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1. Introduction

Let F,G be the group algebra of a group G over a finite field IF, of order ¢ = ",
for some prime p and a positive integer k. The group containing invertible elements
of F,G is denoted by U(F,G). Let J(F,G) be the Jacobson radical of F,G and
V =1+ J(F,G). For H <1 G, the canonical homomorphism w : G — G/H can be
extended to form an epimorphism w’ : F;G — F¢(G/H) given by w'(}_ g ag9) =
> gec Qgw(g). Here, Ker(w') = A(G, H) is a two-sided ideal of F;G generated by
the set {h —1: h € H}. For fundamental definitions and results utilized in this
paper, see [16].

The structure of the unit groups of several finite group algebras have already
been established in [1,4,5,11,14,19]. The dihedral group of order 2n is denoted by
Dy,,. Characterizations of U(ZDsg) and U(ZD;2) are provided by the authors in
[12]. Some general results describing U (Fsx (C,, X Dg)), U(For Day,) for prime p and
U(Fax Dsy,) for odd integers n are given in [7,8,10]. In [2,3], the study of unitary
subgroups of some group algebras have been undertaken.

The six non-isomorphic groups of order 42 are: Djo, Cyo, C3 X D14, C7 X Dg,
C7 x Cs and Cy x (C7 x Cs). The structure of U(F,(D42)) is investigated by the
authors in [13]. Section 3 of this paper describes the unit group U(Fsx(Cs x Day,)).

Further, we characterize the structure of the unit groups of F;Cia, Fq(C3 X Di4),
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F,(C7 x Dg) in Section 4. Additionally, the semisimple case is discussed for the two
semidirect products C7 x Cg and Cs x (C7 x C3) by configuring the corresponding

Wedderburn decomposition.

2. Preliminaries

Some helpful results to explore the structure of F,G/J(F,G) were given by Ferraz
[6]. Let G be a finite group and e be the l.c.m. of the orders of all the p-regular
elements in G. Let 7 be the primitive e-th root of unity over F, and B be the set of
integers ¢ mod e for which  — n' is an automorphism of F,(n) over F,. If [ is the
multiplicative order of ¢ mod e, then B = {1,q,...,¢'~'} mod e. For a p-regular
element g, define 3, to be the sum of all conjugates of g. The cyclotomic F,-class
of B4 is defined by

5(Bg) = {/69’5 | t € B}

Lemma 2.1. [6, Proposition 1.2] The number of cyclotomic Fy-classes in G is

equal to the number of simple components of F,G/J(F,G).

Lemma 2.2. [6, Theorem 1.3] Let n be the same as defined above and d be the
number of cyclotmic Fy-classes in G. If Si,...,Sq are the cyclotomic Fy-classes
in G and Py, ..., Py are the simple components of the center of F,G/J(F,G), then
|S;| = [P : Fy] for a suitable ordering of the indices.

Let us recall a very useful result from [16, Proposition 3.6.11] which states that

if F,G' is semisimple, then

FoG =Fy(G/G) D AG, G)
where F,(G/G’) is the sum of all the commutative simple components of F,G and
A(G,G") is the sum of all others.

Let I, be the set of all p-elements including the identity element of G. Define
amap 0 : G — F, such that 6(g) = 1 if g € I, and 6(g) = 0 otherwise. We
linearly extend 6 from FyG — Fy such that 6(a) = >° 5 agb(g) = delp ay for
alla =3 ccag9 € FoG.

Lemma 2.3. [21, Lemma 2.2] Let G be a finite group and 0 be the map defined
above. Then,

(1) J(F,G) C Ker(9).

(2) Ker(d) = Ann(I,).

(3) J(F,G) € Ann(Iy).
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3. The structure of U(F3.(C3 x Day,))
The group C3 x Dy, of order 6n, for n > 1, is represented as:

C3 X Dy, = (r,s,t | rm=s2=t3=1, rs =sr™ 1, rt =tr, st =1ts).

Theorem 3.1. Let Fy be a finite field of order q = 3%. Then,
UF,(Cs x Day)) =2 ((-+- (C5™* x CF) x C5) -+ x OF) x U(FyDay,).

n times

Proof. Let G = C3 x Dy, then N = (¢) is a normal subgroup of G of order 3.
Let M = (r,s), then the factor group G/N = M = D,,. Now, define a map
v :F,G — F,M given by

n—1 2

WY > t'r7(aiysj + Qiv3j43n5)) = Z

§=04i=0

-(ai+3j + @i13j43n5)-

HM[\D

We obtain a group epimorphism ¥’ : U(F,G) — U(F, M) by restricting the ring
epimorphism W. Again, the restriction of the inclusion map from F,M — F,G
results in a group monomorphism ® : U(F,M) — U(F,G) defined by

n—1

L 193+ 2jn8)) = g P2+ 2545).

