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ABSTRACT. In this paper, we investigate and study some types of left distributive ringoids over a field
which are not rings. For this, we first introduce (quadratic-linear, linear-quadratic, quadratic-quadratic)
groupoids over a field, then find their general form, and in the following left distributive ringoids are
investigated with respect to these groupoids. Finally, we find the general form of the left distributive
quadratic-linear, linear-quadratic, and quadratic-quadratic ringoids over a field K.

2020 Mathematics Subject Classification. 20N02, O8A30.
Keywords. Ringoid, quadratic-linear groupoid, linear-quadratic groupoid, quadratic-quadratic groupoid,
left distributive ringoid.

1. INTRODUCTION AND PRELIMINARIES

A groupoid is an algebraic structure (G, *) consisting of a nonempty set G and a binary operation
“¥” on G. For more information on groupoids the following papers and books are useful: [1]- |[7]. The
concept of a generalization in mathematics is very important to mathematicians for their research. In
2022, Neggers et al. [8] as the generalization of groupoids, rings, semi-rings and near-rings introduced
the notion of a ringoid, and presented several properties of it. They studied several different types of
ringoids. They constructed right distributive ringoids over a field and the geometric observations of
the (strongly) orthogonal of vectors over a ringoid was investigated. Then, Rezaei et al. [10], discussed
the right distributive ringoids in linear-linear groupoids, and investigated several properties in ringoids.
By using the notion of a top-row determinant they discussed some properties of matrices over ringoids.
Moreover, they discussed the notions of the (strongly, (very-) weak) orthogonality and discussed the
notion of incident of vectors and defined the concept of a-K-sphere on a ringoid, where K is a field.

The motivation of this study consists algebraic and logical arguments. The notion of a ring is a
generalization of a ring of integers, i.e., (Z, +, 0) is an abelian group and (Z, -) is a semigroup, and
left- and right-distributive laws. If we consider the multiplication of integers, it can be represented
by the addition of integers. Moreover, the distributive laws are not necessary in some cases. If we
define a binary operation “4” on Z by z *y := z - (z — y), then we obtain 6 x4 = 6 - (6 — 4) =
(6—4)+(6—4)+(6—4)+(6—4)+(6—4)+ (6 —4) = 12. In this calculation we can find that (Z, +, 0) is
an abelian group and (Z, *) is a groupoid. From this observation, we may construct a notion of a ringoid
which can be another generalization of a ring, near-ring, pseudo-ring, semihyperring, etc.. Due to the
fact that not enough research has been done on the ringoids, we introduce and study the concept of left
distributive (quadratic-linear, linear-quadratic, quadratic-quadratic) ringoids over a field and study its
different properties. Also, by finding their general form, we find a family of examples for them that can
be used in future researches. Finally, we find the general form of the left distributive quadratic-linear,
linear-quadratic and quadratic-quadratic ringoids over a field K.
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A groupoid (X, *) is said to be a right zero semigroup if x xy = y, for all z,y € X, and a groupoid
(X, *) is said to be a left zero semigroup if x xy = x, for all z,y € X (see [6]).

Let (K, -, +, 0, 1) be a field with |K| > 3. Define a binary operation “«” on K by

xxy:=A+ Bz +Cy (1)
for all z,y € K, where A, B,C € K are fixed. We call (K, *) a linear groupoid [4.,[5L|8] over K.
An algebra (X, %, +, 0) of type (2,2,0) is called a ringoid if satisfies the following conditions: [8},9]
(I) (X, +, 0) is an abelian group,

(IT) (X, %) is a groupoid.

Example. [8] Let (R, +, -, 0, 1) be the field of real numbers. Define a binary operation “«” on R by
xxy:=2x-(x—y), for all z,y € R. Hence (R, *, +, 0) is a ringoid, but neither a ring nor a recognized
type of generalization of a ring such as semi-ring, near-ring, etc..

A ringoid (X, *, +, 0) is called left distributive if x * (y + z) = (x *y) + (x * 2), for all z,y,z € X.

