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Abstract

In this article, we investigate . &7-Sasakian spacetimes attached with perfect fluid whose metrics are (CERY)4-soliton admitting 2°-tensor.
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soliton on perfect fluid . 97-Sasakian spacetimes. Moreover, we conclude a necessary and sufficient condition for a 1-form n®, which is the
g*-dual of the vector field £ on such a spacetime to be a solution of the Schridinger-Ricci equation. In conclusion, we present an instance of
a 4-dimensional .Z &7-Sasakian spacetime with the (CERY)4-soliton equipped with 2’ -tensor.
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1. Introduction

Let (Q™, g*) is a Riemannian manifold and T3 (Q) is a linear space of its symmetric tensor fields for (0,2)-type and 1@7;1(9) G 7F(Q)is
infinite space of its Riemannian metrics. A Riemannian flow (briefly, RF) is a smooth map on (9’7‘7 &%), is defined by

g*: I CR — Riem(Q),

where, I* is an open interval [11]. The map %/(p ) :I* — 7 (Q), which is light up by
S PP o Jd
RY =207 (1) +p ()8 (1) + 587 (1),

is (p*, p*)-Ricci- Yamabe map of (™, g*), where p*, p* are some scalars [11]. If e%/(p Pos >E 0, then we call it g*(+) an (p*, p*)-Ricci-
Yamabe flow (briefly, RYF). Also, Ricci Yamabe flow is said to be (i) Ricci flow (RF) if p* =1 [12], p* = 0; (ii) Yamabe flow (YF) [13] if
p* =0, p* =1 and (iii) Einstein flow (EF) [5]if p* =1, p* = —1.

A Riemannain manifold (9'72 g*), m > 2 admit (p*, p*)-Ricci-Yamabe soliton (g*, %, A", p*,p*), or (briefly, (p*,p*)-RYS) if it satisfies

(Exg N F.G)+2p* S (F.9)+[2A" — p*1]g(F,9) =0, (1.1)

where . is the Ricci tensor, p*, A” and p* are the real scalars, £, g* denotes the Lie derivative of the metric g* along .# and 7 is the
scalar curvature. As a result, depending on whether the soliton is diminishing, increasing, or stable, > 0,1’ <0, or M:o, respectively. If
b, p* and p* become smooth functions, then (1.1) is called almost Ricci-Yamabe soliton (briefly, ARYS). The notion of 11-Ricci Yamabe
soliton on (Q™, g*) is given by

(Er &) F.9)+20' N (D) +2p* S (F,9) + 21" — p*1]g*(F,9) =0, (12)
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where nﬁ is a 1-form on Q and u/b is a constant [30]. Moreover, in [28] author defined the idea of a conformal Ricci-Yamabe soliton (briefly,
CRYYS) as

L2
(Lr&)NF.G)+2p" S (7. 9) + 207 = (p+ =) = p"1]¢"(F.,9) =0, (1.3)

where, p is a time dependent scalar field. Also the author introduced concept of conformal 17-Ricci-Yamabe soliton (briefly, CERYS) which
is given by

(&) F9) + WSS 120" A9+ e (54 2 ) = 7| (7. 9) =0 (14

where, u*, p*, p*, and y’ are real scalars [28]. If J#" = grad(f), where f is a smooth function of (Q™, g*) , then (1.4) is known as gradient
conformal 1-Ricci-Yamabe soliton (briefly, GCERYS), for more details (see, [37, 38]):
According to [18] a generalized symmetric 2 tensor on (Q™,g*) is outlined to as

Z(FG) =S (F.9)+vg'(F.9), (L.5)

where, y is an arbitrary scalar function. In Refs. [31, 19, 20, 21, 2, 39, 40], several Z’-tensor attributes were highlighted. From (1.5), the
scalar z* one can get

=T my. (1.6)

In light of the works mentioned above, we propose in our study to investigate several geometric aspects of an . &?-Sasakian spacetime
admitting a CERYS. Now, we recall the following new definition with the help of 1.5 that will be use in the next sections.
A Riemannian manifold (Q", g*) admit

(i) generalized Z-n-Ricci soliton (briefly, GZ(ERS) if
(Le8")(F.9) +2¢' N (F)IN'(9) +20°8(F . 9) + 22 (F.9) =0, (1.7)

(ii) generalized 2 conformal 1n-Ricci soliton (briefly, GZ(CERS) if

(267 9)+22(7.9)+ |0 - (54 2 )| a(79) + 20 (S i) =0, (18)
(iii) generalized 2 conformal n-Ricci-Yamabe soliton (briefly, GZ(CERYYS) if
(265 9) + 2 E D)+ 2072 (794 [ (54 2 ) -0 [ (F9) =0 19)
(iv) gradient generalized 2 conformal 1n-Ricci-Yamabe soliton (briefly, gradient GZ(CERYS) if
Hess(1)+ Wi E @) +p 2 (5 0)+ |- (54 2 ) - 25| e (2.9 0, (110

where, Hess(f) is the Hessian of the smooth function f.
2. Preliminaries

Let © be a manifold with a (1,1)-tensor field ¢, a contravariant vector field &, a covariant vector field nn and a Lorentzian metric g* of
type (0,2) such that for each point p € Q™ the tensor g, : 7,Q x J,Q — R is an inner product of signature (—,+,+, .....,+), where 7,Q

is the tangent space of Q™ at p and R is the real number space which satisfies

0X(F)=F+nH(F)E, nH(E) =1, @.1)

