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ABSTRACT

In this study, numerical solutions of stochastic differential equation (SDE) systems have
been analyzed and three different numerical methods used for solving these systems, the
Milstein method, the Simplified Second-Order Taylor Scheme, and the Stochastic Runge-Kutta
(SRK) method, have been compared. The Kubo oscillator model has been considered and the
stochastic dynamics of this model have been solved using numerical methods. Initially, the
general structure of SDEs is introduced, and the theoretical foundations of the methods used for
solving these systems are explained.

In the study, the stochastic model of the Kubo oscillator was solved numerically using the
Milstein method, the Simplified Second-Order Taylor Scheme, and the SRK method. The results
obtained were compared with exact solutions. In the numerical computations, the accuracy of
all three methods is analyzed for different discretization counts and the results were supported
by graphs and error tables. The comparisons revealed that the Simplified Second-Order Taylor
Scheme provided more accurate solutions compared to the Milstein method. It is observed that
the Taylor method and the SRK 2-stage method gave close results. Additionally, it was observed
that increasing the number of discretizations brought both methods closer to the exact solution.

Keywords: Stochastic differential equation systems, Numerical approximations, Kubo
oscillator.
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1 INTRODUCTION

Stochastic differential equations (SDEs) are mathematical tools developed and widely
used to model the effects of uncertainty in various fields. These equations are employed in
disciplines such as physics, biology, engineering, and economics to understand how systems
respond to random variables. For instance, SDEs can enhance the realism of modeling changes
in population dynamics in biological systems under uncertainty [1]. Similarly, in finance,
effective risk management approaches have been developed by modeling market fluctuations

using SDEs [2].

The Kubo oscillator is a well-known model used to study uncertainties and random
effects when modeling with stochastic differential equations [3]. This model is particularly
suitable for evaluating the dynamics of stochastic processes and the performance of various

numerical methods applied to these processes.

The Kubo oscillator is a cornerstone model in stochastic dynamics, blending
deterministic behavior with random fluctuations to describe systems influenced by noise.
Initially introduced by Kubo to model spectral diffusion and line broadening in nuclear
magnetic resonance (NMR), it has since evolved into a versatile tool used across various
scientific and engineering disciplines [4]. The oscillator’s dynamics, governed by the interplay
between a damping term and stochastic forcing, enable it to capture the complexity of processes

ranging from molecular interactions in fluctuating environments [5].

The Kubo oscillator, a fundamental example of a stochastic Hamiltonian system, is a
subject of extensive study for the purpose of comprehending the interplay between
deterministic Hamiltonian dynamics and stochastic noise. Its structural characteristics offer
insights into the influence of random fluctuations on physical and mathematical systems, thus

establishing it as a pivotal model in the field of stochastic dynamics [6].

In addition, the Kubo oscillator effectively models systems affected by high-frequency

oscillations and multiplicative noise, making it a cornerstone in the study of stochastic dynamics
[7].

The Milstein method is frequently used for solving stochastic differential equations and
provides higher accuracy as an extension of the Euler-Maruyama method [8]. This method is
especially preferred for reducing the error rate in stochastic models. On the other hand, the
Simplified Second-Order Taylor Scheme aims to provide more precise solutions by considering

higher-order terms of stochastic equations [9].
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The fact that analytical solutions for SDEs are often not feasible increases the
importance of numerical solution methods. In fields such as biology and ecology, modeling
using these equations provides essential insights into understanding the impact of uncertainties
in the real world [10]. However, in such modeling, ensuring accuracy and optimizing
computational costs are equally important. Comparing numerical approaches in terms of

computational complexity and accuracy is therefore essential [11].

Previous studies on the Kubo oscillator have shown that this model effectively
represents the dynamics of stochastic oscillations and provides a suitable foundation for testing
numerical methods. Fox, Roy, and Yu (1987) demonstrated that different simulation algorithms,
including those for white and colored noise, can be effectively tested using the Kubo oscillator,
and that the use of colored noise significantly enhances the accuracy of the numerical solutions

compared to white noise simulations, reducing spurious decays in the oscillator amplitude [12].

In this study, the Milstein method, the Simplified Second-Order Taylor Scheme and
Stochastic Runge-Kutta method are applied to the Kubo oscillator model, and the obtained
numerical results are compared with exact solutions. Additionally, different discretization

strategies are used to analyze the accuracy and computational efficiency of both methods.