From now on, K denotes the field (K, -, +, 0, 1) with |K]| > 3.

2. LEFT DISTRIBUTIVE RINGOIDS OF QUADRATIC-LINEAR GROUPOIDS

In this section, we investigate left distributive ringoids on the quadratic-linear groupoids over a field
K.

Definition 1. Let A, B,C, D, E, F € K are fixed. Define a binary operation “x” on K by

zxy:= A+ Bz + Cy+ Dz? + Exy + Fy? (2)
for all z,y € K. We call (K, *) a quadratic groupoid over K and it is called proper if D # 0 or E # 0 or
F#£0.
Notice that if D = F = F = 0, then the quadratic groupoid (K, ) is a linear groupoid.
Example 1. Consider an algebra that (Q, -, +, 0) where Q is the rational numbers, “+” is the usual

addition and “” is the usual multiplication. Define a binary operation “” on Q by x xy = —1 + 22 +
5y — b2 + 8zy + y2. Then (Q, *) is a quadratic groupoid.

Beside, assume «, 3,7 € K are fixed. Consider (2) and define a binary operation “@” on K by
@y = a+fr+yy 3)

for all z,y € K. We call (K, *, @) a quadratic-linear groupoid over K.

If we consider (1) and (3), then (K, *, @) is called linear-linear groupoid over K and A ringoid
(K, %, ®, 0) is called a linear-linear ringoid if (K, x, @) is a linear-linear groupoid over K (see [§]).

A ringoid (K, *, @, 0) is called a quadratic-linear ringoid if (K, x, @) is a quadratic-linear groupoid
over K, and it is called proper if (K, *) is proper.
Now, we discuss left distributive ringoids related to quadratic-linear groupoids over a field K.

Lemma 1. Let (K, *, ®) be a quadratic-linear groupoid, with the left distributive law. If F = 0 and
B+~ #1, then

al-C)  aF
==y 1=-B-19

TxY = x+ Cy+ Exy,

forallz,y € K.

Proof. Assume (K, %, @) is a quadratic-linear groupoid, with the left distributive law. Then for all
z,y,z € K, we have
rx(y®z2) = A+Bx+Cly®z2)+Dx®> +Ex(y®z)+ Fly® 2)?
A+ Bx + C(a+ By +7vz) + D2* + Ex(a + By +v2) + F(a + By +v2)?
= A+ Bz +aC + BCy+~Cz+ Dz? + aEx + fExy + vExz + o®F + 2Fafy
2Favyz + 2ByFyz + B2Fy? 4+ ~*Fz?
(A+aC + o*F) + (B + aB)z + (BC + 2a8)Fy + (vC + 2avF)z
+ Dz?+ B*Fy? +4°F2% 4+ BExy + yExz + 2By Fyz.

_|_
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On the other hand,
(xxy)®(x*xz) = a+p(@xy)+vy(r*xz)
= a+B(A+ Bx+ Cy+ Dx? + Exy + Fy?)
+ y(A+ Bz + Cz + D2 + Exz + Fz?)
= a+AB+7)+ BB +7y)z+ BCy+~Cz+ (B + ~)Dx?
+ BFy?*+~yF2*+ BExy + vExz.
Since the left distributive law holds (i.e., z % (y ® z) = (z * y) ® (x * 2)), we obtain

(vii) 42F = F which implies v(y — 1)F =0,

(viii)) ByF =0.
Since F =0 and 8+ v # 1, we get D = 0 by (v). Similarly, we obtain A = % and B = 1:gf,y by
(i) and (ii). This proves the lemma.

