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ABSTRACT  

In this paper, we defined the concepts of (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistical convergence and (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistical boundedness for 
sequences 𝑢𝑢 and 𝑣𝑣 with nonzero terms. Then, we extend these concepts to the concepts of �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-statistical 

convergence and �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
-statistical boundedness using the sequences (𝜆𝜆𝑛𝑛)  satisfying the conditions 𝜆𝜆1 = 1,  

𝜆𝜆𝑛𝑛+1 ≤ 𝜆𝜆𝑛𝑛 + 1  and  𝜆𝜆𝑛𝑛 → ∞ (𝑛𝑛 → ∞).  Then, using the concepts of �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
-statistical convergence and �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-

statistical boundedness, we defined the sequence spaces �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑐𝑐𝛼𝛼) and �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼) with the help of numbers 𝛼𝛼 
satisfying the condition 0 < 𝛼𝛼 ≤ 1.  We also investigated the inclusion relations between these sequence spaces 
and between the sequence spaces obtained in some special cases. 
 
Keywords: Difference Sequences, Statistical Boundedness, Statistical Convergence 
 
 

𝜶𝜶. Mertebeden (∆𝒗𝒗𝒎𝒎)𝒖𝒖-İstatistiksel Sınırlılık ve Yakınsaklık 
 

ÖZ 
Bu makalede, terimleri sıfırdan farklı 𝑢𝑢 ve 𝑣𝑣  sayı dizileri için (∆𝑣𝑣𝑚𝑚)𝑢𝑢-istatistiksel yakınsaklık ve (∆𝑣𝑣𝑚𝑚)𝑢𝑢-istatistiksel 
sınırlılık kavramlarını tanımladık. Daha sonra bu kavramları  𝜆𝜆1 = 1,  𝜆𝜆𝑛𝑛+1 ≤ 𝜆𝜆𝑛𝑛 + 1  ve 𝜆𝜆𝑛𝑛 → ∞  (𝑛𝑛 → ∞) şartını 
sağlayan (𝜆𝜆𝑛𝑛) dizilerini kullanarak �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-istatistiksel yakınsaklık ve �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-istatistiksel sınırlılık kavramlarına 

genişlettik. Daha sonra �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
-istatistiksel yakınsaklık ve �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-istatistiksel sınırlılık kavramlarını kullanarak 

0 < 𝛼𝛼 ≤ 1 şartını sağlayan 𝛼𝛼 sayıları yardımıyla �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑐𝑐𝛼𝛼) ve �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼) dizi uzaylarını tanımladık. Ayrıca 
bu dizi uzayları arasındaki ve bazı özel durumlarında elde edilen dizi uzayları arasındaki kapsama bağıntılarını 
inceledik. 

Anahtar Kelimeler: Fark Dizileri, İstatistiksel Sınırlılık, İstatistiksel Yakınsaklık  
 

 
INTRODUCTION 
 
           Statistical convergence was studied 
independently by Fast and Steinhaus in 1951 [1,2]. 
Then, in 1953, Buck introduced the concept of 
statistical convergence for real and complex number 
sequences and its relationship with the theory of 
summability [3]. The same subject was introduced by 
Schoenberg as a method of summability [4].  
            The natural density of a set K is defined by  
𝛿𝛿(𝐾𝐾) = lim

𝑛𝑛→∞

1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛: 𝑘𝑘 ∈ 𝐾𝐾}|, where |{𝑘𝑘 ≤ 𝑛𝑛: 𝑘𝑘 ∈
𝐾𝐾}|, denotes the number of elements of the set K not 
greater than n. 
           A sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) if satisfies that: 
lim
𝑛𝑛→∞

1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛: |𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀}| = 0, for all 𝜀𝜀 > 0 and 
some 𝑙𝑙, we say 𝑥𝑥 is statistically convergent to 𝑙𝑙 and 
denote it by 𝑆𝑆 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑥𝑥𝑘𝑘 = 𝑙𝑙 or 𝑥𝑥𝑘𝑘 → 𝑙𝑙(𝑆𝑆). The space 

of all statistically convergent sequences is denoted by 
𝑆𝑆𝑆𝑆. If 𝑙𝑙 = 0 then 𝑥𝑥 is called statistically null sequence 
and the space of all statistically null sequences is 
denoted by 𝑆𝑆𝑆𝑆0. The space of statistically convergent 
sequences is a sequence algebra so; if 𝑥𝑥 = (𝑥𝑥𝑘𝑘),𝑦𝑦 =
(𝑦𝑦𝑘𝑘) ∈ 𝑆𝑆𝑆𝑆 then 𝑥𝑥𝑦𝑦 = (𝑥𝑥𝑘𝑘𝑦𝑦𝑘𝑘) ∈ 𝑆𝑆𝑆𝑆. If 𝑆𝑆 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑥𝑥𝑘𝑘 =
𝑙𝑙𝑥𝑥 and 𝑆𝑆 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑦𝑦𝑘𝑘 = 𝑙𝑙𝑦𝑦, then 𝑆𝑆 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑥𝑥𝑘𝑘𝑦𝑦𝑘𝑘 = 𝑙𝑙𝑥𝑥𝑙𝑙𝑦𝑦. It 
is known that classical convergence implies 
statistical convergence, namely 𝑆𝑆 ⊂ 𝑆𝑆𝑆𝑆.   
           In 2000, Mursaleen introduced the concept of 
𝜆𝜆-statistical converge, which is a more general form 
of statistical convergence, using the concept of 𝜆𝜆 =
(𝜆𝜆𝑛𝑛) sequence [5]. Such that if lim

𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛

|{𝑘𝑘 ∈
𝐼𝐼𝑛𝑛: |𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀}| = 0 is satisfied for all 𝜀𝜀 > 0 and 
some 𝑙𝑙, then t he sequence 𝑥𝑥 is said to be 𝜆𝜆-
statistically convergent or 𝑆𝑆𝜆𝜆-convergent to 𝑙𝑙, and the 
space of all 𝜆𝜆-statistically convergent sequences is 
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denoted by 𝑆𝑆𝜆𝜆. It can easily be seen that the 𝜆𝜆-
statistical convergence is same as the statistical 
convergence for 𝜆𝜆𝑛𝑛 = 𝑛𝑛, where all sequence 𝜆𝜆 =
(𝜆𝜆𝑛𝑛) ∈ 𝛤𝛤 satisfies 𝜆𝜆1 = 1 and 𝜆𝜆𝑛𝑛+1 ≤ 𝜆𝜆𝑛𝑛 + 1 
conditions and diverges to infinity, and 𝐼𝐼𝑛𝑛 = [𝑛𝑛 −
𝜆𝜆𝑛𝑛 + 1,𝑛𝑛]. In this study, we will take the same. 
           Then Gadjiev and Orhan [6] first introduced 
the idea of order 𝛼𝛼 of statistical convergence. This 
concept has attracted more attention after Çolak's 
works [7, 8]. After these Çolak and Bektaş [9] 
combined the concepts 𝜆𝜆-statistical convergence and 
statistical convergence of order 𝛼𝛼 together and 
defined  𝜆𝜆-statistical convergence of order α, a more 
general form of both ideas, as follows: 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is 𝜆𝜆-
statistically convergent to 𝑙𝑙 of order 𝛼𝛼 if satisfies that:  
lim
𝑛𝑛→∞

1
(𝜆𝜆𝑛𝑛)𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛: |𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀}| = 0, for 𝜆𝜆 =
(𝜆𝜆𝑛𝑛) ∈ 𝛤𝛤 and all 𝜀𝜀 > 0, where 0 < 𝛼𝛼 ≤ 1.   

           The difference sequence concept defined by 
Kızmaz [10], was generalized to difference of order 
𝑙𝑙 by Et and Çolak [11]. Upon this Et and Nuray [12]  
generalized the statistical convergence concept to  
∆𝑚𝑚-statistical convergence. According to this. 
(∆𝑚𝑚𝑥𝑥𝑘𝑘) = (∆𝑚𝑚−1𝑥𝑥𝑘𝑘 − ∆𝑚𝑚−1𝑥𝑥𝑘𝑘+1) so ∆0𝑥𝑥 = 𝑥𝑥 and 
∆𝑥𝑥 = (∆𝑥𝑥𝑘𝑘) = (𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑘𝑘+1) for the sequence 𝑥𝑥 =
(𝑥𝑥𝑘𝑘) and ∆𝑚𝑚(𝑋𝑋) = {𝑥𝑥 = (𝑥𝑥𝑘𝑘):  ∆𝑚𝑚𝑥𝑥 ∈ 𝑋𝑋}, for any 
sequence space 𝑋𝑋. Here, 𝑙𝑙 ∈ ℕ is a finite number 
and we will use 𝑙𝑙 as a finite natural number in this 
paper.  
 Çolak [13] defined generalized sequence 
space ∆𝑣𝑣(𝑋𝑋) for any sequence spaces 𝑋𝑋 and 𝑣𝑣 = (𝑣𝑣𝑘𝑘) 
sequences consisting of nonzero complex numbers as 
follows. 

∆𝑣𝑣(𝑋𝑋) = {𝑥𝑥 = (𝑥𝑥𝑘𝑘): ∆𝑣𝑣(𝑥𝑥) ∈ 𝑋𝑋} 
and examined the topological properties of these 
spaces, where ∆𝑣𝑣(𝑥𝑥) = �∆𝑣𝑣(𝑥𝑥𝑘𝑘)� = (𝑣𝑣𝑘𝑘𝑥𝑥𝑘𝑘 −
𝑣𝑣𝑘𝑘+1𝑥𝑥𝑘𝑘+1). Then these sequence spaces was 
generalized to ∆𝑣𝑣𝑚𝑚 by Et and Esi [14]. According to 
this, 

∆𝑣𝑣𝑚𝑚(𝑋𝑋) = {𝑥𝑥 = (𝑥𝑥𝑘𝑘):  ∆𝑣𝑣𝑚𝑚(𝑥𝑥) ∈ 𝑋𝑋}, 
for 𝑋𝑋 = 𝑙𝑙∞, 𝑆𝑆,𝑆𝑆0, where ∆𝑣𝑣0(𝑥𝑥) = (𝑣𝑣𝑘𝑘𝑥𝑥𝑘𝑘), ∆𝑣𝑣𝑚𝑚(𝑥𝑥) =
(∆𝑣𝑣𝑚𝑚−1𝑥𝑥𝑘𝑘 − ∆𝑣𝑣𝑚𝑚−1𝑥𝑥𝑘𝑘+1) and such that  

∆𝑣𝑣𝑚𝑚(𝑥𝑥𝑘𝑘) = �(−1)𝑖𝑖
𝑚𝑚

𝑖𝑖=0

�𝑙𝑙𝑙𝑙 � 𝑣𝑣𝑘𝑘+𝑖𝑖𝑥𝑥𝑘𝑘+𝑖𝑖 . 