§(F.6)=nHF), §(0F.99) =" (F.9)+n"(F)N"(¥), 22

Y 7,9 on Q™. Then Q" with the structure (¢,&,n%,g*) is called the Lorentzian almost paracontact manifold (briefly, (LAPCM);) [22].
Also we have

9& =0, N*(9.7) =0, Q'(7,9)=Q(7.9), 23)

where Q°(.7,9) = g*(F,0%) [22]. If the (LAPCM)j; satisfies
(V@) (F.9) = a[{g"(Z, ) + ' (F I (A)I*(4) +{"(4,7) + n* (@' () }n*(F)), 24
(F.9) = é(Vm”)(%), 2.5)

for all vector fields .7, ¥, 7 on (Q’ﬁ,g*), where « is a non-zero scalar function, then (Q’ﬁ,g*) is called an . #2-Sasakian manifold with
the coefficient o [8]. Also a vector field ¥ satisfies

VoV =aF +d(F)V, (2.6)
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where ¥ is referred to as a torse-forming vector field (briefly, TFVF) and .2¢ is a non-zero 1-form [32].
Particularly, if £ is a unit TFVF on (Q™, g*), then we have

Vit =aF +d(F)E. @7

Moreover, g*(&,&) = —1, which means that g*(V #&,&) = 0. So, from (2.7), we yield

A (F) = an*(F), 28
and
(Vo)) =Ven'(@) -n*(Vs9) = g"(4.V 5E). 2.9
In light of (2.7)-(2.8), we obtain
(Vo) (@) = alg"(F,9) + ' (F)n* (). (2.10)
Especially, if n? satisfies
(Vo)) = e{e"(Z.9)+n"(F ' @)}, € =1, 2.11)

then (9’7’, &%) is called an .Z. &-Sasakian manifold [8]. In particular, if o satisfies (2.10) and along with
Vzo=do(F)=on'(ZF), (2.12)

where o is a smooth function then & is called a CVFE. Also on Q’h(q), £, nu,g*) with a coefficient & [16], we have

(T G)H) = (& = 0)[g" (4, AN F) —g"(F, A (F)), (2.13)
S(F,8) = (m—1)(a® — o)n*(F), (2.14)

R(F.9)E = (a* —o)n*(4).F —n*(F)9), (2.15)
A(E9)F = (o ~0)[g(F.9)E —n*(F)], (2.16)
(V#0)(@) = alg"(F,.9)& + 20" (F)n"(@)E +n"(9) 7], 2.17)
FOF,09) = S (F,9)+ (m—1)(a* - 6)g"(F,9), (2.18)

Y.F, 4, A on (" g%).

The author of [23] talked about how semi-Riemannian geometry is used in the theory of relativity. Kaigorodov studies the curvature structure

of spacetime [15]. Raychaudhary et al. elaborate on these concepts from the general theory of spacetime [26]. Chaki and Roy [6] investigated

the covariant constant EMT in spacetime. There are many authors analyzed the features of PFST with different types of solitons in this

sequel [1, 9, 40, 41, 14, 34, 35, 36].

A vector field .% on (Q’ﬁ, g*) is refered to as infinitesimal transformation (briefly, IT) if there exists a function v, which obeys [3]
(£2n)(@) = vn*(@). (2.19)

Specifically, .% is known as a strict infinitesimal transformation (briefly, SIT) on (Q’T“, g*) if v=0.
A vector field . on (Q™, g*) is said to be a conformal vector field (briefly, CVF) if

£){/g*(§7g) = 2‘!’8*(9«%)7
where y is a smooth function [33]. Thus for the CVFE, # on (9’7‘, &) we have

(Exr INT,G) = —(-2)" (V22" v, 9) + (N W)g"(7,9), (2.20)

Lpt=—2yr+2(m— 1Ay, (2.21)

Y. Z, 4 on (Q", g*), where 2° and A’ denote the gradient operator and the Laplacian operator [33], respectively .
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3. Generalized % conformal 7n-Ricci-Yamabe soliton on . &7-Sasakian manifold

A generalized £ conformal 1n7-Ricci-Yamabe soliton on (Qﬁ’, g*) are discuss in this section and deduce the remarkable results. From (1.5)
and (1.9), we have