(i) A+aC+a?F =a+ (8 +7)A which implies (1 — 8 —v)A+ a(C — 1) + a®F =0,
(i) B+ aF = B(S + «) which implies (1 — 8 —~)B + aFE =0,
(iii) BC + 2aBF = BC which implies aSF = 0,
(iv) ~C 4+ 2avF = ~C which implies ayF = 0,
(iii) D = (8 +)D which implies (1 — 5 —~)D =0,
(vi) B?F = BF which implies (8 — 1)F = 0,
)
)

Theorem 1. Let (K, %, ®) be the quadratic-linear groupoid, F' = 0 and 8+« # 1. Then (K, %, ®, &)
is a left distributive ringoid if and only if £ = —« and for all x,y € K

zxy = o(C—-1)+aEx+Cy+ Exy (4)
r®y = atz+y. (5)

Proof. Assume (K, *, &, £) is a left distributive quadratic-linear ringoid, where £ is the zero element in
(K, @, £). Then by Lemma r®E=a+pr+vE =a+pE+yr =EPx = x, for all x,y € K. Therefore,
B=y=1land a+~v =a+ B =0. So, £ = —q, for all z,y € K. Hence x xy = Cly(_lg_cﬂ{) — 1_O‘BE_,Y£c+
Cy+ Exy=a(C—-1)+aFEx+Cy+ Exy, forall z,y € K. Also, t®y=a+fx+yy=a+x+y.

Conversely, easily the algebra (K, %, @) satisfies the left distributive law and —« is the zero element in
(K, @). Now, assume & is the inverse of z in (K, ®, —a). So, x @ & = a + & + & = —a. This shows that
& = —2a—x. Thus, (K, @, —«) is an abelian group and (K, *, &, —«) is a left distributive ringoid. O

Example 2. (i) Every linear-linear groupoid is a quadratic-linear groupoid, as a neutral way, so, every
linear-linear ringoid is a quadratic-linear ringoid.

(#3) Consider an algebra (Q, -, +, 0) where Q is the set of all rational numbers, “+” is the usual
addition and “” is the usual multiplication. Define binary operations “«” and “®” on Q by rxy =
1624+ y+8zy andx ®y=2+x +y. Then (Q, x, ®, —2) is a left distributive quadratic-linear ringoid.

Remark 1. The left distributive ringoid (K, *, ®, —«) discussed in Theorem |1 need not be a ring in
general. It is enough to show that (K, %) is not a semigroup. Then for all z,y,z € K, we have:
xx(yxz) = a(C—-1)+aBx+Cy*z)+ Ex(y*z)
= a(C—-1)4+aFEx+C(a(C—1)+ aFEy+ Cz+ Eyz)
Ez(a(C —1)+aEy+ Cz+ Eyz)
a(C? = 1)+ aCE(x +y) + C*2 + CEyz + aE*vy + CExz + E%zyz2.

_|_

On the other hand,
(xxy)xz = a(C—1)+aE(x+y)+Cz+ E(x*y)z
= o(C—-1)+aFE(a(C—-1)+aFEz+ Cy+ Exy)
+ Cz+E(e(C—-1)+aFz+ Cy+ Exy)z
= a(C—-1)+a’E(C —1)+a*E?z+ aCEy + aE?zy
+ (CH4aCE —aFE)z + aF?*rz + CEzy + Fxyz.
We can see that x x (y x z) # (x xy) x z. For example, take E =0 and C & {—1.1}.
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Lemma 2. Let (K, %, ®) be a quadratic-linear groupoid, with the left distributive law. Then

oy — A+ Bx + 1y + Da? if B+v=1, a#0and F =0,
y= (a(1=C) —a?F)+aEx + Cy + Exy + Fy? if B=~v=0and F #0,
{y if y#0and F£0,
x@y_{x if B#0and F#£0,

forall x,y € K.

Proof. Suppose F' =0 and 8+ =1. Then o(C — 1) =0 and Ea = 0 by (i) and (ii).

If  #0, then C =1 and E = 0. It shows that z *y = A + Bz + y + Dz?.

Assume F' # 0.

If 3=+ =0, then A =a(l —C)—a?F, B=aF and D = 0, by (i), (ii) and (v). Thus, z xy =
(1-C)a— Fa?) + aEx + Cy + Exy + Fy?.

If v # 0, then y = 1, « = 0 and 8 = 0 by (vii), (iv) and (viii). Therefore, z &y =y ie., (X, ®) is a
right zero semigroup.