           Statistical boundedness is a much newer and 
less studied compared to statistical convergence. A 
real or complex statistically bounded sequence 
𝑥𝑥 = (𝑥𝑥𝑘𝑘)  defined by Fridy and Orhan [15] for some 
𝐵𝐵 ≥ 0 satisfies that; 𝛿𝛿({𝑘𝑘: |𝑥𝑥𝑘𝑘| > 𝐵𝐵}) = 0. Space of 
all statistically bounded sequences is denoted by 𝑆𝑆𝑏𝑏. 
Then Bhardwaj and Gupta [16] generalized the 
concept of statistical boundedness as follows. If a 
sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is statistically bounded of order 
𝛼𝛼, then there is some 𝐵𝐵 ≥ 0 such that  

lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 
 The space of all statistically bounded of order 𝛼𝛼 
sequences is denoted by 𝑆𝑆𝑏𝑏𝛼𝛼. Note that 𝑆𝑆𝑏𝑏𝛼𝛼 = 𝑆𝑆𝑏𝑏 for 

𝛼𝛼 = 1 and 𝑆𝑆𝑏𝑏𝛼𝛼 = 𝑤𝑤 for 𝛼𝛼 > 1. So, throughout this 
article we will take 𝛼𝛼 less than or equal to 1. 
           Later Temizsu and Et [17] defined statistical 
convergence in terms of ∆𝑚𝑚-difference sequences 
and 𝜆𝜆 = (𝜆𝜆𝑛𝑛) ∈ 𝛤𝛤 sequences as follows and gave 
some inclusion theorems related to these concepts. If 
a sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is ∆𝑚𝑚-statistically bounded of 
order 𝛼𝛼, then there is some 𝐵𝐵 ≥ 0 such that 
lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |∆𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. The space of all 
such sequences 𝑥𝑥 = (𝑥𝑥𝑘𝑘)  is denoted by ∆𝑚𝑚(𝑆𝑆𝑏𝑏𝛼𝛼) and 
it is obvious that 𝑥𝑥 ∈ 𝑤𝑤 for 𝛼𝛼 > 1. A sequence 
𝑥𝑥 = (𝑥𝑥𝑘𝑘) is ∆𝜆𝜆𝑚𝑚-statistically bounded of order α if 
there is some 𝐵𝐵 ≥ 0 such that   
lim
𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |∆𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0 for 𝜆𝜆 = (𝜆𝜆𝑛𝑛) ∈
𝛤𝛤. The space of all ∆𝜆𝜆𝑚𝑚-statistically bounded 
sequences of order α is denoted by ∆𝜆𝜆𝑚𝑚(𝑆𝑆𝑏𝑏𝛼𝛼). For α=1, 
it turns into ∆𝜆𝜆𝑚𝑚-statistically bounded and the space 
of such these sequences is ∆𝜆𝜆𝑚𝑚(𝑆𝑆𝑏𝑏 ) [17].  
 
MAIN RESULTS 
 
        In this section we will define (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistically 
bounded and (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistically convergent of order 
α and examine some inclusion relations. 
 
Definition 1. Let 𝑋𝑋=𝑙𝑙∞, 𝑆𝑆,𝑆𝑆0 and 𝑢𝑢 = (𝑢𝑢𝑘𝑘), 𝑣𝑣 = (𝑣𝑣𝑘𝑘) 
any fixed nonzero complex numbers’ sequences. We 
define: 

(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑋𝑋) = {𝑥𝑥 = (𝑥𝑥𝑘𝑘):  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑥𝑥) ∈ 𝑋𝑋}, 
where (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑥𝑥) = (𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘). 
Throughout this paper we consider the 
sequences 𝑢𝑢 = (𝑢𝑢𝑘𝑘), 𝑣𝑣 = (𝑣𝑣𝑘𝑘) as sequences of 
nonzero complex numbers. 
 
Definition 2. If there exists some 𝐵𝐵 ≥ 0 such that  
lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0,  
then the sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistically 
bounded of order 𝛼𝛼 and we denote the space of such 
sequences with (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼).  
       It can easily be seen that if we take 𝛼𝛼 > 1 then 
the (∆𝑣𝑣𝑚𝑚)𝑢𝑢 𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼) turns into 𝑤𝑤. If we take 𝛼𝛼 = 1, then 
the 𝑥𝑥 = (𝑥𝑥𝑘𝑘) become (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistically bounded 
and we will denote this sequences’ space by 
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ).   
  
