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Vol.7, pp.138-145 (2024)

ISSN-2618-5660
DOI: 10.33773/jum.1564717

1-GUARDABLE SUBGRAPHS OF GRAPHS
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Abstract. Cops and Robbers game is played on a graph. There are two
players in the game consisting of set of cops and only one robber. They play in
respectively; on each player’s turn, the player may either move to an adjacent
vertex or stay in its vertex. If one of the cops comes into the vertex with the
robber then the robber is captured. Therefore, game ends and cop wins the
game. In this study, 1-guardable subgraphs of graphs in the game of Cops
and Robbers is considered. It is mentioned about some special subgraphs and
their relations. It is known that if the subgraph is 1-guardable then it must be
isometric but the converse of this argument may not be true. We show that
for the inverse to be true, some conditions must be added.

1. Introduction

The game of Cops and Robbers on graphs is presented by Quilliot firstly and
advanced by Nowakowski and Winkler [1]. The game is played with two players
named cop and robber. Initially, each player chose a vertex respectively on a
graph. Players move to adjacent vertices or can stay their location. After some
finite moves, cop wins if he comes to the same vertex with the robber. The robber
wins if he can avoid the cop forever. The minimum number of cops needed to catch
the robber is called cop number and denoted by c(G). If cop number is 1 then graph
is called cop-win graph. A graph which is c(G) > 1 is sometimes called robber-win.
Introductory work about the cop number came in 1984 with Aigner and Fromme
[2, 3]. Bonato and Nowakowski have written the book that gives the most detailed
information [4].

To determine the cop number is a hard problem on the game of Cops and Rob-
bers. If G is a graph of order n, then c(G) = O(

√
n) is known as Meyniel’s

conjecture [5]. This bound has been tried to improve and Frank showed that

c(n) ≤ (1 + o(1))n
log log(n)

log(n)
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for the cop number [5]. Chinifooroshan proved that

c(n) = O

(

n

log(n)

)

for the cop number of any graph G [6]. The best known upper bound for the cop
number is given by Lu and Peg

c(n) = O

(

n

2(1−o(1))
√

log
2
n

)

by using the probabilistic method [7].
An induced subgraph H of G is said to be k-guardable if, after finitely many

moves, k cops can move only in the vertices of H in such a way that if the robber
moves into H at round t, then he will be captured at round t + 1 for a constant
integer k ≥ 1. It was proved that the isometric path is 1-guardable [2].

In [8], it is shown that the cop number of generalized Petersen graph is at most
4 and also proved that finite isometric subtree of a graph is 1-guardable.

Quilliot was studied on retractions on graphs and he proved several theorems in
[9] before the game is introduced. Retracts have an important role in the game.
Let H be an induced subgraph of G. If there is a homomorphism f from G onto
H that is identity on H which means f(x) = x for every vertex x ∈ H . Then this
map is said to be retraction and H is called retract of G. In [3], it was shown that
retract of cop-win graph is also cop-win.

The number of moves is considered on cop-win graphs and it is called capture
time. For a given graph with n vertices the capture time is bounded by (n − 3)
[10]. In another paper, this bound is improved and presented new upper bound as
(n− 4) for n ≥ 7 and ⌊n

2 ⌋ for n ≤ 7 [11].
In this paper, we try to determine under what conditions the subgraph of a graph

can be 1-guardable.

2. Some Special Subgraphs of Graph

For the given graph G = (V,E) and H = (W,F ), H is said to be subgraph of G
if W ⊂ V and F ⊂ E. Let G = (V,E) be the any graph and S ⊂ V be any subset
of vertices of G. Then the induced subgraph G[S] is the graph whose vertex set is
S and whose edge set consists of all of the edges in E that have both endpoints in
S. That is, for any two vertices u, v ∈ S, u and v are adjacent in G[S] if and only
if they are adjacent in G.

H is an isometric subgraph of G if dG(u, v) = dH(u, v) for every vertices u, v in
H . A convex subgraph H of an undirected graph G is a subgraph that includes
every shortest path in G between its two vertices.

Proposition 1. The convex subgraph of a graph is an isometric subgraph.

Proof. Let G be any graph and H be a convex subgraph of G. Then H includes
every shortest path in G between its two vertices. Hence, dG(u, v) = dH(u, v) for
u, v ∈ G. �

Note that the converse of Proposition 1 may not be true. Although C5 is iso-
metric subgraph of W6 but it is not convex subgraph (see Figure 1).

Proposition 2. The isometric subgraph of a graph is an induced subgraph.
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Figure 1. C5 is an isometric subgraph of W6 but not convex.