~ 2 *_* *
L0 (7.0 + W I+ 207 (.9 v (F D+ = (42 ) -0 | e (70 =0, G
With reference to (2.7) and (2.8), equation (3.1) reduces
a+yp*) 1 (2 RYEE 1
R L () e | IR EX AR UL E U 8 G2
and
_7(06—0—][/[.)*)7] * [ = E PN B o i AN
7.9 = |- L (5 2) e | )+ e v, 33)
As per equation (3.3), we can easily get
— K 1 *_ | E P
s(8,8)= w+p*+2p*{2u (p-i—ﬁl) pz}} (3.4)
) (OH“I’P*) 1 { * (~ 2) * *}] 1 D\ ff
O‘:: _—_— — - — go‘:fi 2 .
gz = | L L (5 2) -0 b 2 - S vmiog, (3.5)
GE = |- +ﬂ— L Lo~ (54 2) = prz & (3.6)
="V o 2pr M Pt~ ]-pz ) -
_ 7’71(05+WP*)7£ * [ E S L b
T—{ o 2 {ZM (’”m) Pz }+p*(a+w)}, 3.7
Wy = — |yp* - )02 — o) — & (5 = )+ 2E (3.8)
2 m 2 ]’

where 7 is the scalar curvature of (Q”Nq7 g*) and a> — 6 # 0. As per above result, We assert that:

Theorem 3.1. Let (Q’T’, &) admit a GZ(CERY)-soliton, where & is a unit TEVF then the soliton factor u* and l[/b are given by the equation
(3.8).

Also, we exhibit the following results.

Theorem 3.2. Let ~(Q’ﬁ,g*) admit a symmetric and a skew-symmetric tensor ¥’ and ¢ of type (0,2) respectively. If W is parallel with
respect to V on (Q™, g*), then the structure (¢,E,n*, g*) possesses a GZ(CERY);;-soliton.

Proof We think about the following
V(T .9) = (L8 )T, 9)+20* 2 (F.9). (3.9)

In view of (1.5) and (1.9), equation (3.9) reduces

V(7 = [zu* - (1'5+ %) —p*z*} (7. 9) — 290 (P (@) (3.10)
For fix # =¥ = £ in (3.10), we yield
b ol L/ 2N pt
‘I‘(é,é)72[u 2(p+%) 3 v/} (3.11)
Using (3.8) in (3.11), we get
(&, E) = — [41[/b+2p*l//+2p*(r71— 1)(a? —a)] £0. (3.12)

Thus, the Theorem 3.2 is derive from the results (see Theorem 2.1, p-384) in [27]), as well as the preceding results (3.12). So proof is
completed.

Theorem 3.3. Let Q’%(d)?é, nt,g%), m > 1, with coefficient o admit a GZ(CERY);-soliton, then soliton will be (i) shrinking if, a*> > o, (ii)
expanding if, o’ <o.

For the case a = 1, we get from (3.12) that u* < 0, for m > 1. We conclude that
Theorem 3.4. A GZ(CERY);;-soliton on an £ &-Sasakian manifold (Q’ﬁ, g¥), m>1,is always shrinking.
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4. Generalized 2 conformal n-Ricci-Yamabe soliton on . &7-Sasakian spacetimes

Let (Q*, g%) is an ¥ &7-Sasakian manifold with a constant coefficient a. Since a is a constant, we get from (2.12) that 0=0 and so from
(2.14), we have

S (F,€) =30’n*(F). @.1)
If £2 is the square of length of the Ricci tensor, then
m
=Y 7(26,), 4.2)

Now taking, # =¥ =¢;, 1 <i<m,in (3.2), we get

T 4at 4+ b}, 4.3)

where, a] = [_(a;#*) — 2%)* {ou*—(p+ %) —p*z*}] and b] :-#(a—l— V).

With the help of (3.2) and (4.1), we obtain

Z(6,8) =bi—ai = |y+ pli + 2:)* {2u* - (17+ %) —p*z*}} =-3a?, (44)
which implies that
p= B (17+ %) + p*zz* —y —yp*— 3052} : (4.5)
In view of (3.2), (4.2) and (4.4), we yield
2 =360 (4.6)

Thus, £2 is a constant so £ z¢> = 0, that is, (Q*, g*) is an Einstein spacetime [33]. So we infer that:

Theorem 4.1. If (Q*, g*) coupled with GZ(CERY)4-soliton admits an infinitesimal non-isometric conformal transformation, then (Q*, g*)
reduces to an Einstein spacetime.

Again, from a result of Mantica et al. [17]. We get the following.

Corollary 4.2. An £ P-Sasakian spacetime with a GZ(CERY)4-soliton satisfying an infinitesimal non-isometric conformal transformation
the spacetime is a GRW spacetime.

In light of (4.3) and the Theorem 4.1, we state the followings:

Theorem 4.3. An n-Einstein £ &-Sasakian spacetime with an infinitesimal non-isometric conformal transformation does not admit a
proper GZ(CERY)4-soliton.