Theorem 1. Let 𝛼𝛼,𝛽𝛽 ∈ (0,1] such that 𝛼𝛼 < 𝛽𝛽. Then 
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼)  ⊂  (∆𝑣𝑣𝑚𝑚)𝑢𝑢�𝑆𝑆𝑏𝑏

𝛽𝛽�  and this inclusion is 
strict. 
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃: Let 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼). Therefore, we know  
lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. Since 𝛼𝛼 < 𝛽𝛽 

implies 𝑛𝑛𝛼𝛼 < 𝑛𝑛𝛽𝛽 and thus 1
𝑛𝑛𝛼𝛼

> 1
𝑛𝑛𝛽𝛽

, 
1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛: |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|  

>  
1
𝑛𝑛𝛽𝛽

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|. 
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We take the limit of both sides of the above 
inequality as 𝑛𝑛 → ∞ and find that 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢�𝑆𝑆𝑏𝑏

𝛽𝛽�.  
To prove the strictness of the inclusion we can 
choose as 𝑥𝑥 = (𝑥𝑥𝑘𝑘) = (−𝑘𝑘) and 𝑣𝑣 = (𝑣𝑣𝑘𝑘) = (𝑘𝑘 −
1). At that rate for 𝑙𝑙 = 1, ∆𝑣𝑣𝑚𝑚𝑥𝑥 = ∆𝑣𝑣 𝑥𝑥 = (∆𝑣𝑣 𝑥𝑥𝑘𝑘) =
(𝑥𝑥𝑘𝑘𝑣𝑣𝑘𝑘 − 𝑥𝑥𝑘𝑘+1𝑣𝑣𝑘𝑘+1) = (2𝑘𝑘) is found. If we define 𝑢𝑢 
by 

𝑢𝑢𝑘𝑘 = �

1
2𝑘𝑘

,             𝑘𝑘 ≠ 𝑛𝑛3

1
2

,              𝑘𝑘 = 𝑛𝑛3
     (𝑛𝑛 = 0,1,2,3, … ), 

then we write  

𝑢𝑢𝑘𝑘∆𝑣𝑣 𝑥𝑥𝑘𝑘 = �1,              𝑘𝑘 ≠ 𝑛𝑛3
𝑘𝑘,             𝑘𝑘 = 𝑛𝑛3

     (𝑛𝑛 = 0,1,2,3, … ). 

For 𝐵𝐵 = 1, we can easily see 
|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣 𝑥𝑥𝑘𝑘| > 1}| = �√𝑛𝑛3 � − 1 ≤ √𝑛𝑛3 − 1 <
√𝑛𝑛3 .  Where ⟦ ⟧ denotes greatest integer function. 
Therefore, we have:  

1
𝑛𝑛𝛽𝛽

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣  𝑥𝑥𝑘𝑘| > 1}| <
√𝑛𝑛3

𝑛𝑛𝛽𝛽
. 

Let 0 < 𝛼𝛼 < 1
3

< 𝛽𝛽 ≤ 1. By taking the limit as 𝑛𝑛 →

∞, we obtain 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢�𝑆𝑆𝑏𝑏
𝛽𝛽�. From the property 

greatest integer function, we know         √𝑛𝑛3 − 1 <
�√𝑛𝑛3 � ≤ √𝑛𝑛3   which implies: 

√𝑛𝑛3 − 2
𝑛𝑛𝛼𝛼

<
1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 1}|. 

By taking the limit, we obtain 𝑥𝑥 ∉ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼).  

 
From Theorem 1 by setting 𝛽𝛽 = 1, we 

obtain (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏). Note that this 
inclusion is strict for 𝛼𝛼 ∈ (0,1). 

Proposition 1.  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑙𝑙∞) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼), and this 
inclusion is strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃:  If 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑙𝑙∞), then there exists some 
𝐵𝐵 ≥ 0 such that  |(∆𝑣𝑣𝑚𝑚)𝑢𝑢𝑥𝑥𝑘𝑘| = |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| ≤ 𝐵𝐵 for all 
𝑘𝑘 ∈ ℕ. Thus {𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵} = ∅ and 
hence  

lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 
This implies that 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼). To show that the 
converse inclusion does not always hold,  we can take 
𝑢𝑢𝑘𝑘 = 𝑣𝑣𝑘𝑘 = 1 for all 𝑘𝑘 ∈ ℕ and sequence 𝑥𝑥 like this, 

𝑥𝑥 = (𝑥𝑥𝑘𝑘) = �𝑘𝑘
3,        𝑘𝑘 𝑙𝑙𝑖𝑖 𝑝𝑝𝑃𝑃𝑙𝑙𝑙𝑙𝑝𝑝 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃,
𝑘𝑘,                           𝑃𝑃𝑜𝑜ℎ𝑝𝑝𝑃𝑃𝑤𝑤𝑙𝑙𝑖𝑖𝑝𝑝. 

For  𝑙𝑙 = 2,  we have: 

∆𝑣𝑣2𝑥𝑥 = �6𝑘𝑘 + 6,        𝑘𝑘 𝑙𝑙𝑖𝑖 𝑝𝑝𝑃𝑃𝑙𝑙𝑙𝑙𝑝𝑝 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃,
0,                                   𝑃𝑃𝑜𝑜ℎ𝑝𝑝𝑃𝑃𝑤𝑤𝑙𝑙𝑖𝑖𝑝𝑝. 

Since the density of prime numbers is zero, we 
conclude that (∆𝑣𝑣2)𝑢𝑢𝑥𝑥 is statistically bounded. 
However, it is clear that this sequence is not bounded. 

Corollary 1. (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑙𝑙∞) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏)  and this 
inclusion is strict.  