Let K = ker(¥'). Since W' o ® = lyr, ar), U(F,G) = K x U(F,M).
n—-1 2
Consider v = >~ >~ t'17(aj43j + aitsj+3n5) € K, i.e., ¥'(v) = 1 and this results
j=0i=0
in the following equations:

ag=1—ay —as, azqg = —a3qy1 — a3q42 ford=1,...,2n — 1.

Given this, an equivalent way of writing the set K is

(t" = 1)1 (biyo;j + biy2jsons) | bi € Fy}.

HMN}

SR>

It can be verified that K is a non-abelian group satisfying X3 = 1. The presumption
q = 3* concludes |K| = 347,

Consider some subgroups of K defined as:
Sg = {1 +x1t + 2ot + 26%)rs | z; € F,} ford=0,1,...,n—1,

and U, = K,

n—1 2

. /\n71 .
Up={1+ X Z( —Drlyiyaj +t 3 r'Yirony1s | yi € Fy),
7j=01i= =0
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2 n—1 d—1
Us= {14+ (= 1) yira; + Y ' Yit251205)
i=1 =0 =0

n—1

+eriyi+d+2n+18 | ys € Fo} ford=1,...,n—1.
i=d

Here, Sq and Uy are subgroups of Uy and I = SyNUy = {1421t | 2, € F,} = C¥,
for d = 0,1, n — 1. Moreover, Sy is an abelian group and therefore, for each

d=0,1,...,n—1, there exists some subgroup R, of Sy satisfying S; = I x R4 with

R4 = Ck. Considering some general elements

pa =1+ x1t 4+ 2o(t + 2t%)rds € Sy ford=0,...,n—1,

2 ) . _n—1
qo=1+4 > > (' = D)rlyipa; +t Y 7" yirons15 € U,
1 3 =0

qdd = 1+ Z Z T'jyz+2] Z r? yz+23+2n3

2
n—1
+t " Yirdronst1S € Ug ford=1,...,n—1.
i=d
Let us deﬁne
. n—1 2 . .
Z Z( = DYy, By = 30 (8 = 1)y,
7j=01i= j=01i=1
EIQV():():E)&’O7 E27 Z Z( Z—l)rjy,;+2j+2n fOI‘d: 1,...,7’L717

( t— 1)r’jy¢+2j+2n ford=1,...,n—1 and

HMM

Eé,d = Z:

n—1
Ezq=1t) mirarony1 ford=0,...,n—1.
i=d

Equivalently, ¢4 can be written as:

qd:1—|—E1—|—E27dS+E3,d$€Ud ford=0,...,n—1.

The fact that Sy C K, gives us Sg = 1. Thus, for pgy € Sy,

pgl =p2 =1+ (2z; + 22)t + 29(t + 2t)r?s ford=0,...,n—1.

The structure of K can be concluded by combining the information given so far

along with the following steps.
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Step 1: Let qp € Uy and pg € Sp. Then,

ab° = py 'qopo
= qo + z2(t + 2t*)(Ey — E})s € Uy,

~

By definition, Sy normalizes Uy. Furthermore, Uy is abelian and therefore Uy =2
C3nk. Clearly, Uy N Rg = {1} and hence U; = Uy x Ry = C3"F x C¥.

Step 2: Let ¢g; € Uy and p; € S1. Then,

9" =piiam
=q + l‘g(t + 2t2)(E1 — Ei)TS + Iz(t + 2t2)(E271r71 — E§71T) e U;.

Again, it follows that S; normalizes U; and as U; N Ry = {1}, therefore Uy =
Ui ¥ Ry =2 (C3"F x CF) x CF.

In general,
Pa _ 2  pryd 2 —d_ g .d
" = qqa + x2(t + 2t°)(E1 — E})r?s + xa(t + 2t°)(Eg,ar B, 47 ) e Uy

ford=0,...,n—1.

Proceeding in a similar manner, it can be shown that S; normalizes Uy and
therefore Uy =2 Ug x Rg for d =2,...,n — 1. Consequently, U, 2 U, -1 X R,,_1,
that is

K22 ((-- (C5™* x CE) x CF) ... x CF).

n times

Since M = Do, we get

U(F,(C3 X Dap)) = (- (C5™* x CF) x CF) x ... x C5) x U(F,Day). O

n times
4. Some structures of U(F,G) for |G| = 42

The results pertaining to the structures of U(F,G) for the earlier mentioned

groups G of order 42 are provided in this section.