Corollary 4.4. An £ P-Sasakian spacetime with a GZ(CERY )4-soliton possesses a constant scalar curvature.

Again, the Einstein’s field equations (EFEs) [23]:

SNF.G)— gg*(fiyg) + U (F,9) =0 T (F,9), 4.7)

where 6 is the gravitational constant and .7 is the EMT of type (0,2) is defined as
T(F,G) = (gp+ Ipp)d (F ) (G)+ pr8"(F,9),

where, & is the energy density function, .#,¢ is the isotropic pressure function of the fluid and .7 is a non-zero 1-form such that
g (F,V )=/ (¥) for all #, ¥ being the flow vector field of the fluid [23].
In an . &7-Sasakian spacetime, if & is the flow vector field of the fluid, then

T(F.9) = (bay+ TppH(FINHE) + 58" (F ). “8)
In view of (3.2), (4.3), (4.4) and (4.8), we get
ragy— L[ etvet) L (502 el Tl rey s L nt(F )t
TS = P TR A G ) R B LR G L CL O
As per above, we assert the following:

Theorem 4.5. If (94, &%) attached with GZ(CERY)y4-soliton satisfies the EFEs with the cosmological term 7°, then the EMT of the space is
given by (4.9).

Also, by virtue of (4.4), (4.7) and (4.9), we obtain

1. 2 1
wr=g 20+ 5)+ 207 —60%6" + 16" +29’7rb] + -

2a+y’) 2(a+yp*)

—r+27]. (4.10)
p* P

4 4

Thus we have the followings:
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Theorem 4.6. If the (Q47 &%) equipped with GZ(CERY)4-soliton satisfies the EFE with the cosmological term 7°, then the soliton constant is
given by (4.10).

Theorem 4.7. If (94, &%) attached with GZ(CERY)4-soliton satisfies the EFEs, then (Q4, g) reduces to a quasi Einstein. Moreover, the
spacetime to be dust iff the Lie-derivative of the EMT with respect to & vanish.
Proof. In view of (4.8) and (4.9), we get
1 (Ot + Wp*) 1 * ~ 2 *_% T h * 1
B 4 T 2 ) - R F,G) = &g+ Ipr+ ——(a+ V)N (F)INH (YY) 411
o’ p* M T\ P RE) TP et pr |81 F ) = ba+ Tpp + g (@t WIHF)NHG) @10

If we put # =% = £ in (4.11), we obtain

b (OH-WP*) L *_~E_** E_L by _ pb
T 7{71)* +2p* 2u N p*(OH_W) 0’y 4.12)
Also, contracting (4.11), we have
o [latve) e (50 2) el T D ST
= { e 20" 2u p+r71 Pz 2 +4p*(06+ll/ )+ 7 (Eur —35pf). (4.13)
Adding (4.12) and (4.13), we get
1| 87 (a+y)
gdf+fpf':$ |:_3_p* (414)
Using (4.8) and (4.14) in (4.7), we have
T b D * 8’ (OC+ WQ) i #
SF,G) = [§+9 Iyp—T ]g (7.9) |5+ [ WPIH(9). 4.15)
Taking F =9 =¢;, 1 < i<4,in (4.15), we obtain
87’ (a+y’
b
T= [47[’ —40°.9 ), — R (4.16)
In consequence of (4.15) and (4.16), we find
4’ (a+y) 81 (a+y)
b b
SN(F.9) = {ﬂ — 60" Iy — E §(7.9)~ =3t T N (F)n"(Z), (4.17)
which means that (Q*, g*) is a (QE)4 spacetime. So, the proof is finished.
Also from (4.8) and (4.14), we yield
b b
T(F ) = Sy (FI) + [—8’3’ Y i), @18)
After taking the Lie derivative of (4.18) along with &, we have
1 (87 (a+Vy’
(e7)(F9) = Fy(eed)(F.9) - o {3+(pj”) (28)(#.8)e"(.8)
+ g*(‘gvgéé)g*(g7§)+g*(‘97§)(£€g*)(g7§)
+ §N(F.8)8 (9. L:8)}
which implies that, if (£:¢*)(F,¥) = é [f%’rb - m;#} {e(Z,9) +n*(F)n*(F)} and £¢8=0, then it turn up
(£59)(ﬂ,%):ﬂpf(£€g*)(§7g). (4.19)

Since in general, g*(¢.%,9%) # 0 on (Qz,g) and therefore £¢ g # 0. Thus from (4.19), we see that ( £¢ 7)(F,¥)=0if and only if .%,; =0,
provided 6" # 0. So, Theorem 4.7 is finished.

Theorem 4.8. If (94, &%) attached with GZ(CERY)4-soliton satisfies the EFEs with the cosmological constant and the Lie-derivative of the
EMT with respect to & vanishes, then the acceleration vector and the expansion scalar of the fluid vanishes .