Theorem 2.  
(𝒊𝒊) If 𝑢𝑢 = (𝑢𝑢𝑘𝑘) ∈ 𝑆𝑆𝑏𝑏, then ∆𝑣𝑣𝑚𝑚(𝑆𝑆𝑏𝑏 ) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏), 
(𝒊𝒊𝒊𝒊) If 𝑣𝑣 = (𝑣𝑣𝑘𝑘) ∈ 𝑆𝑆𝑏𝑏 , then (∆ 

𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ) 
and these inclusions are strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃:  (𝒊𝒊) Let 𝑢𝑢 ∈ 𝑆𝑆𝑏𝑏 and 𝑥𝑥 ∈ ∆𝑣𝑣𝑚𝑚(𝑆𝑆𝑏𝑏 ). Then there 
exists numbers 𝐵𝐵𝑢𝑢,𝐵𝐵𝑥𝑥 ≥ 0 such that lim

𝑛𝑛→∞

1
𝑛𝑛

|{𝑘𝑘 ≤

𝑛𝑛:  |𝑢𝑢𝑘𝑘| > 𝐵𝐵𝑢𝑢}| = 0 and lim
𝑛𝑛→∞

1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| >
𝐵𝐵𝑥𝑥}| = 0 
Let 𝐵𝐵𝑢𝑢 ∙ 𝐵𝐵𝑥𝑥 = 𝐵𝐵. Thus, we have: 

{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}  
⊆ {𝑘𝑘 ≤ 𝑛𝑛:  |∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵𝑥𝑥}
∪ {𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘| > 𝐵𝐵𝑢𝑢} 

and therefore, 
1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|  

≤   
1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵𝑥𝑥}|

+  
1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:   |𝑢𝑢𝑘𝑘| > 𝐵𝐵𝑢𝑢}| 
is obtained. Taking the limit as 𝑛𝑛 → ∞ on both sides 
of the above inequality , 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏) is obtained. 

(𝒊𝒊𝒊𝒊)  The proof is similar to that of (𝑙𝑙). 

Corollary 2. If 𝑢𝑢, 𝑣𝑣 ∈ 𝑆𝑆𝑏𝑏 then following inclusions 
are strict. 
         (𝒊𝒊) ∆𝑚𝑚(𝑆𝑆𝑏𝑏)  ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏), 
        (𝒊𝒊𝒊𝒊)  ∆𝑚𝑚(𝑙𝑙∞)  ⊂  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ). 

Theorem 3. (𝒊𝒊) If |𝑢𝑢𝑘𝑘| ≤ |𝑢𝑢𝑘𝑘′ | for all 𝑘𝑘 ∈ ℕ, then  
(∆𝑣𝑣𝑚𝑚)𝑢𝑢′(𝑆𝑆𝑏𝑏)  ⊆  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏), 
        (𝒊𝒊𝒊𝒊) If |𝑣𝑣𝑘𝑘| ≤ |𝑣𝑣𝑘𝑘′ | for all 𝑘𝑘 ∈ ℕ, then  
�∆𝑣𝑣′

𝑚𝑚�
𝑢𝑢

(𝑆𝑆𝑏𝑏)  ⊆  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏). 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃: (𝒊𝒊) Let |𝑢𝑢𝑘𝑘| ≤ |𝑢𝑢𝑘𝑘′ | for all 𝑘𝑘 ∈ ℕ and 𝑥𝑥 ∈
(∆𝑣𝑣𝑚𝑚)𝑢𝑢′(𝑆𝑆𝑏𝑏). So there exists a number 𝐵𝐵 ≥ 0 such 
that: 

lim
𝑛𝑛→∞

1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢′𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 

Since |𝑢𝑢𝑘𝑘| ≤ |𝑢𝑢𝑘𝑘′ | for all 𝑘𝑘 ∈ ℕ, we have the 
following inclusion 

{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}  
⊆  {𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢′𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵} 

and thus 
|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|  

≤  |{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢′𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| 
and 

1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|                                    

                                 ≤  
1
𝑛𝑛

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢′𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}|. 
Taking the limit as 𝑛𝑛 → ∞ on both sides of the 
inequality, we find that 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏). 

 (𝒊𝒊𝒊𝒊) The proof is similar to that of (𝑙𝑙). 
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Corollary 3. It is obvious from Theorem 3 that:  
          (𝒊𝒊)  If  |𝑢𝑢𝑘𝑘| ≥ 1  for all 𝑘𝑘 ∈ ℕ,  then  
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏)  ⊆  ∆𝑣𝑣𝑚𝑚(𝑆𝑆𝑏𝑏 ), 
        (𝒊𝒊𝒊𝒊)  If  |𝑣𝑣𝑘𝑘| ≥ 1  for all 𝑘𝑘 ∈ ℕ,  then   
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 )  ⊆  (∆𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏), 
       (𝒊𝒊𝒊𝒊𝒊𝒊)   If |𝑣𝑣𝑘𝑘| ≤ |𝑣𝑣𝑘𝑘′ |  and  |𝑢𝑢𝑘𝑘| ≤ |𝑢𝑢𝑘𝑘′ |  for all  
𝑘𝑘 ∈ ℕ, then �∆𝑣𝑣′

𝑚𝑚�
𝑢𝑢′

(𝑆𝑆𝑏𝑏)  ⊆  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏). 