Theorem 4.1. Let F, be a finite field of order ¢ = p* with characteristic p and let
G= C7 X D6.

(1) If Char F, = 2, then U(F,G) = CI* x U(F,G/J(F,G)).
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(2) If Char F, = 3, then

(C3'F % CF) x C14, if ¢ =1 mod 14;
U(E.C) = (C3** % CF) % (C2_, x C 1) if ¢ = —1 mod 14;
,G) =
(C3"% % CF) % (C2_) x C%_ ), if ¢ = 3,5 mod 14;
(C3% % CF) % (Co_y x Cs_y), if ¢ = —3,—5 mod 14.

(3) If Char F, =7, then
UF,G) = K x (02 1 X GL(2,F,)),
where K is a non-abelian group of order 7% satisfying K7 = 1.
(4) If Char F, # 2,3,7, then U(F,G) is isomorphic to
(a) Cj%y x GL(2,F,)", if ¢ = 1,29 mod 42.
b 02 x O%_y x GL(2,Fy) x GL(2,Fys), if ¢ =5,17,19,31 mod 42.
1 1 q
(¢c) C2_; x 033_1 x GL(2,Fy) x GL(2,F )%, if ¢ =11,23,25,37 mod 42.
(d) C2_; % C(?Ll x GL(2,F,) x GL(2,F,2)3, if ¢ = 13,41 mod 42.

Proof. Let G = (r,s,t | r3 =52 =t" =1, rs = sr™1, rt = tr, st =ts).

1. Char F, = 2: For p = 2, we have I = {1,s,7s,7%s}. Then, Iy = 1+7#s. Let
1 6 2 o
us consider a general element v = > Y > h;ig;401,tiris? € F,G such that
k=0;=0i=0

Y(1+7s) =0ie., vy+Ffs=0.
After simplifying, we get the equations:

hgi = h3i+7n = h3i+m+21 for i = O, 1, ey 6, and m = O7 1, 2.

6 .
Consequently, v = > ¢;t*7(1 4+ s). Thus,
i=0

~ 6 .
Ann(ly) = {3 qit'*(1+s) | ¢; € Fy}.
1=0

Observe that t,# € Z(F,G) and (1 + s)?> = 0, therefore Ann(f2)2 = (0). As a
result, Al’ll’l(fg) C J(F,G). By using Lemma 2.3, we obtain Ann(fg) = J(F,G). It
is trivial to see that V2 = 1 and therefore V = CJ*. Hence, with the help of [9,

Lemma 2.1], we conclude that
UF,G) = CF xUF,G/IF,G)).

2. Char F, = 3: Using the result given by Gildea [7, Theorem 1.1] for the

particular case of n =7, we get

U(Fa (Cy x D)) 22 (C2% 31 CTF) 31 U(Far (C1a)).
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Finally, we deduce our result by utilizing [18, Theorem 4.3].
3. Char F, =7: Let M = (r,s) and N = (t). Since N < G, G/N = M = Dy.
Now, define a map ¥ : F,G — F,M given by
(32 >t (aipr + aivrjeo18)) = 20 30 17 (Givr; + Gigrjrons).
j=0i=0 j=0i=0
We obtain a group epimorphism V' : U(F,G) — U(F,M) by restricting the ring
epimorphism W. Again, the restriction of the inclusion map from F,M — F,G

provides a group monomorphism ® : U (F,M) — U(F,G) defined by

o

.
I
=)

. 2 y
(25 + zj138)) = 22 17 (25 + 2j439).
=0
Let IC = ker(¥'). Since ' o ® = 1y/r, 1),

UF,G) = K x UF,M) 2K x UF,Dg).

2 6

Consider v = Y 3" t'r9(aij17; + aiyrj+218) € K i.e.,, U'(v) = 1, which leads to
§=04=0

the following equations:

6 6

Zai = 1, Zai_wd:Oford: 1,...,5.

i=0 i=0
Thus,

2 6 ,
K={1+ 2 > (" =1)r!(bise; + bitej+185) | bi € Fg}.
j=0i=1

Consequently, it can be verified that K is a non-abelian group satisfying K7 = 1
with || = 736%. Also, by [20, Theorem 2.3], we get U(FDg) = C2_| x GL(2,F,).

Hence,
UF,G) =K x (Cg_1 x GL(2,F,)).