Proof. Let G be a graph and H be an isometric subgraph of G. Then assume that
H is not induced subgraph of G. Then there exist x, y ∈ V (H) such that the edge
xy /∈ E(H). In this case, dG(x, y) = 1 but dH(x, y) 6= 1. This contradicts with H
is isometric. If H is isometric subgraph of G then H must be induced subgraph of
G. �
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Figure 2. H is induced subgraph of G but not isometric.

If H is an induced subgraph of G then H may not be an isometric subgraph of
G. It is seen easily in Figure 2. While dH(2, 5) = 3, dG(2, 3) = 2.

Corollary 2.1. The convex subgraph of a graph is an induced subgraph.

Proof. It is the conclusion of Proposition 1 and Proposition 2. �

Proposition 3. The convex subgraph of a graph is a retract.

Proof. Let G be a graph and H be a convex subgraph of G. Thus, H is an induced
subgraph of G. It can be defined f as a graph homomorphism such that

f : V (G) → V (H), f(v) =

{

{u : d(u, v) = d(u,H)} , if v /∈ V (H)
v , if v ∈ V (H)

If the set {u : d(u, v) = d(u,H)} has more than one element, only one element can
be chosen from this set. �

There is an example of homomorphism mentioned in the above proof in Figure 3.
If homomorphism is defined as

f(v1) = v1, f(v2) = v2, f(v3) = v3, f(v4) = v4, f(v5) = v3, f(v6) = v2, f(v7) = v2

then f is a retraction from G onto H . It can be chosen f(v6) = v3 then there is a
different retraction with the same graphs.
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Figure 3. H is a convex subgraph which is a retract of G.

Corollary 2.2. The convex subgraph of the cop-win graph is cop-win.

Proof. Let G be a cop-win graph and H be a convex subgraph of G. Then, by
Proposition 3 H is retract. It is known that if G is cop-win, then each retract of G
is also cop-win. Hence convex subgraph of the cop-win graph is cop-win. �

Proposition 4. The retract of a graph is an isometric subgraph.

Proof. Let G be a graph and H be retract of graph G so by definition, there exists
a homomorphism f : V (G) → V (H) such that f(x) = x for every x ∈ V (H) . In
this case for any x, y ∈ V (H), f(x) = x and f(y) = y. Since f is the identity on
V (H) we get

dH(f(x), f(y)) = dH(x, y)

and by the definition of homomorphism

dG(x, y) ≥ dH(f(x), f(y)) = dH(x, y).

On the other hand, the shortest path between the vertices x and y can pass
through the vertex u such that u ∈ V (G) − V (H). So, this path does not stay en-
tirely in H . Hence dG(x, y) ≤ dH(x, y) so equality dG(x, y) = dH(x, y) is provided.
Then, H is an isometric subgraph of G. �

3. 1-Guardable Subgraphs of Graph

Suppose that H is an induced subgraph of G and assume that k cops guard the
subgraph H . Then after finitely many moves, for a fixed integer k ≥ 1, H is said
to be k-guardable if the robber moves into the subgraph H at round t then he is
captured at round t+ 1. Note that if one cop can guard a subgraph H in G, then
H must be isometric in G. If it is not, then there are two vertices u, v ∈ V (H) such
that dH(u, v) > dG(u, v). The robber can travel between u and v infinitely many
times without being caught by the cop that guards H .

Note that there can also be subgraphs in G, not 1-guardable, although they are
both isometric and cop-win (see Figure 4 and also see [12]).

Connected graph G is given and H is a subgraph of G. Let the set A be a set of
access points to subgraph H and define as

A = {v ∈ V (G)\V (H)|N(v) ∩H 6= ∅},
and for v ∈ A, define the set Bv such that

Bv = {u ∈ V (H)|NH(v) ⊂ NH(u)}
as the set of points in H that watch the points in set A. Let the set B =

⋃

v∈A
Bv

be (see Figure 5). Following conclusions can be given according to these notations.
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Figure 4. An isometric subgraph H of G is cop-win but H is not
1-guardable in G.

Lemma 3.1. If Bv 6= ∅ for all v ∈ A and

dG(v1, v2) ≥ max{dH(x, y) : x, y ∈ B},
for every v1, v2 ∈ A then H is an isometric subgraph of G.

Proof. Let x and y be any vertices of subgraph H . There are three cases:

(1) Let x, y ∈ B. If x and y are adjacent or the same vertices, there is nothing
to prove. If they are not adjacent, by the definition of sets A and B and
assumption dH(x, y) can not be different from dG(x, y).

