < ko < ...} € F(I)
such that for ally € B~ (z,d) we have

p(fr, (W), fr, (2)) <€
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then, p(fx, (z), fr, (y)) < € holds for all y € B~ (x,0).
Proof. The proof is clear. So, it is omitted here. (]

Definition 2.23. Let (X, q) be an asymmetric metric space and K C X be a set.
Then, K is said to be left(right) compact if every open cover of K in left(right)
topology has a finite sub-cover.

Theorem 2.24. Assume that left T*-convergence implies right T*-convergence in
Y. If sequence of functions {fi},cn C YZX is left pointwise I*-convergent to f and
{fi}ren is left I* —exhaustive on X, then f is left continuous on X and {fr},cn C
YX is left uniformly I*—convergent to the function f on every left compact subset
of X.

Proof. Initially, we will establish that f is left continuous on X. Let z € X be
an arbitrary element. Since {fr},cy is left I*- exhaustive at z, then there exists
A = A(x) € §(I) such that for all € > 0 there exists 0 = d(e, ) > 0 and there exists
n' =mn'(e,z) € N such that for every q(y,z) < 8 implies p(f(y), fr(z)) < € for all
neAandn>n'.

Postulate that f is not left continuous function. Then, when {x} is left I*-
convergent to x, the sequence {f(zj)} is not left I*-convergent to f(z). So,
there exists K = {k; < ko < ..} € F(I) such that lim, o q(zg,,x) = 0 holds
but lim, oo p(f(zk,), f(x)) = 0. Then, for all ¢ > 0 there exists ng € N
such that q(zy,,z) < € holds for all n > ng but there exists n; € N such that
p (f(zk,), f(z)) > € holds for all n > ny. This is a conflict with the definition of
being left I*-exhaustive and therefore f is left continuous.

Let K be a left compact subset of X, ¢ > 0 and x € K. Then, f is left
continuous at x. Therefore, there exists § > 0 such that we have p(f(y), f(z)) < §
for y € B~ (x,0). Since, left I*—convergence implies right I*- convergence in Y.
Then, we have p(f(y), f(x)) < §. Since {fi},cy is left T*-exhaustive at x, then
there exists A = A(x) € §F(I) such that for all € > 0 there are 6 = §(e,z) > 0 and
n' =mn'(e,z) € N such that for every q(y,z) < 8 implies p(fx(y), fx(z)) < € for all
neAn>n.

Now, K C U,cx B (7,6;) and K is left compact. Then, there exists finite
number points

T1,%2, .., Ty € K
such that K C [J;~; B~ (z;, d,,) holds. Since { fi}, cy is left pointwise I*-convergent
to f for each i there are A; € F(I) such that

p(fula), fla) < 5
holds for each k € A;. Now, let us consider B := (-, A;NA,,. Then, B € F(I). If
z € K, then there exists ¢ € {1,2,...,m} such that q(z,z;) < dx; < J implies that

P(F(@). () < 5
and

p(fe(2), fulwi) < &

hold for all k € B and z € B~ (z;,d,,). Hence, we obtain
p(fr(2), £(2)) < p(fu(2), fi(@i) + p(fi(@s), f (i) + p(f (i), f(2)) <e.

So, we arrived the proof. O
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Definition 2.25. A sequence of left(right) continuous function {fi},cy C Y* is
said to be left(right) I*- Alexandroff convergent to the function f if, {fi},cy is
left(right) pointwise I*-convergent to f, for all ¢ > 0 and A € F(I) there exists
My = {m1 <mz<..} C A and an open cover U = {Uj : k € A} in the left
(right) topology of I such that for every x € Uy we have p (fim, (2), f(z)) < €

(b (f(@), fimny () < ).

Definition 2.26. [10] An asymmetric metric q defined on I is said to have satisfy
approximate metric axiom (AMA) if there exists a map ¢ : X x X — [0, 00) such
that q(y, z) < c(z,v).9(%,y) holds for every z,y € X where ¢ meets the condition
described as: For all z, there exists §, > 0 such that for all y € B' (z,6,) implies
that ¢ (z,y) < C(z) holds, where C (z) > 0 is a real number.

Theorem 2.27. (X, q) and (Y,p) be asymmetric spaces. Suppose that (Y,p) pro-
vides the property (AMA) and corresponding map C' is bounded. If {fi}, oy is left
I*— Alexandroff convergent to the function f then f is left continuous.

Proof. Assume that {fy.}, .y be left I*- Alexandroff convergent to the function f.
Then, {fx} is left continuous map, {fx} is left pointwise I*-convergent to f and for
all e > 0, A € F(I) there exists

MA:{m1<m2<...}CA

and open cover
V={V,:keA}

in the left topology of X such that every x € Vi, we have p(fn, (2), f(z)) < e.
Let z € X and {z,} is left I*-convergent to . Since {fi},cy is left pointwise
I*- convergent to f, there exist K = {my < mg < ...} € F(I) and ng (¢, z) € N such

that
€

p(fmk (LL'), f(.’L‘) < 37
for all m,,, ng. Since the function corresponding to C' is bounded, there exist r > 0
such that C(z) < r holds for all z € X. Let K € §(I).

Then, there exists My, = {m; < mz < ...} € §(I) and open cover V = {V; : k € A}
such that p(fm, (z), f(x)) < § for every z € V.

Since V- = {V}, : k € A} is open cover, then we can choose a k € N such that = €
Vie. Because of fy,, is left continuous at X and {x,,} is left Z*-convergent to X, there
exists n; € N such that for every n > ny when {z,} € Vi, p(fon, (20), fr,. (2)) < 5.
Since (Y, p) satisfies the property (AMA), we can see

p(f(@n); f(2)) <p(f(@n); fmi(2n) + 0 (Fms (@n)s fni () + P (frmi (%), f ()

< C(fong @n))p(foms (), F(20)) + g n g <e.

3. CONCLUSION

In this work, information about I*-convergence in asymmetric metric spaces is
given. Similar results can be generalized to I¥ convergence, where I and K are
admissible ideals.
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