4. Char F, # 2,3,7: Since p t |G|, by Maschke’s theorem F,G is a semisimple
group algebra and J(F,G) = (0). Also,

F,G=F,(G/G)P AG,G).
The conjugacy classes of G are:
[t = {t'} fori =0,1,...,6;
[rt'] = {rt’, 7%} fori =0,1,...,6;
[st] = {st’,rst’, r?st'} fori=0,1,...,6.

Observe that G/G’ =2 C1y4, thus the Wedderburn decomposition is
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m

FqG = FqCM @ M(nj, RJ)
7j=1

where n; > 2 and for each j € {1,...,m}, R, represents a division algebra over
F,. Since class sums form a basis for Z(F,G), dim(Z(F,G)) = 21. This implies,
m < 7. Also, for any choice of characteristic p, e = 42. The structure of F,C14 has
been given by [18, Theorem 4.3].

(a) If ¢ = 1,29 mod 42, then B = {1} mod 42 or B = {1,29} mod 42. This
provides |S(8g)| =1 for all g € G. Using Lemmas 2.1 and 2.2, we get

7
FQG = ]F¢114 @ M(n]VIFq)‘
=1

7
The equation generated by equating the dimensions of both sides is > nf = 28.
j=1
The only possible solution is n; = 2 for all j € {1,...,7}. Hence,

F,G = FL @ M(2,F,)".

(b) If ¢ = 5,17,19,31 mod 42, then B = {1,5,17,25,37,41} mod 42 or B =
{1,13,19,25,31,37} mod 42. Thus, |S(8y)| =1for g =1, r, s, and |S(8,)| = 6 for
g=t, rt, st. Then,

F,G = F? EBIFgG @D M(n.,Fy) B M(na, Fyo),

by using Lemmas 2.1 and 2.2. The necessary condition n? 4+ 6n3 = 28 is true only

when n; = no = 2. Hence,
F,G 2 BT, @ M2 F,) @ M(2,F).

(c) If ¢ = 11,23,25,37 mod 42, then B = {1,11,23,25,29,37} mod 42 or B =
{1,25,37} mod 42. This gives |[S(By)| = 1 for ¢ = 1, r, s and |S(B,)| = 3 for
g=t, t3, rt, rt3, st, st3. Using Lemmas 2.1 and 2.2,

F,G = F? EB]F;‘3 @D M(n1,Fq) @ M(na, Fys) P M(ns, Fys),
with the restriction that n? + 3n3 + 3n% = 28. The only possible solution of the
equation is ny = ng = n3z = 2. Hence,
F,G = F2@FY @ M(2,F,) @ M(2,Fp)>

(d) If ¢ = 13,41 mod 42, then B = {1,13} mod 42 or B = {1,41} mod 42.
Thus, |S(B,)] =1 for g =1, r, s, and |S(By)| = 2 for g = t, 2, t3,7t, rt?, rt3,
st, st?, st3. Lemmas 2.1 and 2.2 provide us

4
F,G = IFg @ng &b M(nq1,Fy) ‘ 2M(nj,]Fq2),
j=
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4
under the condition that nf 4 - 2n% = 28, which has the only solution as n; = 2
=2

for all j € {1,...,4}. Hence,
F,G = F2 @FS, @ M(2F,) @ M(2,F,2)°. D
Theorem 4.2. Let I, be a finite field of order ¢ = p* with characteristic p and let
G = C3 x Dqy.
(1) If Char F, =2, then
UF,G) = CF xUF,G/I(F,QG)).
(2) If Char F, = 3, then

Kx(C?_, x GL(2,F,)3), ifq==+1 mod T;
q q

UF,G) = '
K (C’g_1 X GL(2,Fys)), ifq==%2,£3 mod 7,

where K 22 (((((((C3™ x CF) x CE) x C) % C§) x CF) x CF) x CF).
(3) If Char F, =7, then
UF,G) =K x Cf;_l,
where K is a non-abelian group of order 73% satisfying K7 = 1.
(4) If Char F, # 2,3,7, then U(F,G) is isomorphic to

(a) C_; x GL(2,F,)?, if ¢ = 1,13 mod 42.
(b) Cq_q x C%_y x GL(2,F ) x GL(2,Fys), if ¢ =5,11,17,23 mod 42.
c) C8 [ xGL(2,F,3)3, if ¢ = 19,25,31,37 mod 42.
q—1 q
d) C? | xC?%_, x GL(2,F,)3 x GL(2,F2)3,if ¢ = 29,41 mod 42.
q—1 q2—1 q q

Proof. Let G = (r,s,t | r" =82 =3 =1, rs =sr™L, rt = tr, st =ts).