If 8 #0, then « =0, 5 =1 and v = 0 by (iii), (vi) and (viii). Therefore, z @y = x i.e, (X, D) is a
left zero semigroup. |

Theorem 2. Let (K, *, &) be the quadratic-linear groupoid in Lemma@ Then there is no left distribu-
tive ringoid over K.

Proof. Assume f++v =1, a # 0 and F = 0, claim (K, @, £) is not an abelian group. By contrary, let
(K, ®, &) be an abelian group. Then z ¢ = @ x = z, for all z € K. Hence a + Sz + (1 — f)§ =
a+ BE+ (1 — B)x = x, it shows that 8 = 1 — 8 = 1, which is a contradiction. The proof of the other
cases are similar. O

3. LEFT DISTRIBUTIVE RINGOIDS OF LINEAR-QUADRATIC GROUPOIDS

In this section, we investigate left distributive ringoids on linear-quadratic groupoids over a field K.
Beside, we assume that «, 8,v,9,¢,n € K are fixed. Consider (1) and define a binary operation “®” on
K by

T®y = a+ﬁx+wy+5w2+€$y+ny2 (6)

for all z,y € K. We call (K, %, @) a linear-quadratic groupoid over K and it is called proper if 6 # 0 or
e#0orn=#0.

Notice that if § = =n =0, then the quadratic groupoid (K, @) is a linear groupoid.

A ringoid (K, *, @, 0) is called a linear-quadratic ringoid if (K, x, @) is a linear-quadratic groupoid
over K and it is called proper if (K, @) is proper.
Now, we discuss left distributive ringoids related to linear-quadratic groupoids over K.

Example 3. (i) Every linear-linear groupoid is a linear-quadratic groupoid, as a neutral way, so, every
linear-linear ringoid is a linear-quadratic ringoid.

(i1) Consider an algebra (Q, -, +, 0) where Q is the set of all rational numbers, “+7 is the usual
addition and “” is the usual multiplication. Define binary operations “«” and “©” on Q by zxy =
2+ 5x+ Ty and x ®y =5+ 4z — 3y + 222 + zy + 3y%. Then (Q, x, @) is a linear-quadratic groupoid.

Lemma 3. Let (K, *, @) be the linear-quadratic groupoid, with the left distributive law and B = 0. Then
vy — { (&;ﬂi;{y)/xf(5+e+n)A2+ﬂx+7y+5z2+sxy+ny2 if Q:O,
o tBr+y if C¢{0,1},
for all z,y € K.

Proof. Assume (K, %, @) be the linear-quadratic groupoid, with the left distributive law and B = 0.
Then for all x,y,z € K, we have

rx(y®2) = xx*(a+By+yz+ 6y +eyz+nz?)
= A+ Br+C(a+By+vyz+06y* +eyz +n2?)
= A+aC+ Bx + BCy +~Cz + 6Cy? + eCyz + nCz>%.
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On the other hand,

(r*xy)®(z*x2z) = (A+Bzx+Cy)@(A+ Bz +Cz)

a+ B(A+ Bz + Cy) +v(A+ Br + C2) + §(A + Bz + Cy)?
e(A+ Bz + Cy)(A+ Bz + Cz) +n(A+ Bx + Cz2)?

a+ A+ Bx+ Cy +vA+vBx +~Cz

§(A% + 2ABx 4+ 2ACYy + 2BCxy + B%x? 4+ C%y?)

e(A% + ABx + AC%z + BAxz + B*x* + BCxz + ACy + BCxy + C*yz)
n(A? + 2ABx + 2ACz + 2BCxz + B*x? + 0?2%)

a+ BA+yA+ A% + A% 4 nA?

(BB+ B +20AB +2¢AB + 2nAB)x

(BC +26AC + eAC)y + (vC + e AC + 2nAC)z

(6B? 4+ eB* + nB?)2* + (26 BC + ¢ BC)xy + (¢ BC + 2nBC)x2
+  eC?yz +nC%22 4 6C*y%.