Proof. According to [23], for PFS
E&ur = —(Fpr +Eyp)divé,
and
(Fpr+ éadf)Véé = —grad Sy — (& fpf)é.
With the help of (4.14) and (4.19) along with above equation, we get divé = 0 and Vg& = 0. So the Theorem 4.8 is justified.
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Theorem 4.9. Let (Q4, &%) attached with GZ(CERY )4-soliton satisfies the EFEs with a cosmological term and the Lie-derivative of the EMT
with respect to & vanishes, we have

(VeI NG, H)=0"(VzT)(G,).

Proof. Taking the covariant derivative of (4.15), we get

b N
8T @IV | (2 90t () +- 6 (F. @) + 20 (F )0 (@) ().

(Vo)) = —a| 5+

Also by the similar way from (4.18), we yield

(Vo T), ) = §"(F () +8(F A M (E) + 20 (F)n* (@ )P ().

e | 3 p*

a [SE’ (a+1[/’-

So from above two equations, one can easily get
(V) G, ) =0" (Vi T)G,2). (4.20)

Therefore the proof is finished. B
Next, using the definitions of cyclic parallel and Codazzi type Ricci tensor on (Q™, g*) along with Theorem 4.9, we state the result:

Theorem 4.10. Let (Q4, &) admit a GZ(CERY)4-soliton satisfies the EFEs with a cosmological term. If the Lie-derivative of EMT with
respect to & vanishes, then the Ricci tensor is of Codazzi type iff the EMT is also Codazzi type.

Corollary 4.11. Ler (Q*,g*) attached with a GZ(CERY)y-soliton satisfies the EFEs with a cosmological term and the Lie-derivative of
EMT with respect to & vanishes, then the necessary and sufficient condition for the Ricci tensor is of cyclic parallel iff the EMT is also cyclic
parallel.

5. Existence of generalized 2 conformal 1-Ricci-Yamabe soliton on (Q*, g*)

In this segment, we demonstrate the existence of GZ(CERY)4-soliton on (947 g*) for & = &. Now we prove:
Theorem 5.1. There exists a GZ(CERY)4-soliton on an £ &-Sasakian spacetime.
Proof. If possible, let (94, &) admit a GZ(CERY)4-soliton, then from (1.9), we have

1 1 _ 2 * v* N
FEe)(F ) =@ g 2(F9)- |- (54 2) - EE | ¢ (7.9), 5.
Using (2.7) and (2.8) in (5.1), we yield
~ 2 * % *
W&’ (F.9) P E D)) = -2 i) 202 (5 9) - [ = (54 2 ) - p'e | (79, 52)
Putting % =% = & in (5.2), using (1.5) and (4.1), we get
1 ~ 2 N b * K
W=+ 2) - Gat+ ety + 25 (53)
In view of (5.1) and (5.3), we yield
(L8 )(F.9) + 29N P)nH (@) +20* Z(F.,9)
+ 2 [qﬂ — (30 +y)p*| g (Z.9) = 0. (5.4)

It indicates that (94, g*) admit a GZ(CERY)y4-soliton. Hence the Theorem 5.1 is proved.

Theorem 5.2. Any infinitesimal contact transformation which admit GZ(CERY )4-soliton on (Q’ﬁ, &%), is an infinitesimal strict contact
transformation.

Proof. Let (Q’ﬁ, g*) is a .Z &-Sasakian spacetime with constant coefficient o.. Then from (4.16) the scalar curvature is constant. Thus from
(2.20) and (2.21) we have

(L0 NG, H) = —(—2)g" (Vg D 1, ) + (N k)" (4, ), (5.5)
and
y=Kk—1
From (5.5), we find
(Lx NG, ) =0. (5.6)

Putting % = £ in (5.6), we yield

(Exr?)F,6) =0. 5.7
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Also, we have
(Ex I NG, ) =Ly (L (9.8)) =S (Lx¥.8) =L (4. LxE).
By the use of (2.19) and (4.1), the above equation reduces to
(G, 80 &) =30 (Ln*)(¥) =307 00" ().
Again, putting & = £ in (5.8), we have
F(E, L&) =—-3va’.

Keeping in mind (4.1) and (5.9), we get

N (L&) =—v.
Again (2.19) and (5.10) yield

(L) =,
which implies that

S (F(8)) —n*(Lx &) =v.

In view of (5.10) and (5.12), we get v = 0. Thus from (2.19) together with (5.12), the Theorem 5.2 is proved.