Theorem 4. The inclusion (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ) ⊂
(∆𝑣𝑣𝑚𝑚+1)𝑢𝑢(𝑆𝑆𝑏𝑏 ) is strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃: For the strictness we can use example which 
we gave in proof of the Proposition 1. Let 𝑢𝑢 = 𝑣𝑣 =
(1) and define the sequence 𝑥𝑥 as follows:  

𝑥𝑥 = (𝑥𝑥𝑘𝑘) = �𝑘𝑘
3,        𝑘𝑘 𝑙𝑙𝑖𝑖 𝑝𝑝𝑃𝑃𝑙𝑙𝑙𝑙𝑝𝑝 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃,
𝑘𝑘,                           𝑃𝑃𝑜𝑜ℎ𝑝𝑝𝑃𝑃𝑤𝑤𝑙𝑙𝑖𝑖𝑝𝑝. 

For 𝑙𝑙 = 1, (∆𝑣𝑣 )𝑢𝑢𝑥𝑥 is statistically bounded, but for 
𝑙𝑙 = 0, is not statistically bounded.  

Corollary 4. For 0 < 𝛼𝛼 ≤ 𝛽𝛽 ≤ 1, the strict inclusion 
(∆𝑣𝑣𝑚𝑚 )𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼) ⊂ (∆𝑣𝑣𝑚𝑚+1)𝑢𝑢�𝑆𝑆𝑏𝑏

𝛽𝛽� follows from Theorem 
4 and Theorem 1. 

Definition 3. If a sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) satisfies  
lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛: |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀}| = 0, for all  
𝜀𝜀 > 0 and some 𝑙𝑙, then 𝑥𝑥 is called (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistically 
convergent of order 𝛼𝛼. The space of such sequences 
is denoted by (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

𝛼𝛼). If in above equation we 
take 𝛼𝛼 = 1,  then 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is called (∆𝑣𝑣𝑚𝑚)𝑢𝑢-
statistically convergent and we will denote this 
sequences’ space by (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆). It is obvious that 
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

𝛼𝛼) turns into 𝑤𝑤 for 𝛼𝛼 > 1.  

Theorem 5. Let 𝛼𝛼,𝛽𝛽 ∈ (0,1] such that 𝛼𝛼 < 𝛽𝛽. Then  
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

𝛼𝛼) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢�𝑆𝑆𝑆𝑆 
𝛽𝛽� and this inclusion is 

strict for certain 𝛼𝛼 and 𝛽𝛽.  

       The proof is trivial. 

Corollary 5. From Theorem 5, we obtain 
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

𝛼𝛼) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 
 ) and this inclusion is 

strict when 0 < 𝛼𝛼 < 1. 

Proposition 2. (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆  𝛼𝛼) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼) and this 
inclusion is strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃: Let 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆  𝛼𝛼). In this case, there 
exists a number 𝑙𝑙 such that 
  lim
𝑛𝑛→∞

1
𝑛𝑛𝛼𝛼

|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀}| = 0        (1) 
for a fixed 𝜀𝜀 > 0. Using the properties of the absolute 
value, 

{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| ≥ 𝜀𝜀 + |𝑙𝑙|}  
⊆ {𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀} 

and thus 
|{𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| ≥ 𝜀𝜀 + |𝑙𝑙|}|

≤  |𝑘𝑘 ≤ 𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| ≥ 𝜀𝜀| 

holds. If we multiply both side of the above 
inequality by 1

𝑛𝑛𝛼𝛼
 and taking the limit for 𝑛𝑛 → ∞, we 

obtain from (1), 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏𝛼𝛼). To show that the 
converse inclusion does not always hold, let 𝑙𝑙 = 1, 

𝑢𝑢 = (𝑢𝑢𝑘𝑘) = � 1
𝑘𝑘+1

�, 𝑣𝑣 = (𝑣𝑣𝑘𝑘) = (𝑘𝑘 + 1) and define 

the sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) as: 

𝑥𝑥𝑘𝑘 = �  𝑘𝑘,              𝑘𝑘 𝑙𝑙𝑖𝑖 𝑃𝑃𝑜𝑜𝑜𝑜 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃,
−𝑘𝑘,            𝑘𝑘 𝑙𝑙𝑖𝑖 𝑝𝑝𝑣𝑣𝑝𝑝𝑛𝑛 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃. 

It is easy to see that for 𝑙𝑙 = 1;  

(∆𝑣𝑣 )𝑢𝑢𝑥𝑥 = �−2,               𝑘𝑘 𝑙𝑙𝑖𝑖 𝑃𝑃𝑜𝑜𝑜𝑜 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃,
    2,              𝑘𝑘 𝑙𝑙𝑖𝑖 𝑝𝑝𝑣𝑣𝑝𝑝𝑛𝑛 𝑛𝑛𝑢𝑢𝑙𝑙𝑛𝑛𝑝𝑝𝑃𝑃. 

This sequence is statistically bounded but not 
statistically convergent. 
 
Proposition 3. (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆) ⊂ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

 ) and this 
inclusion is strict. 
 