_|_

m+ + + 1

+ + +

Since the left distributive law holds (i.e., x * (y @ z) = (x xy) ® (z * z)), we obtain
(i) A=B-—7A+a(C—-1)—(§+e+n)A% =0,
) 1—=8—7)B—2(6+e+n)AB =0 implies (1 — 3 —~)B =0 by (v),
) BC = pBC + 20AC + e AC implies (20 + £)AC = 0,
) 7C =~C +eAC + 2nAC implies (2n +¢)AC = 0,
) 6B%+¢eB? 4+ nB? =0 implies (6 +¢ +n)B? =0,
(vi) 20BC +eBC = 0 implies (20 4+ ¢)BC = 0,
i) eBC + 2nBC = 0 implies (2n+¢)BC = 0,
) dC(C—1)=0,
) eC(C—-1)=0,
(x) nC(C—-1)=0.
Assume B = C =0, by using (i), weget a = (1 - —7)A— (d+ec+n)A?andzdy=(1-8—v)A—
(64 e+ n)A%+ Bx + vy + d2° + exy + ny>.
If B=20and C ¢ {0,1}, then we obtain 6 = ¢ = 5 = 0 by (viii), (ix) and (x). It shows that
(1-p—y)A4+a(C-1)=0and a = % by (i). Thus, z ®y = %—i—ﬁx—kwg. O

Theorem 3. Let (K, x, @) be the linear-quadratic groupoid.
()) If B=C =0 and ¢ # 0, then (K — {%ﬁ}, x, @, £) is a left distributive ringoid if and only if
¢=28 Ae (=L, =2} and

€ e ? €

—1
rThy = @—l—,@(x—l—y)—&-sxy (7)
for all x,y € K — {_75}
(i) If B=C=0ande =0, then (K, *, ®, £) is a left distributive ringoid if and only if £ = A and
r®y = —-A+zr+y (8)
for all x,y € K.
iii) If B=0,C ¢ {0,1}, then (K, %, ®, —4-) is a left distributive ringoid if and only if £ = 4~
i-C i-C
and
A
rdby = -1 +x+vy (9)
for all x,y € K.
(w) fA=B=0,C=1ande#0, (K — {%ﬁ}, x, @, £) is a left distributive ringoid if and only if
¢ = % and it satisfies in (7).
(v) fA=B=0,C=1ande =0, then (K, x, ®, £) is a left distributive ringoid if and only
¢ = —a and it satisfies in (5).
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Proof. (i) Assume (K — {_75}7 x, @, &) is a left distributive linear-quadratic ringoid. Then by Lemma
t@E=(1—B—7)A—(S+e+n)A2+Br+yE+ 02 tebx+ne =(1—-B—7)A— (S +e+n)A2+BE+
v+ 0 +efx+nat=x, forall z € K — {_6} Therefore, B=7v0=n=0,(1-28)A—-cA%>+3£=0
and B+ &€& = 1. Since € # 0, hence £ = 1 5 Ae{la , =5} and

roy = (1-B-7)4 —(5+a+n)A2+6w+v£+5sc2+e£:c+n£2
(1 —2B8)A —cA? + Ba + By + exy
= B¢+ B +y) +exy

= @+5(m+y)+sxy.

Conversely, easily the algebra (K, *, @) satisfies the left distributive law and % is the zero element in

(K, @). Now assume & is the inverse of x in (K, @, ) So, z® & = (5_1) + Bz + &) +exd = %

So, #(8 + ex) = —fz + 128 — BUZB) yf 4 4 =B thus, & = i (~Br+ ), forall z € K — {2}, 1f
2