1. Char F, = 2: For p = 2, we have Iy = {1,s,rs,r%s,...,7%}. Then,

R 1 2 6 o

Iy = 1+7s. Let us consider a general element vy = Y > > hi+7j+21kt3rlsk eF,G
k=03=0i=0

such that

(1 +7s) =01ie.,vy+~7s=0.
After simplifying, we get the equations:

h7i = h7i+m = h7i+m+21 for i = 07 1, 2, and m = 0, 1, ey 6.

2 .
Consequently, v = > ¢;t"#(1 + s). Thus,
i=0

Ann(B) = {22 at'#(1+s) | ¢ € F,}.
=0
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Observe that t,7 € Z(F,G) and (1 + s)? = 0, therefore Amn(1)? = (0). As a
result, Ann(I) C J(FyG). By using Lemma 2.3, we obtain Ann(L,) = JEF,G). It
is trivial to show that V2 = 1 and therefore V' = C3*. Hence, with the help of [9,

Lemma 2.1], we conclude that
UF,G) = C3F xUF,G/JF,G)).
2. Char F, = 3: Specifically, for n = 7, applying Theorem 3.1 provides
UF,(C3 x Dy4)) =K xXU(FyD14)
where
K22 (((((((C3F % CF) % CF) % CF) x C5) % CF) x CF) = CF).
Furthermore, based on [17, Theorem 4.1], we find

C?_, x GL(2,F,)3, if g = +1 mod 7;
UF D)= ! (2,Fo) e
CZ_ | x GL(2,F ), if ¢ = +2,43 mod 7.

3. Char F, =T7: Let M = (s,t) and N = (r). Since N < G, G/N = M = C.
Now, define a map ¥ : F,G — F,M given by

6
> t(ait7s + aitrji218)-
0¢=0

Mm

(az+73 + Qit7i421 s)) =

HM@

J
We obtain a group epimorphism ¥’ : U(F,G) — U(F,M) by restricting the ring
epimorphism W. Again, the restriction of the inclusion map from F,M — F,G
provides a group monomorphism @ : U(F,M) — U(F,G) defined by

2 . 2 .
@(j;o t(zj + zj439)) = ]go t(z; + 2j435).

Let K€ = ker(¥’). Since ¥’ o ® = ly(x, 1),
UF,G) = K x UFM) = K x UF,Cg).

2 6
Consider v = > > /1" (ait7j + Gitrj4215) € K ie., ¥'(v) = 1, which leads to
j=0i=0
the following equations:
6 6
Zaizl, Zai+7d:0f0rd:1,...,5.
i=0 i=0

Thus,

2 6
K={1+ Z Z(T — D)t/ (bitoj + bivejr188) | b € Fy}.
=iz
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Consequently, it can be verified that K is a non-abelian group satisfying K7 = 1
with |K| = 736%. Also, by [18, Theorem 4.1], we get U (F,Cs) = C¢_,. Hence,

UF,G) =K x C5_;.

4. Char F, # 2,3,7: Since p t |G|, F,G is a semisimple group algebra and
J(F,G) = (0). Also,

F,G = F,(G/G') @ AG,G).

The conjugacy classes of G are:

[t'] = {t'} fori=0,1,2;
[rt] = {rt’, 761"} fori=0,1,2;
[r2t]] = {r?t?, rot'} fori=0,1,2;
[r3t]] = {r3tt, 1t} fori=0,1,2;

[st] = {st’,rst’, r2st,... rOst'} for i =0,1,2.

Observe that G/G’ = Cg, thus

FQG = Fq06 691 M(nj, R])
j=
where n; > 2 and for each j € {1,...,m}, R; represents a division algebra over F,.

Since dim(Z(F,G)) = 15, m < 9. Also, for any value of characteristic p, e = 42.
By [18, Theorem 4.1], the structure of F,Cg has been determined.

(a) If ¢ = 1,13 mod 42, then B = {1} mod 42 or B = {1, 13} mod 42. This gives
|S(Bg)| =1 for all g € G. Using Lemmas 2.1 and 2.2, we get

F,G

1

9
F) @ M(n;,F,)
e

9
The equation n? = 36 is obtained by equating the dimensions of both sides.
j=1

The only possible solution is when n; = 2 for all j € {1,...,9}. Hence,
F,G 2 FO D M(2F,).