In conclusion, this study aims to compare the performance of three different numerical
methods used for SDEs within the context of the Kubo oscillator model. This comparison
highlights the advantages and disadvantages of these methods, providing valuable insights into

determining the most suitable method for solving SDEs.

2 MATERIAL AND METHOD

2.1 Systems of Stochastic Differential Equations

Systems of stochastic differential equations are used for vector-valued states or high-
order stochastic differential equations. The general form of a d-dimensional stochastic

differential equation is described by [9] as following:

dX, = f(t, X, )dt + g(t, X,)dW, (1)

where W = {W,, t > 0} Wiener process is m-dimensional and its components W2, W2, ..., W™
are independent Wiener processes with respect to a common family of o — algebras {A4;,t = 0},
d-dimensional vector function is f:[0,T] X R* > R? and d X m-matrix function is

g:[0,T] x RY - RY*™_ Stochastic integral equation form of (1) is

262



G. Orucova Biiyiikoz, T. Partal, M. Bayram / BEU Fen Bilimleri Dergisi, 14 (1), pp. 260-272, 2025

t t
Xe=Xey + [ FGXdr + [ g x)dm; @)
to to
i.th component of (2) is
t m t
Xt=xl + ffi(r,Xr)dr + Z fgi'k(r,Xr)der (3)
to k=1t¢,

wherei = 1,2, ...,d.

The existence and uniqueness for strong solutions of (1) are proven in [9]. There is a
relation between the Ito stochastic differential equation and the Stratonovich stochastic
differential equation as follows: X; solution of (1) is also a solution of the Stratonovich

differential equation as;

dX, = f(t, X,)dt + g(t, X,)odW, 4)
where
it X)) = fi(t, Xp) — h'(t, X,) (5)
and
i 1 by nk agi.k
K XD =5 ) ) g X) ——(6.X) ©)
2 0x,
n=1k=1
fori =1,2,...,d.
The general form of d-dimensional linear stochastic differential equations is
m
aX, = [FOX, + fOldt + ) [6(OX, + ' (O] aw] ™
=1
where F(t),G1(t), G2 (D), ..., G™(t) are d X d-matrix function and

f(@®),gt(t), g%(t), ..., g™(¢t) are d-dimensional vector functions. Solution of (7) is

t

Xe =Weeo Xt T J qu_,tl,, (f(r) - i Gl(r)gl(r)> dr + i .fwr_,tlogl(r)dwrl (8)
=1

to I=1¢,

where W ; is d X d-fundamental matrix which satisfying ¥; . = I and the homogeneous

matrix stochastic differential equation
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m
A%, = F(OW,, dt + Z GH(E) Wy, AW, )
=1

Because the systems of linear stochastic differential equations cannot be solved

analytically. Therefore, we need numerical solutions which are given in [10], [13], [14].

2.2 Numerical Methods for Stochastic Differential Equations

We use in our study three numerical methods named with the Milstein method, the

Simplified order 2 Taylor scheme, and the SRK method.

2.2.1 Milstein Method

The Milstein method is a numerical method used to approximate solutions to stochastic
differential equations (SDEs). It is particularly well-known for achieving strong order 1
convergence under certain conditions, making it more accurate than the other simple methods
(which has strong order 0.5). The Milstein scheme has the following recurrence formula for d-
dimensional stochastic differential equations when m = 1. i.th component of the Milstein

scheme for (1) given in [8] as
[~ g
Xiwr = Xk + 1L XD+ g (L XD, +5| > g" =20 (6.X) | (AW —ae] - (10)
n=1

where

AW, =Wy, — Wy, i=12,.,d,  k=12,.,N.

2.2.2 Simplified Order 2 Taylor Scheme

The Simplified Second-Order Taylor Scheme provides significant advantages in solving
stochastic differential equations (SDEs) by incorporating higher-order terms that improve

accuracy and reduce errors. Unlike first-order methods such as Euler-Maruyama, which have a
strong convergence rate of (O(Atl/ 2)) or the Milstein Method, which has a strong convergence
rate of (O(At)), the Second-order scheme achieves a faster convergence rate of (O(Atz)). This
improvement allows for more precise approximations, especially in systems with nonlinear

dynamics and significant stochastic influences. By accounting for higher-order interactions, the

method effectively captures the interplay between deterministic and stochastic components,
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ensuring a more faithful representation of the system’s behavior. Additionally, this scheme
mitigates accumulated errors in long-term simulations, enhancing stability and reliability over

time [9].