T = _757then @—%—i—ﬁ:ﬁ—ﬁﬁc: %,and —g = 1;B. Whlchprovesthat —B8=1-pFand 0 =1,

a contradiction. Thus there is not an inverse for the element z = _Tﬁ Then (K — {_Tﬁ}, *, @D, % ) is an

abelian group and (K — {_TB}, *, @, % ) is a left distributive ringoid.
(i) Assume (K, *, @, £) is a left distributive linear-quadratic ringoid. Then by Lemma and the proof
of case (i), =n=0,8=7, B+efE=1and (1 —28)A —eA? + B¢ = 0. Since ¢ = 0, hence 8 =y = 1,
&= A and

r@y = (1-B—NA—-0+e+n)A%) +Br+yy+d2® +exy+ny’ = —-A+z+y.
Conversely, easily the algebra (K, %, @) satisfies the left distributive law and A is the zero element in
(K, ®). Now, assume & is the inverse of z in (K, ®, A). So, x ® & = —A + x + & = A. This shows that
& =2A—z, for all z € K. Thus, (K, @, A) is an abelian group and (K, *, @, A) is a left distributive
ringoid.
(iii) Assume (K, *, @, £) is a left distributive linear-quadratic ringoid. Then by Lemma |3 ' rdE =

M+Bm+7§ M+B§+’yx—x Thus, B =v=1and — C—l—f—Osof— o and
_ (1=B-mA _ A
Thy = —C +ﬂx+’yy—c 1+x+y.
Conversely, easily the algebra (I, *, @) satisfies the left distributive law and = C is the zero element
n (K, ®). Now assume & is the inverse of x in (K, @, = C) So, @ T =2hx =& = A Hence
A+ Br+i= %. This shows that & = 245 — z, for all z € K. Thus, (K, ®, 125 ) is an abelian

group and (K, *, ©, 1= C ) is a left distributive ringoid.

(iv) Assume (K —{ 6’3 1, %, @, €) is a left distributive linear-quadratic ringoid. It follows that x & £ =
a+Br4+yE+oa?tefr+ntd =a+ B+ e+ +efr+ma? =Edr=ua, forallz € K—{_TB}. Thus,
60=n=0,8=~,0+e£=1and a+ B =0. Since € # 0, hencefz%,az—ﬁfz@ and

pB-1)
9

r®y = a+pr+ay+oa’ +ery+ny’ = + Bz +y) +exy.

Conversely, it is proved similar to the proof of (i).

(v) Assume (K, x, @, £) is a left distributive linear-quadratic ringoid. Then similar to the proof of case
(iv),0=n=0,8=~,8+cf=1and a+ £ =0. Since € =0, hence f =~ =1, { = —« and

tPy = a+fr+yy+ot+exy+mt=a+z+y.

Conversely, easily the algebra (K, x, @) satisfies the left distributive law and —a is the zero element in
(K, ®). Now, assume & is the inverse of x in (K, ®, —«). So, t ® & = a + x + & = —a. This shows
that & = —2a — x, for all z € K. Thus, (K, ®, —«) is an abelian group and (K, x, ®, —«) is a left
distributive ringoid. O

Example 4. Consider an algebra (Q, -, +, 0) where Q is the set of all rational numbers, “+7” is the usual
addition and “” is the usual multiplication. Define binary operations “«1” and “®©1” on Q by x x; y = 2
and x®1y = -2+ x+vy. Then (Q, x1, ®1, 2) is a left distributive linear-quadratic ringoid. Beside, if
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define “@2” on K by x ®oy = 10+ 5(x + y) + 2zy, then (Q — {—%}7*1, Do, —2) is a left distributive
linear-quadratic ringoid.

Remark 2. Theorem@ means that the left distributive linear-quadratic ringoids are in the cases (i) and
(iv), other cases are the left distributive linear-linear ringoids.

Lemma 4. Let (K, x, @) be the linear-quadratic groupoid defined, with the left distributive and B # 0.
Then, for all z,y € K

B+ (1 — By + dz% — (§ +n)zy + ny? if C =0,
rPy=1{ a+pBz+(1-B)y+x?®—2zy+1y°?) if C=1,
Br+ (1 -8y if C¢{0,1},

Proof. Assume C'=0. Then 1 — 8 —~ =0 by (ii), and so vy =1 — . Also, we have § +&+n =0 by (v)
and o = w =0by (i). Thus, z @y = Bx + (1 — By + 622 — (6 + n)xy + ny?.