(b) If ¢ = 5,11,17,23 mod 42, then B = {1,5,17,25,37,41} mod 42 or B =
{1,11,23,25,29,37} mod 42. Thus, |S(By)| = 1 for g = 1, s, |S(By)| = 2 for
g=t, st, |S(By)| =3 for g =r, and |S(8,)| = 6 for g = rt. Then,

F,G = Fi @Fig P M(n,,Fgs) @ M(ng,Fys),
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by using Lemmas 2.1 and 2.2. The necessary condition 3n} + 6n3 = 36 is true only

when n; = ny = 2. Hence,
F,G = ]Fg EBIF32 P M2,Fps) P M(2,Fge).

(c) If ¢ = 19,25,31,37 mod 42, then B = {1,13,19,25,31,37} mod 42 or B =
{1,25,37} mod 42. This provides [S(3,)| = 1 for g = 1, s, t, t?, st, st?, and
|S(By)] = 3 for g =r, rt, rt*. Using Lemmas 2.1 and 2.2,

3
F,G = F?I Q%M(nj,ﬂ?qs),
j=
with the restriction that 3(n? 4+ n3 + n2) = 36. The only possible solution of this
equation is nqy = ne = n3g = 2. Hence,
F,G = Fg D M(2,Fpz)3.

(d) If ¢ = 29,41 mod 42, then B = {1,29} mod 42 or B = {1,41} mod 42. Thus,
1S(By)] = 1 for g =1, s, r, 72, r3 and |S(B,)| = 2 for g = ¢, st, rt, r’t, r3t.

Lemmas 2.1 and 2.2 provide us

3 6
FyG = @ @ M(ny,Fo) @ My, Fre),
1= 7=

3 6
with the condition that Y n?+ Y 2nF = 36, which only has the solution as n; = 2
j=1 j=4

for all j € {1,...,6}. Hence,

IFqGgFg@ng@M(2,Fq)3@M(2,]qu)3. O
Theorem 4.3. Let F, be a finite field of order ¢ = P with characteristic p # 2,3,7
and let G = C7 x Cg. Then,
CS%_, x GL(6,F,), if g =1,13,19, 25,31, 37 mod 42;
Z/{(]FQG) o qg—1 ( q) fq

C2, x C%_, x GL(6,F,), if q=>5,11,17,23,29,41 mod 42.
Proof. Let G = {a,b| a” =b5 =1, bab~! = a?).
Since p 1 |G|, FyG is a semisimple group algebra and J(F,G) = (0). Also,
F,G=F,(G/G)DAG,G).

The conjugacy classes of G are:

1] ={1},

[a] = {a,a?,...,a%},

[b7] = {V', ab’, a®b’, ..., a%"} fori=1,...,5.
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Observe that G/G’' = Cg, thus
FqG = IFQC'G @ M(nj,Rj)
i=1

where n; > 2 and for each j € {1,...,m}, R; represents a division algebra over F,.
Since dim(Z(F,G)) = 7, m = 1. Also, for any choice of characteristic p, e = 42.
The structure of F,Cy has been given by ([18], Theorem 4.1).

(a) If ¢ = 1,13,19, 25,31, 37 mod 42, then B = {1} mod 42 or B = {1, 13} mod 42
or B={1,13,19,25,31,37} mod 42 or B = {1, 25,37} mod 42. This gives |S(8,)| =
1 for all g € G. Using Lemmas 2.1 and 2.2, we get

F,G = F5 D M(ni, Fy)
with the condition that n} = 36. Hence, n; = 6 and consequently
FyG = TS @ M(G,F,).

(b) If ¢ = 5,11,17,23,29,41 mod 42, then B = {1,5,17,25,37,41} mod 42 or
B = {1,11,23,25,29,37} mod 42 or B = {1,29} mod 42 or B = {1,41} mod 42.
This gives |S(B,)] = 1 for ¢ = 1, a, b®, and [S(B,)| = 2 for g = b, b*. Using

Lemmas 2.1 and 2.2, we get
F,G = F2@F2 @ M(n,F,)
with the restriction that n? = 36. Hence, n; = 6 and as a result
F,G = F2 @F2 @ M(6,F,). 0

Theorem 4.4. Let F, be a finite field of order ¢ = p* with characteristic p # 2,3,7
and let G = Cy x (C7 x C3). Then,

CS | x GL(3,Fy)*, if g =1,25,37 mod 42;
U(F,C) = 03—1 X 032—1 x GL(3,F2)%,  if ¢=5,17,41 mod 42;
,G) =
CS | X GL(3,Fp)?, if ¢ = 13,19, 31 mod 42;

C2 ., x C%_, x GL(3,F,)*,  if ¢=11,23,29 mod 42.