Theorem 6. If 𝑢𝑢 = (𝑢𝑢𝑘𝑘) ∈ 𝑆𝑆𝑆𝑆, then ∆ 𝑣𝑣

𝑚𝑚
 (𝑆𝑆𝑆𝑆 

 ) ⊂
(∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

 ) and this inclusion is strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃:  Since  (𝑆𝑆𝑆𝑆) is a sequence algebra, the proof 
is obvious.  To show the strictness of the inclusion, 
let 𝑙𝑙 = 2, and define 𝑥𝑥 = (𝑥𝑥𝑘𝑘) = (𝑘𝑘2), 𝑣𝑣 = (𝑣𝑣𝑘𝑘) =
(𝑘𝑘), and the statistically convergent sequence 𝑢𝑢 =
(𝑢𝑢𝑘𝑘) as 

𝑢𝑢𝑘𝑘 = �
(−1)𝑘𝑘,       𝑘𝑘 𝑙𝑙𝑖𝑖 𝑖𝑖𝑠𝑠𝑢𝑢𝑠𝑠𝑃𝑃𝑝𝑝,

1
𝑘𝑘

,             𝑃𝑃𝑜𝑜ℎ𝑝𝑝𝑃𝑃𝑤𝑤𝑙𝑙𝑖𝑖𝑝𝑝.
 

Then, we have  ∆𝑣𝑣2𝑥𝑥 = (6𝑘𝑘 + 6), and thus 

(∆𝑣𝑣2)𝑢𝑢𝑥𝑥𝑘𝑘 = �
(−1)𝑘𝑘(6𝑘𝑘 + 6)  ,         𝑘𝑘 𝑙𝑙𝑖𝑖 𝑖𝑖𝑝𝑝𝑠𝑠𝑢𝑢𝑠𝑠𝑃𝑃𝑝𝑝,

      6 +
6
𝑘𝑘

,                      𝑃𝑃𝑜𝑜ℎ𝑝𝑝𝑃𝑃𝑤𝑤𝑙𝑙𝑖𝑖𝑝𝑝.
 

This sequence is statistically convergent, but ∆𝑣𝑣2𝑥𝑥 is 
not statistically convergent. 
 
          As a common consequence of Proposition 3 
and Theorem 6, we can obtain the following result: 

Corollary 6. If 𝑢𝑢 ∈ 𝑆𝑆𝑆𝑆, then ∆𝑣𝑣𝑚𝑚(𝑆𝑆)  ⊆  (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 
 ). 

Definition 4. Let 𝛼𝛼 ∈ (0,1] and 𝜆𝜆 ∈ 𝛤𝛤. We say that a 
sequence 𝑥𝑥 = (𝑥𝑥𝑘𝑘) is �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-statistically bounded 

of order 𝛼𝛼 if there exists a number 𝐵𝐵 ≥ 0 such that: 

lim
𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 

The set of all such sequence is denoted by 
�∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼). 
       Note that this concept reduces to (∆𝑣𝑣𝑚𝑚)𝑢𝑢-
statistical boundedness of order 𝛼𝛼 for 𝜆𝜆𝑛𝑛 =
𝑛𝑛 for all 𝑛𝑛 ∈ ℕ. 

Definition 5. Let 𝛼𝛼 ∈ (0,1] and 𝜆𝜆 ∈ 𝛤𝛤. A sequence 
𝑥𝑥 = (𝑥𝑥𝑘𝑘) is �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
-statistically convergent of order 

𝛼𝛼 if there exists a number 𝑙𝑙 such that: 
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lim
𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| > 𝜀𝜀}| = 0. 

By �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑆𝑆𝛼𝛼), we will denote the space of  

�∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
-statistically convergent  sequences.  

       If we get 𝜆𝜆𝑛𝑛 = 𝑛𝑛 for all 𝑛𝑛 ∈ ℕ, this concept turns 
into (∆𝑣𝑣𝑚𝑚)𝑢𝑢-statistical convergence of order 𝛼𝛼.  

Proposition 4. The inclusion �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑆𝑆  

𝛼𝛼) ⊂
�∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼) is strict. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃: Let 𝑥𝑥 ∈ �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑆𝑆  

𝛼𝛼). In this case, there 
exists a number 𝑙𝑙 such that 

lim
𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| > 𝜀𝜀}| = 0 

for fixed 𝜀𝜀 > 0. 
Using the properties of the absolute value,  we can 
write: 

{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > |𝑙𝑙| + 𝜀𝜀}
⊆ {𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| > 𝜀𝜀} 

and thus 
1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > |𝑙𝑙| + 𝜀𝜀}|                         

                            ≤  
1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘 − 𝑙𝑙| > 𝜀𝜀}|. 

Taking the limit as 𝑛𝑛 → ∞ and setting |𝑙𝑙| + 𝜀𝜀 = 𝐵𝐵, 
we obtain lim

𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 

Thus, 𝑥𝑥 ∈ �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑏𝑏𝛼𝛼). To prove the strictness, by 

taking (𝜆𝜆𝑛𝑛 ) = (𝑛𝑛), we can reconsider the example in 
Proposition 2. 
 