(2) Let x ∈ B and y /∈ B. So the shortest path between x and y must be in H .
Otherwise, let the path P be the shortest path between x and y but not in
H so there exists a vertex z ∈ A on the path P . Since z ∈ A there is a vertex
z′ ∈ B watching z. Hence there is another path for u1, u2, . . . , uk ∈ B and
w ∈ H such that

P ′ : y → · · · → z → w → z′ → u1 → u2 → · · · → uk → x.

By the inequality given by assumption, the path P ′ is shorter than the path
P . This contradicts with P being the shortest path. Hence shortest path
P between x and y must be in H .

(3) Let x, y /∈ B. Proof is similar to the previous case. Thus H is an isometric
subgraph.

�

Lemma 3.2. If Bv 6= ∅ for all v ∈ A and induced subgraph G[B] is a complete

graph then H is 1-guardable.

Proof. Let cop be positioned at one of the vertices of set B and let the robber be
positioned at one of the vertices ri which is seen in Figure 5. The cop is watching
the robber at one of the vertices ui ∈ B and let the next move of robber go through
one of the vertices vi. When the robber moves over from vertices vi to subgraph
H , cop comes to one of the vertices ui ∈ Bvi corresponding to vertex vi. Since
G[B] is a complete graph then the robber is captured on the next move. Hence H
is 1-guardable. �

If the set G[B] is not complete then H may not be 1-guardable. Let’s explain
briefly: If B is not complete then cop can not be moved between vertices in B. So,
the robber can not be captured when he comes into subgraph H .
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It is a strict condition that the induced subgraph G[B] is a complete graph. If
the robber can enter the subgraph H from only one vertex, this condition can be
loosened.

Theorem 3.3. Let G be a graph, H is a subgraph of G. If there exists a vertex

x ∈ V (G) \ V (H) such that |Ns(x) ∩ A| > 1 for s > 0 then let k = min{s :
|Ns(x)∩A| > 1, x ∈ V (G) \ V (H)}, otherwise we set k = d(R,A). If for all v ∈ A,
Bv 6= ∅ and the inequalities

max{d(x, y) : x, y ∈ B} ≤ k

and

min{d(v1, v2) : v1, v2 ∈ A} ≥ max{d(x, y) : x, y ∈ B}
are valid then H is 1-guardable.

Proof. There are two cases:

(1) Let w be a vertex satisfying k = min{s : |Ns(x)∩A| > 1, x ∈ V (G)\V (H)}.
When the robber comes to vertex w, then the cop moves towards to vertices
that watch the adjacent vertices of the vertex w in the set A. Because of the
inequality max{d(x, y) : x, y ∈ B} ≤ k given with statement of theorem,
cop can make these moves. Therefore, the cop waits the robber on one of
the vertices ui ∈ Bvi . So the robber is captured in one move when he comes
to subgraph H .

(2) Suppose that there is no vertex w satisfying the conditions given in theorem.
It can be mentioned about two cases:
(a) There are adjacent vertices in set A. In this case, because of the

inequality min{d(v1, v2) : v1, v2 ∈ A} ≥ max{d(x, y) : x, y ∈ B},
induced subgraph G[B] must be complete graph. Then cop can move
to any vertex in B that he wants. Therefore the robber is captured in
one move when he comes to subgraph H .

(b) If there is no adjacent vertices in set A. Then there is a path between
R and set A and the robber moves on this path. Because of the both
inequalities given in theorem, the cop can comes to vertex ui ∈ Bvi .
Thus the robber is captured in one move when he comes to subgraph
H .

As a result, subgraph H is 1-guardable. �

Example 3.4. Let G be a graph given in Figure 6 and H = G[{i, j, k, l}] induced
subgraph of G. Then we get A = {e, f, g, h} and B = i, j, k, l. Since

|N2(a) ∩ A| = |N2(b) ∩A| = |N2(c) ∩ A| = |N2(d) ∩ A| = 2

we find k = 2. Besides, for all v ∈ A Bv 6= ∅ and the inequalities

2 = max{d(x, y) : x, y ∈ B} ≤ 2 = k

and

3 = min{d(v1, v2) : v1, v2 ∈ A} ≥ max{d(x, y) : x, y ∈ B} = 2

are valid. Hence, by Theorem 3.3 we obtain that H is 1-guardable.
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Figure 6. Graph G in Example 3.4

4. Conclusion

In this paper, we try to determine under what conditions the subgraph of a
graph can be 1-guardable. Some special subgraphs of a graph was defined at first
then was given the relations between these subgraphs. Some conditions were given
with the help of lemmas and theorem in order for the subgraph to be 1-guardable.
Finally, an example of a graph that verifies the theorem is given.
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