Proof. Let G = {a,b,c | a” =b3=c? =1, bab~! = a2, ac = ca, bc = cb).
Since p 1 |G|, by Maschke’s theorem F,G is a semisimple group algebra and
J(F,G) = (0). Also,

F,G = F,(G/G') @ AG,G).
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The conjugacy classes of G are:

[ ={1},
[e] = {¢e},
[ac’] = {act, a®c, a*c'} fori=0,1;
[a3c] = {a3ct, aPct, abc') for i =0, 1;
[bc'] = {bct, abct, a®bet, . .. a®bc’} for i =0,1;
[b2c’] = {b2c, ab?ct, a®b? e, ... a®bP '} for i =0, 1.

Observe that G/G’ = Cg, thus
FoG = FoCs @ M(n;, R;)
i=1

where n; > 2 and for each j € {1,...,m}, R; represents a division algebra over Fy.
Since dim(Z(F,G)) = 10, m < 4. Here, for any value of characteristic p, e = 42.
By [18, Theorem 4.1], the structure of F,Cs has been determined.

(a) If ¢ = 1,25,37 mod 42, then B = {1} mod 42 or B = {1,25,37} mod 42.
This gives |S(8y)| =1 for all g € G. Using Lemmas 2.1 and 2.2, we get

4
F,G = Fg G%M(nj,lﬁ'q).
]:

4
The equation Y nf = 36 is obtained by equating the dimensions of both the sides.
j=1
The only possible solution is n; = 3 for all j € {1,...,4}. Hence,

F,G = FS @ M(3,F,)"

(b) If ¢ = 5,17,41 mod 42, then B = {1,5,17,25,37,41} mod 42 or B =
{1,41} mod 42. Thus, |S(B,)| =1for g =1, ¢, and |S(8,)| = 2 for g = a, ac, b, be.
Then,

FoG = TF; @F2 D M(n1,Fq2) @ M(no, Fpe),
by using Lemmas 2.1 and 2.2. The necessary condition of 2(n?+n3) = 36 is satisfied
only when n; = ns = 3. Hence,
FoG =T, DF D M(3,Fp)?
(c) If ¢ = 13,19,31 mod 42, then B = {1,13,19,25,31,37} mod 42 or B =

{1,13} mod 42. Tt follows from here that |S(3,)| =1 for g =1, ¢, b, b2, be, bc,
and |S(B4)| = 2 for g = a, ac. Using Lemmas 2.1 and 2.2,

F,G 2 FS @ M(n1,Fye) @ M(n2, Fye).
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with the restriction that 2(n? +n3) = 36. The only possible solution of the equation

is n1 = no = 3. Hence,
F,G = Fg ) M(37qu)2.

(d) If ¢ = 11,23,29 mod 42, then B = {1,11,23,25,29,37} mod 42 or B =
{1,29} mod 42. Thus, |S(B,)| =1for g=1, ¢, a, a®, ac, a3c, and |S(B,)| = 2 for
g =>b, bc. Lemmas 2.1 and 2.2 guide us

4
F,G =TF; DF2 @1 M(n;,F,),
=

4
with the condition that 3 n? = 36, which is only possible when n; = 3 for all
j=1
je{l,...,4}. Hence,

F,G = F2 @ F2 @ M(3,F,)". O

Theorem 4.5. Let F, be a finite field of order ¢ = p* with characteristic p and let
G =Cyo.

(1) If Char F, # 2,3,7, then

ngl, if =1 mod 21;
03—1 X 032_1 X 033_1 X 036_1, if ¢ = 2,11 mod 21,
Co_1 x O3y, if ¢ = 4,16 mod 21;
U(F,G) = Ci1xCh_y xC%_y, if ¢ = 5,17 mod 21;
City x C’;ff}_l, if ¢ = 8 mod 21;
Co—1 % Cg_, if ¢ = 10,19 mod 21;
Co_1 x O, if ¢ = 13 mod 21;
Ci1 xC%_, if ¢ = 20 mod 21.
(2) If Char F, =2, then
C21k % C’gll, if ¢ =1 mod 21,
UE,C) = C3% x Cy1 x Cpzqy x C2%_ | x CZi_y, if ¢ = 2,11 mod 21;
C3t* x C3_ x CS_y, if ¢ = 4,16 mod 21;

C32F x C’g_l X 052_1, if ¢ =8 mod 21.
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(3) If Char F, = 3, then

C28F x qufl, if g =1 mod 14;
C28F x C’g_l X 036_1, if ¢ = 3,5 mod 14;
C3¥ x CF_y x Cs_y, if ¢=9,11 mod 14;
C3%% x C2_ x C(?Ll, if ¢ = 13 mod 14.