Next, let potential vector field #" = B&, where 8 is a smooth function. Then we obtain
Ve =Vz(BE) = (FB)E+aPe*(F).
In view of (2.1), (2.2), (2.7) and (5.13), we obtain
(Lr g )(F.9) = (FBIN' (D) + (@BIN*(F) +20{g"(F.9)+n*(F)n*(¥)}.
Using (1.9) in (5.14), we yield
(ZBNH (D) + (@I (F)+2aB{g"(F.9) +n (FM(F)} = -20nH(F)('Y)-2p"2(F.9)

S T B )

After, contracting (5.15) over .% and ¥, it follows that
EB = —3aB+y —p*zF -2 {2/4* - (ﬁ—i— %) —p*z*} .
Putting & = £ in (5.15) and using (5.16), it implies
- 7B = {Zu* - <ﬁ+ %) —p* W +p* T —2p*(3a’ + ) +3aﬁ} n*(%).
Again replacing .#% = & in (5.17), we find
EB = {2;1* - (ﬁ+ %) —p Y 4 p —2p* (3% + ) +3aﬁ] .

In view of (5.16) and (5.18), we get

e (=, 2\ .. P (Ba*+vy)
u —[(p%—ﬁ p’z 3 af + 3 .

By using (5.19) in (5.17), we have

which implies that

that is,

Thus we state:

(5.8)

(5.9)

(5.10)

5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

Theorem 5.3. If (Q4,g*) admits a GZ(CERY)y-soliton, then the potential vector field # and the gradient of function B are linearly

dependent.

Theorem 5.4. Let (Q*,g*) admit a GZ(CERY)y-soliton and the potential vector field A is point-wise collinear with &, then (Q*,g*) is a

space of constant curvature.

Moreover, as per [25], we state the finding.

Corollary 5.5. An . &7-Sasakian spacetime attached with GZ(CERY )4-soliton, where the pneotential vector field ¢ is point-wise collianear

with &, then (Q*,g*) is of Petrov type O.
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6. Physical significance of conformal pressure on .Z &7-Sasakian spacetimes

According to [10] and Eq. (4.10), we state the followings:

Theorem 6.1. If an £ &-Sasakian spacetime admits the GZ(CERY)4-soliton and satisfies the EFEs with cosmologocal constant 7, then
the conformal pressure is

-~ 1 2
p=5 4/,L*—2p*z*+2(3a2—ﬂ:b)9b+’c(l—Gb)—O—E(Wb(p*—l))—(an—H) .

Theorem 6.2. If an £ &?-Sasakian spacetime satisfies the EFEs with cosmologocal constant 7 admits GZ(CERY)4-soliton then the metric
g~ is an equilibrium point or Einstein iff

4ur —2p* 7 423> — )0’ +7(1 - 6°) + %(l{/b(p* —1)) =" +1).

Likewise, we turn th following corollary in view of dynamical system.

Corollary 6.3. If an £ &2-Sasakian spacetime satisfies the EFEs with cosmologocal constant 7’ admits GZ(CERY)s-soliton then the metric
g* is an equilibrium point and acts as a nonlinear restoring force.

7. Modified Liouville equation on . &7-Sasakian spacetimes
Let (Q*,g*) is an . Z7-Sasakian spacetime admit GZ(CERY )s-soliton. Then from (1.9), (1.5) and (4.17), we have

JE(VSES) - 8T TaE)

o . amp*  a+vy’ 1, 1. o
+ o |w e @ ) ey - T S S ) - 2 ]g@,g)
8 b *
- (e I mAg) =0, @)

for any .7,% € x(Q*). On contracting (7.1), we get

6w’ p*  4(a+y’)
3 3

), (7.2)

Div(E) = — |4u*+4p*(n’+y’)—4p*0° .7, —

_ 1
2(p+ 5) - 20*2*} —(a+

Remark: In particular, for ®* € C*(Q), then for the vector field £, we have
Div(®*E) = E(dDP™) + D*Div(§),
which implies that, ®* € C*(Q) is a last multiplier of £ with respect to g* if Div(®*£)=0. So it gives
£(dIn®*) = ~Div(&),
is called the Liouville’s equation of the vector field & with respect to g*[24]. So, utilizing this fact and from (7.2), we sate the outcome:

Theorem 7.1. Let (Q*,g) admit a GZ(CERY)4-soliton with a unit time-like vector field & and ®* is the last multiplier of & and ifnﬁ be the
g*-dual 1-form of &, then the modified Liouville equation satisfying by ®* and & is

bk b
E(dIn®*) = |4p* +4p*(n +y’) —4p 0’7, — 167;p —4(05—;1”)—2(17—1—%)—20*?
8 b 4k
+ (a2 (1.3)

8. Gradient generalized 2 conformal 7n-Ricci-Yamabe soliton on . &7-Sasakian spacetimes

Let the soliton vector .# = Zf, where f is a smooth function and 2 stands for gradient operator of g* on (Q*,g*). So from (1.5) and (1.10)
we have

11
P +Hessf +[p"y+p" — 5 (F+ g +y'n @n? =0, 8.1)
which is equivalent to,
1. 1. oz .
VIf==lp"y+pt = 5 (5t 5) = -p 2 - wn ek, (82)

After contracting (8.2) and using (4.1), we yield
L 1 * Kk
Af=—p*y—4p" +2(p+5) +2p"2 —120%p* + . (8.3)

So, we the outcome
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Theorem 8.1. Let (Q4, g) be a £ P-Sasakian spacetime admit a gradient GZ(CERY )4-soliton, then the potential function f satisfies the
Poisson’s equation

1
Af==p Yy —4u* +2(p+5) +2p"< — 1207  + 7.

Further, if the conformal pressure p = %[74(/.1* +p* W) +206*z* — 12p*a® — (1+y°)], then Af =0, i.e., the Laplace equation.