If C =1, then 1-B-—7A-(6+e+n)A%2=0,(20+e)A=0, (2n+e)A =0, (20 +)B = 0 and
(2n+¢e)B =0 by (i), (iii), (iv), (vi) and (vii).
Since B # 0, we have § =n, e = —2n and by (ii), we get 1 — 8 — v = 0. It follows that v = 1 — 3. Hence
r@y=a+fr+(1-PF)y+d* - 2zy+y°).

If C ¢ {0,1}, then 6 =e =n =0 by (viii), (ix) and (x). Also, 1 — 8 —~ =0 by (#) and o = 0 by (4).
Thus, z®y = fx + (1 — ). a

Lemma 5. Let (K, x, @) be the linear-quadratic groupoid, with the left distributive, A # 0, B =0 and
C=1. Thenz®y=a+ Bx+ (1—-B)y+dx?—2zy+y?), for dl z,y € K.

Proof. Since A # 0, B =0 and C = 1, we have § =7, ¢ = —2n. By (i), we get 1 — 8 — v = 0. Hence
rOy=a+pBr+(1-B)y+dx%—2xy+y?). O

Theorem 4. Let (K, %, @) be the linear-quadratic groupoid in Lemmasl 14 and @ Then there is no left
distributive ringoid over K.

Proof. By contrary, let (K, @, £) be an abelian group in Lemma |4} B # 0 and C = 0, where £ is
zero element in (K, @, £). Then 2 ® £ = £ @ x = x, for all z € K. This shows that Sz + (1 — )¢ +
022 — (0 + n)éx — ne? = BE+ (1 — Ba + 062 — (6 4+ n)éx — nz® = x, which proves that § = n = 0,
B—(+nE=0-8)— (@ +n)E=1, (1 - ) —ne* = BE+ 56 = 0. Therefore, 1 =1 — B and § = 1,
which is a contradiction. Thus, there is no left distributive ringoid over K.

Similarly, other cases are proven. O

4. LEFT DISTRIBUTIVE RINGOIDS OF QUADRATIC-QUADRATIC GROUPOIDS

In this section, we define quadratic-quadratic groupoids and investigate left distributive ringoids on
the quadratic-quadratic groupoids over a field K.

Definition 2. Consider (2) and (6), we call (K, x, &) a quadratic-quadratic groupoid over K. Also, is
called proper if the binary operations % and @ are not linear (i.e., (K, ) and (K, @) are proper).

Notice that, if D = E = F = 6 = ¢ = n = 0, the quadratic-quadratic groupoid (K, *, ®) is a
linear-linear groupoid.

Example 5. Let (R, +, -, 0, 1) be the field of real numbers. Define a binary operation “«” on R by
rxy=2+x+y—522+3y% and v ®y = —1+ 2y — 8wy +y>, for all z,y € R. Then (R, *, @) is a proper
quadratic-quadratic groupoid over R.

Lemma 6. Let (K, *, @) be the quadratic-quadratic groupoid, with the left distributive law. Then, for
allz,y € K

ag—f)_lﬁ x+ Cy+ Exy if F=D=0, E#40and B+~ #1,
THY= s =) ! '
+ 28y + ey? if F#0ande#0,
vy d Oty if F=D=0, E#0andp+7#1,
Y= ﬂ(5€_1)+ﬂ(x+y)+gxy if F#0andce#0.
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Proof. Assume (K, %, @) is the quadratic-quadratic groupoid, with the left distributive law. Then for
all z,y € K, we have

rx(y®z) = A+Br+Cy®z)+ D2’ +Ex(y®z2)+ Fy®2)?

= A+ Bz +Cla+ By + vz + 0y + eyz + n2?) + Da?