In the d-dimensional case, the i.th component of the Simplified Order 2 Taylor scheme

for (1) is given in [15] as follows:

m 1 m d
Xiyr = Xio + Z g AWy + f1At + 5 Z <2
n=1

=1 p,l=1

) (AWPAWE + Uy )

il

m d
1 Of" 9g"
EZ Z ax | ac +Z "2 Z x"ox J)AtAW" (1)

1 afl . j Zfl
2\ o Zf axn zz oxmonr | AD°

where k = 1,2, ...,N and Uy, ,p,l = 1,2, ..., m are independent two-point distributed random

variables with

1
P(Upp =4) = 5= P(Upp =—A) ifl<p

U

ppk = —A

Upik = —Upr ifl>p

2.2.3 Two Stage Stochastic Runge-Kutta Method

The scheme of the Stochastic Runge-Kutta (SRK) method for a system of stochastic

differential equations according to the s —stage (s = 1) is as follows [15]:

N N
j=1 j=1

where k = 1,2,...,Nand y; = 0,n; = X, forj =12, ..s

j-1 =
nj =X + Z Aji f (e + At m) AL + Z Vi g (tic + At ) AW
=1 =1
and a;, B; are to provide Xj_,a; = Xj-, B = 1.
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The coefficients occurring in (12) can be displayed by generalising Butcher arrays;

Uz A1 Y21
U3 Asq A3z Y31 V32
Us /151 /152 /15,5—1 ¥Ys1 Ys2 ° Vss-1
241 Uy - s as | P1 Bz - PBs-1 Bs

In our study, the SRK method for 2-stage is used and coefficients are taken from [16]

The algorithms of the Milstein, the Simplified Order 2 Taylor, and the SRK methods are

given in Figure 1.

Our aim in this paper is to compare these numerical methods. We compare the exact
solution with numerical solutions that we obtain using the MATLAB program. We aim to
demonstrate the errors between the exact solution and each numerical solution. We support our

work with graph and error tables.

A

[ Input: T, N, X_K~itt0), d |
™
[de=T/n |
L )

PR 2N
| dw = sqrt{dt) * rand |
[ % =x_k~ito) |
S A
| setk=1;i=1 |

——

NO/“y <= Nand | <= d7 €

Yes
Yes method == "Milstein"? »H2
e ™ Yes _ _ g o 1 NO
| Update X (Milstein) | method == "Simplified Order 2 Taylor"
- - - - -

- \ s ™
ate implified Order 2 Taylor, ate
Update X (Simplified Order 2 Taylor) Update X (SRK2)

| B

| return X |
A y

Figure 1. Flowchart of the Milstein, the Simplified Order 2 Taylor, and the SRK methods.
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3 NUMERICAL EXPERIMENTS AND RESULTS

Consider the Kubo oscillator in our study. This oscillator is used in many works to
demonstrate the efficiency of numerical methods. The general form of the Kubo oscillator,

which is given in [1], is

()= IGE) e+ () (e)oaw 13
with X} = x1, X2 = x2 where a , y arereal and t € [0, T]. For initial values X} = 1, X3 = 0,
the exact solution of (13) is
Xt = cos(at + yW,) (14)
X? = sin(at + yW,)

Coefficients ¢ = 2,y = 0.3 and exact solutions are taken from [3] (David Cohen who
used these coefficients for testing his method) and initial values are Xg = 1, X5 =0, T = 10.

Using (5) and (6) formulas we obtain Ito stochastic differential equation system for (13) as

follow;
1 2 (0.3) 1 2
0.3)?
dx? = (2)(,:1 ¢ 2) th> dt + 0.3X2dW,

whered = 2,m = 1.

We solve numerically (15), using the Milstein scheme (10) for X} =1, X3 =0,T = 10
and N = 10000 discretization by the MATLAB program. There is numerical approximation
and an exact solution in the same graph in Figure 2. In this figure, the exact solution is plotted
with a red line, and the Milstein approximation is plotted with a blue line. As seen in Figure 2,

the approximate solution and the exact solution are very close to each other.
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10
0

x® 4o ;

Figure 2. The exact solution with the Milstein Approximation of the Kubo Oscillator for
N =10000, 7=10, a = 2,y = 0.3.
Analogously, using the simplified order 2 Taylor scheme (11) for solving (15), we obtain
Figure 3, where the exact solution is plotted with a red line and the Simplified Order 2 Taylor

Scheme approximation is plotted with a blue line. It is seen that the solutions are very close.