Corollary 8.2. Let (Q* g) admit a gradient GZ(CERY)4-soliton. If the conformal pressure of a perfect fluid matter is p = %[74([,1* +
p*W) +20%7" — 12p*a? — (1 + )], then the potential function f satisfies the Laplace equation.

Also, from the Theorem 8.1, we state that the following:

Corollary 8.3. If the potential function f of a gradient GZ(CERY )4-soliton on (Q4, g) satisfies the Laplace equation then the soliton is
expanding, stable, or declining according to

(i) (P+3) > 3lp* (v — 22" +12a%) — '],

(ii) (F+5) = S [p*(w =22 +120%) — y),

(iii) (p+ %) < %[p*(l]/f 275+ 1202) — ), respectively.

Theorem 8.4. Let (94, g) admit a gradient GZ(CERY )4-soliton with potential function f. Then f is harmonic, subharmonic and superhar-
monic if the conformal pressure is

(i) p= 3 [-4(* +p*y) + 202" — 12p"a” — (1 + )],

(i) p> 3 [—4(u* +p*y) +20* 2 — 12p%a? — (1+ )],

(i) P < 3[-4(u* +p*y) + 207" — 12p* 0 — (1 +y7)].

9. Harmonic aspect of generalized 2 conformal 1-Ricci-Yamabe soliton on . &?-Sasakian space-
times

Let % is a g*-dual 1-form of &, such that g*(.%,&) = n!(.%) and g*(€,€) = —1. Then, & is called a solution of the Schrédinger-Ricci
equation (briefly, SRE) if it satisfies

Div(i)gg*) =0. ©.1)
According to [7], we have
Div(¢g") = (C+.7)(8) +d(Div(§)), 9.2)
where I is the Laplace-Hodge operator with respect to the metric g* and . is the Ricci tensor. Now, form (1.9), we yield
1
(26 F )+ 20 E D) 12072 (794 [ (545 ) -0 | (F9) =0 03
Taking trace of (9.3), we get
~ 1
Div(§) +(p* —207)" +4u* = 2(p+ 5) + vIEP=0. (9.4)
On the other hand, we reflect
Div(n* ®n°) = Div(E)n* + Ven®. 9.5)
From (9.3) and (9.5), we have
Div(L¢g*) +2p*d(T+4y) + 2y [div(E)n* + Ve n?] =0. (9.6)

Also, for Schrodinger-Ricci solution, 1-form 7 satisfies
(C'+.7) () +d(Div(r)) = 0. 9.7
Thus we state:

Theorem 9.1. Let (94, &%) attached with a GZ(CERY)4-soliton and T]:t being the g*-dual of £, then 1‘]Ij is a solution of the Schrodinger-Ricci
equation iff,

D
) 1
d(t+4y) = %[{(p* —20")" +4u" =25+ ) + WIE I~ Ven'] 9.8)
Proof. In view of (2.8),(9.3), (9.4), (9.5) and the formula 2Div(Z) = d(z*), it implies that r]jj is a solution of SRE iff (9.6) holds. O

Again, If 1-form 7 is a Schrodinger-Ricci harmonic form [4], then
(C+.5)(m) =0. 9.9)
Moreover, if Y’ = 0, then (Q*, g*) has genelaized conformal 2°-RYS, or
1
Vent={(p" ~20")" +4p" = 2(p+ )},

where Y’ = (p* —206%)z7" +4u* —2(p+ %). Now we claim that
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Corollary 9.2. If a GZ(CERY)4-soliton on (94, g*) with ’r]ﬁ being the g*-dual of the time-like vector field &, then ’r]ﬁ is the Schrodinger-Ricci
harmonic form if and only if l[/b=0, which produces GZ(CRY )4-soliton or,

* * * ~ 1
Ven' ={(p" —20")2" +4p* 25+ )}’
where, Y = (p* —20*)2* +4u* —2(5+ 3)
10. An Example

Let us consider a 4-dimensional differentiable manifold Q* = {(u,v,w,) € R* : (u,v,w,1) # 0}, where (u,v,w,) is the standard coordinate
in R* and &,&,,2; and e4 on (Q*, g*) given by

a d a d
2 —u—at ¥ o v-at Y 5 weat Y o Y
ey =e ou’ e =e ' ey =e ow’ €4 ot
where a # 0. Let the metric g* on (Q*, g*) is defined as
0, i
gijg*(a',Ej)Z —17 i:j:4
1, elsewhere.