Theorem 7. Let 𝜆𝜆, 𝜇𝜇 ∈ 𝛤𝛤, 𝜆𝜆𝑛𝑛 ≤ 𝜇𝜇𝑛𝑛 for all 𝑛𝑛 ∈ ℕ and 
0 < 𝛼𝛼 ≤ 𝛽𝛽 ≤ 1. 
 (𝒊𝒊) If liminf

𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝜇𝜇𝑛𝑛
𝛽𝛽 > 0, then �∆𝜇𝜇,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
�𝑆𝑆𝑏𝑏

𝛽𝛽� ⊂

�∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑏𝑏𝛼𝛼),  

(𝒊𝒊𝒊𝒊) If lim
𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝜇𝜇𝑛𝑛
𝛽𝛽 = 1 and lim

𝑛𝑛→∞

𝜇𝜇𝑛𝑛 

𝜇𝜇𝑛𝑛
𝛽𝛽 = 1, then 

�∆𝜇𝜇,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
�𝑆𝑆𝑏𝑏

𝛽𝛽� = �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑏𝑏𝛼𝛼). 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃:  The proof can be referred to Temizsu and Et, 
Theorem 4 [17]. 
 
       From Theorem 7 we  obtain the following 
results: 
Corollary 7. Let 𝜆𝜆, 𝜇𝜇 ∈ 𝛤𝛤, 𝜆𝜆𝑛𝑛 ≤ 𝜇𝜇𝑛𝑛 for all 𝑛𝑛 ∈ ℕ and 
𝛼𝛼 ∈ (0,1]. 
(𝒊𝒊) If liminf

𝑛𝑛→∞

𝜆𝜆𝑛𝑛 

𝜇𝜇𝑛𝑛 
> 0, then �∆𝜇𝜇,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏 ) ⊂ �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑏𝑏 ) 

(𝒊𝒊𝒊𝒊) If lim
𝑛𝑛→∞

𝜆𝜆𝑛𝑛 

𝜇𝜇𝑛𝑛 
= 1, then �∆𝜇𝜇,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏 ) = �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑏𝑏 ).  

 
Corollary 8. Let 𝜆𝜆 ∈ 𝛤𝛤, 𝜆𝜆𝑛𝑛 ≤ 𝑛𝑛 for all 𝑛𝑛 ∈ ℕ and 
𝛼𝛼 ∈ (0,1].  
(𝒊𝒊) If liminf

𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝑛𝑛
> 0, then (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ) ⊂ �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼),  

(𝒊𝒊𝒊𝒊) If lim
𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝑛𝑛
= 1, then (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑏𝑏 ) = �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼). 

Theorem 8. Let 𝜆𝜆, 𝜇𝜇 ∈ 𝛤𝛤, 𝜆𝜆𝑛𝑛 ≤ 𝜇𝜇𝑛𝑛 for all 𝑛𝑛 ∈ ℕ and 
0 < 𝛼𝛼 ≤ 𝛽𝛽 ≤ 1. 
 (𝒊𝒊) If liminf

𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝜇𝜇𝑛𝑛
𝛽𝛽 > 0, then �∆𝜇𝜇,𝑣𝑣

𝑚𝑚 �
𝑢𝑢
�𝑆𝑆𝑆𝑆 

𝛽𝛽� ⊆

�∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑆𝑆 

𝛼𝛼),  

(𝒊𝒊𝒊𝒊) If lim
𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝜇𝜇𝑛𝑛
𝛽𝛽 = 1 and lim

𝑛𝑛→∞

𝜇𝜇𝑛𝑛 

𝜇𝜇𝑛𝑛
𝛽𝛽 = 1, then 

�∆𝜇𝜇,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
�𝑆𝑆𝑆𝑆 

𝛽𝛽� = �∆𝜆𝜆,𝑣𝑣
𝑚𝑚 �

𝑢𝑢
(𝑆𝑆𝑆𝑆 

𝛼𝛼). 
     The proof is trivial. 
  
From Theorem 8 we can get the following result: 

Corollary 9. Let 𝜆𝜆 ∈ 𝛤𝛤, 𝜆𝜆𝑛𝑛 ≤ 𝑛𝑛 for all 𝑛𝑛 ∈ ℕ and    
𝛼𝛼 ∈ (0,1]. 

(𝒊𝒊) If liminf
𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝑛𝑛
> 0, then (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

 ) ⊆
�∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑆𝑆 
𝛼𝛼),  

(𝒊𝒊𝒊𝒊) If lim
𝑛𝑛→∞

𝜆𝜆𝑛𝑛𝛼𝛼

𝑛𝑛
= 1, then (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑆𝑆𝑆𝑆 

 ) =
�∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑆𝑆 
𝛼𝛼). 

 
Proposition 5. (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑙𝑙∞) ⊂ �∆𝜆𝜆,𝑣𝑣

𝑚𝑚 �
𝑢𝑢

(𝑆𝑆𝑏𝑏𝛼𝛼). 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃:  Let 𝑥𝑥 ∈ (∆𝑣𝑣𝑚𝑚)𝑢𝑢(𝑙𝑙∞). Thus there exists 𝐵𝐵 ≥
0 such that {𝑘𝑘: |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵} = ∅. Thus, we have  

{𝑘𝑘: |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵} ⊇ {𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛: |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}. 
Therefore, we obtain 

lim
𝑛𝑛→∞

1
𝜆𝜆𝑛𝑛𝛼𝛼

|{𝑘𝑘 ∈ 𝐼𝐼𝑛𝑛:  |𝑢𝑢𝑘𝑘∆𝑣𝑣𝑚𝑚𝑥𝑥𝑘𝑘| > 𝐵𝐵}| = 0. 
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