XExacl /

-X
Taylor

10
0

x(M 40 "

Figure 3. The exact solution and the Simplified 2 order Taylor Approximation of the Kubo
Oscillator for N = 10000, 7=10, x = 2,y = 0.3.
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In addition, using the SRK method for 2-stage solving (15), we obtain Figure 4, where
the exact solution is plotted with a red line and the SRK approximation is plotted with a blue

line.

— /
xace
unge

0

x(» 40 :

Figure 4. The exact solution and the SRK for 2-Stage Approximation of the Kubo
Oscillator for N = 10000, 7=10, x = 2,y = 0.3.
For efficiency both approximations are given in the same graph in Figure 5. There the
exact solution is plotted with a red line, the Milstein approximation is plotted with a green line,
the simplified order 2 Taylor scheme approximation is plotted with a blue line, and the SRK

approximation is plotted with a magenta line.

Xt
T XMiIst«:in
--X

10

0

xM 10 t

Figure 5. The exact solution with the Milstein Approximation Simplified 2 Order Taylor
Approximation and the SRK Approximation of the Kubo Oscillator for N = 10000, 7=10,
a=2,y=0.23.
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To compare the solutions obtained by the Milstein, the Simplified 2 Order Taylor
methods, and the SRK methods, the mean absolute error and mean relative error were
calculated. For different N discretizations, there are the mean absolute errors (MAE) obtained

with the Milstein Simplified 2 Order Taylor and SRK methods using following scheme;
L
MAE = sz(k — X (16)
k=1

where X, and X, represent the exact and approximate solutions, respectively, in iteration k.

Table 1. Mean absolute errors of the Milstein, Simplified 2 Ordet Taylor and SRK methods
for different discretizations.

o . e Simplified 2 Order SRK Method for
N Milstein Method Taylor Method 2-Stage
Xt X? Xt X? Xt X?
104 0.0059 0.0057 0.0036 0.0035 0.00357 0.00362

105  6.8179e-04 7.6157e-04 1.6650e-04 2.0252e-04 1.6650e-04  2.0252e-04
10  6.6710e-05 7.5789e-05 6.5196e-05 7.2913e-05 6.5197e-05 7.2911e-05

Table 1 shows the mean absolute errors of the three methods for different N
discretizations. It is observed that the solutions obtained by the Simplified 2 Order Taylor
method are more effective than the solutions obtained by the Milstein method. Runge-kutta 2-

stage and Simplified 2 Order Taylor solutions are close to each other.

In addition, for different N discretizations, there are the mean relative errors (MRE)

obtained with the three methods using the following scheme:

N
1

MRE = —Z
N

k=1

where X, and X}, represent the exact and approximate solutions, respectively, in iteration k.

Xk _Xk
S 17
- (17)

Table 2. Mean relative errors of the Milstein, Simplified 2 Ordet Taylor and SRK method
for different discretizations.

e Simplified 2 Order SRK Method for
N Milstein Method Taylor Method 2-Stage
Xt X? Xt X? Xt X?

10*  2.0440e-05 9.4782e-06 2.1132e-08 7.7765e-09 2.1135e-08 7.7769e-09
10° 3.4300e-07 1.1335e-06  5.4836e-10 1.6983e-09 5.4839%e-10 1.6988e-09
106 1.8974e-09 1.4597e-09 2.1355e-12  1.5529e-12  2.1357e-12  1.5531e-12
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Table 2 shows the mean relative errors of the three methods for different N
discretizations. It can be seen that the solutions obtained with the simplified 2 Ordet Taylor

method are better than the solutions obtained with the Milstein method.

4 RESULTS AND DISCUSSION

In this paper we compare the Milstein scheme and the Simplified 2 Order Taylor scheme
for the Kubo oscillator. For each scheme we show the approximate solution and the exact
solution. We also calculate the mean absolute error and the mean relative error between the
numerical solutions and the exact solution. According to our results, we can say that the
numerical solution obtained from the Simplified 2 Order Taylor scheme is closer to the exact
solution than the numerical solution obtained from the Milstein method. From the error table,
we can say that the numerical solutions get closer to the exact solution as the number of
discretizations increases for each numerical scheme. It is also observed that the mean relative
error is smaller than the mean absolute error for both methods. The reason is that Simplified 2
Order Taylor’s strong convergence order is greater than Milstein’s strong convergence order.
The errors obtained from the SRK 2-stage and Simplified 2 Order Taylor solutions are lower

than the Milstein solution. The Taylor and SRK 2-stage solutions are very close to each other.
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