Let n® be the 1-form coupled to the metric as
nH(F) =g"(F @)
forany . € I'(7 Q). The (1, 1)-tensor field ¢ is defined by
p@E)=¢, ¢(@)=eé, ¢(&)=86, ¢(@)=0,
Using the linearity properties of ¢ and g, we yield
N'@) =1, 03(F) = F+n (Fes §(0F.09) =" (F.9)+ n*(F(¥),

forany 7,9 € T'(7Q).
Thus for &4 = &, the structure (¢,&,n%, ¢*) leads to the (LPCM), of dimension 4 (or four dimensional spacetime.) Now, the existing
components of the Lie bracket are as

[€1,84] = aé, [é2,84] = aéy, [€5,84] = aes.

Also for &4 = &, the Koszul’s formula gives

Vglzl :a24, Vglgzzo, VE]E'J' =0, Vg]é'4—ae1,
ng E] = 0, ng Ez = aﬂ4, Vﬂz _‘g = 0, ngg4 =aeyp,
V;_;3 El = 0, V;_;3 €) = 0, th _‘3 = aE4, Vé} ey4 = aes,
Vg451 = 0, V;_;4?2 = 07 V;_; €3 = 07 V;_; €4 = 0

If 7 € x(Q%), then we write it as F=a12| + a2&, + a3@3 + a4@4, where a; € R, i = 1,2,3,4. Then one can notice that V z&4=a{.7 +
n%(.#)é,} holds for each .7 € x(Q*). So the (LPCM)y is an £ #-Sasakian manifold of dimension 4 with a # 0.
Using above relations, the existing components of the curvature tensor

A(2),6)8) = —a*ey, R(e1,83)¢ = —a*e3, R(¢1,64)¢) = —a’es,
R(@1,8,)e, = a*e|, R(2,83)8, = —a’es, R (¢2,84)er = —a’ey,
R(@1,83)83 = a*e|, R(2,83)83 =a’er, R(e3,84)e3 = —a’ey,

R(@),84)84 = —a’8), R(er,84)es = —a"er, R(63,4)84=—a’e5.

Also, S(F,9) =Y} | €8 (%(¢:, F)Y &), where & = g*(;,&), i, j = 1,2,3,4. So we have

32 0 0 0
0 3¢2 0 0
S@Eeé)= 0 0 32> 0
0 0 0 -3
Also from (3.2), we yield
L a+ yp* 1 _ 1 L 1 el
F(@.é) = [—(p#) " 2p {ZH*— (p+ 5) —p*z*}] §"(E8) = 2+ )@ @), (10.1)

foralli € {1,2,3,4.}. Hence we acquire

P o+ * 1 * ~ 1 *_k *(=2 2 1
F@d) = |- o= (5 ) o @ - e v (102
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foralli € {1,2,3,4.}. Thus from above, we can easily get

= (a*+a+ )*—1 po L) PE P = (3o +y)p*+ Y P B (10.3)
pr = P =5 P—3 S W= VP =5 (P35 5 :
So the data (g*,&,u*,y’) is a GZ(CERYS)4 on (Q* g*), which is expanding if (p+ 1) > 2(a + o + y)p* — p*z*, shrinking if
(p+ %) < 2(a+a®+y)p* — p*z*, or steady if (p+ %) =2(a+a?+y)p* — p*z*. Thus the Theorem 5.1 is verified.

Also, T =Y} | S(e;,ej) = 6a*, which means that (Q*, g*) possesses a constant scalar curvature and hence the Corollary 4.4 is verified.

So, we conclude that
(i) If p*=1 and p*=0, then (Q*, g*) admits Ricci flow, which is expanding if (7 — %) > 2(a + o + ), shrinking if (p — %) <2(a+o+y)

or, steady if (p— %) =2(a+a’+y).

(ii) For p*=0 and p*=1, then (Q*, g*) admits Yamabe flow, which is expanding if p < %, shrinking if p > % or, steady if p = %
(iii) If p* = 1 and p* = —1, then (Q*,g*) admits Einstein flow, which is expanding if (p — %) > 2(o + o + ) + 2, shrinking if
(p— %) <2(0+ 02 +y) +2* or, steady if (p— 1) =2(a+a® +y) + 7~

11. Conclusions

A symmetric Z-tensor in pseudo-Riemannian manifolds and spacetimes explores their geometric and general behavior. In addition to
improving our understanding of geometric structures with finite symmetries, this study of such manifolds has applications in physics and other
disciplines. For instance, in [18] defined 2 -tensor and studied its applications in physics. Thereafter many authors study various properties
of these tensors [19, 20, 21]. Inspired by these works we light up some geometric and physical aspect of perfect fluid £ &?-Sasakian
spacetimes whose metrics are the (CERY)4- soliton admitting the 2’ -tensor.
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