U(F,G) =

(4) If Char F, =7, then U(F,G) = C3% x C_,.

Proof. Let Cy = (a | a*? = 1).
1. Char F, # 2,3,7: By Maschke’s theorem IF,G is a semisimple group algebra.
Consider,

F,G = Fq(Cy x Co1) = (FgC)Co1 = (quaﬂ?q)cﬂ = (FqCﬂ)Q'

Let P = Cy = (b | b*! =1). Now, our goal is to determine the structure of F,P.
In view of this, all the conjugacy classes of P are p-regular and e = 21.

If ¢ =1 mod 21, then B = {1} mod 21 and thus |S(8,)] = 1 for all g € P. By
Lemmas 2.1 and 2.2, we get

F,P =~ F2.,
If ¢ = 2,11 mod 21, then B = {1,2,4,8,11,16} mod 21, which implies |S(8,)| =1
for g =1, |S(B,)| = 2 for g = b7, |S(B,)| = 3 for g = b3, b7, and |S(B,)| = 6 for
g =">b, b°. By Lemmas 2.1 and 2.2,
F,P=F,PF, GB]F(QI3 @F?}a
If ¢ = 4,16 mod 21, then B = {1,4,16} mod 21. Thus, |S(3,)| = 1for g =1, b7, b4,
and |S(By)| = 3 for g =b, b2, b3, b°, b°, b0. Using Lemmas 2.1 and 2.2,
FyP = TF; DF.
If ¢ = 5,17 mod 21, then B = {1,4,5,16,17,20} mod 21. Thus, [S(8,)| = 1 for
g=1,]S(8,)| =2 for g =07, and |S(B,)| = 6 for g = b, b*, b>. Using Lemmas 2.1
and 2.2,
FoP=F,PFp EBIng.

If ¢ = 8 mod 21, then B = {1,8} mod 21. This leads us to |S(8,)] = 1 for
g=1, b3 5, b9, b2 b5, b8 and |S(B,)| =2 for g =b, b?, b1, b5, b7, b0, BI3.
Lemmas 2.1 and 2.2 imply

F P = F] QF,.
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If ¢ = 10,19 mod 21, then B = {1,4,10,13,16,19} mod 21. Thus |S(8,)| = 1 for
g=1, 0", b and |S(B,)| =6 for g = b, b*, b*. By Lemmas 2.1 and 2.2,
F,P = F @ F,.

If ¢ = 13 mod 21, then B = {1,13} mod 21. Hence |S(8,)| =1 for g = 1, b7, b4,
and [S(B,)| =2 for g = b, b2, b3, b*, b0, b°, b, b1, b'6. By Lemmas 2.1 and 2.2,

F,P = F BF,.
If ¢ = 20 mod 21, then B = {1,20} mod 21. Thus, |S(84)| = 1 for g = 1, and
|S(Bg)| =2 for g =b™ for m =1,2,...,10. Lemmas 2.1 and 2.2 imply that

F,P ~F, @FL.

2. Char F, = 2: Let H = (a®'). Then, [G : H] = 21 # 0 in F,. By [15, The-
orem 7.2.7 and Lemma 8.1.17], J(F,G) = A(G, H) and therefore F,G/J(F,G) =
F,(G/H) = F,Cs. Since dim(J(F,G)) = 21 and J(F,G)? = (0), V2 = 1 and
V = C3k. Thus,

U(FqG) = C%lk X U(Fq021).

The structure of U(FF,Cs1) has been derived in part 1.

3. Char F, = 3: Let N = (a'*). Then, [G : N] = 14 # 0 in F,. By [15,
Theorem 7.2.7 and Lemma 8.1.17], J(F,G) = A(G, N) and F,G/J(F,G) = F,C14.
Since dim(J(F,G)) = 28 and J(F,G)3 = (0), V3 =1 and V = C28%. Thus,

H(FQG) = Oggk X U(Fq014).

The rest follows by [18, Theorem 4.3].

4. Char F, = 7: Let K = (a%). Then, [G : K] = 6 # 0 in F,. Thus, by [15,
Theorem 7.2.7 and Lemma 8.1.17], J(F,G) = A(G, K) and F,G/J(F,G) = F,Cs.
Since dim(J(F,G)) = 36 and J(F,G)” = (0), V7 =1 and V = C3*. Hence,

UF,G) = C3% x YU(F,Cs).
By [18, Theorem 4.1],
UF,G) = C3% x C8E_ . 0
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