Ex(a+ By + vz + 0y + eyz +1n2%) + Fla+ By + vz + 0y + eyz + nz°)?
A+ Bz + aC + BCy +~vCz + 6Cy? + eCyz + nCz? + Dz + aEx + BExy
vExz + 0Exy® + eExyz + nExz? + o F + 2 Fy? + 12 F2% + 82 Fy* + 2 Fy?2?
N’ Fz* + 2aBFy + 2ayFz + 206 Fy? + 2ae Fyz + 2anF 2% + 2By Fzy + 280 Fy?
2BeFy’z + 2BnFyz* + 295 Fy? 2 + 2eyFyz* + 2ynF 2% + 260 Fy 2 4 20mFy* 2>
2enFyz® = (A+aC + o?F) + (B + aE)x + (BC + 2a8F)y + (vC + 2avF)=z
Da? + BExy + (6C + B*F 4 20 F)y® + (nC + v*F + 2anF) 2>
(eC 4 20eF + 26vF)yz + yExz + 6Exy® + eExyz + nExz? + 6 Fy*
(€2F + 26nF)y? 22 + n?F2* + 280 F1y3 + (2BeF + 270 F)y?z + (2B8nF + 26y F)yz?
2ynF 2% + 266 Fi 2 + 2enFyz3.

+

R e e e |

+

On the other hand,

(A+ Bz + Cy + Da* + Exy + Fy*) ® (A+ Bx + Cz + Da* + Exz + F2?)
a+ B(A+ Bx + Cy + Da? + Exy + Fy?)

(A + Bx + Cz + Dx? + Exz + Fz?)

§(A+ Bz + Cy + Dz? + Exy + Fy?)?

e(A+ Bx + Cy + Da* + Exy + Fy?)(A + Bx + Cz + D2’ 4+ Exz + F2?)
n(A+ Bx 4+ Cz + Dx? + Exz + Fz?)?

o+ BA+ BBx + BCy + BDa* + fExy + BFy? + yA + yBx +vCz + yDx?
yExz +yFz? + A% + 20ABx 4+ 20 ACy + 26ADx? + 20 AExy + 20 AFy?
6B%2? + 26 BCay + 260 BDx® + 26 BEx?y + 26 BF zy? + 6C?y? + 26C Da?y

20 ECxy? + 20CFy? 4+ 6D?*z* + 20 EDxy + 20 DF2%y? + 6 E22%y* + 20 EF zy°
OF?y* + cA? + 26ABx + e ACz + cADa? + e AExz + e AF 2% + e B%2?

eBCxz +eBDx3 + eBEx?z + eBFx2* + e ACy + eCByx + eC*yz + eCDya?
eCEyzz + cCFyz? + eADa? + eBDa® + eCDa?z 4+ eD*x* + e EDx? 2
eDFx?2% + cAExy + e EBx?y + e ECxyz + e EDx%y 4 e B*2?yz

eEFxyz* + cAFy? + eBFy*x + eCFy*z + eDFy*2?® + cFExy?z + e F%y*2?
nA? 4+ 2nABx + 2nACz + 2nADx? + 2nAExzz + 2nAF 2% + nB?2? + 2nBCxz
2nBDz® + 2nBEx?z 4+ 2nBFx2* 4+ nC?2* 4 2nCDx?z + 2nECx2* 4 2nCF23
nD?*z* + 2nEDx3z + 2nDF2?2? + nE?2?22 + 2nEFx2® + nF22*

a+ BA+yA+5A? + A% + nA?) + (BB + yB + 25AB + 2¢ AB + 2nAB)x
BC +25AC 4 cAC)y + (vC + e AC + 2nAC)z + eC?yz

BD +~D + 25AD + eB? 4+ 2¢ AD + 2nAD + nB? + § B*)2?

BE 4 26BC + eCB + ¢ AE + 20 AE)xy + (BF + 20AF + 6C? + cAF)y?

NE + eAE + eBC + 20BC + 2nAE)xz 4+ (YF + cAF 4+ nC? 4+ 2nAF) 2>
20BF + 26 EC + e BF)xy® 4+ 2eCEyxz + (¢BF 4 2nBF + 2nEC)x2*

SF2y* + eF?y?2% + nF22* + (0 + e + n)D*2* + 20C Fy? 4 eCFy*z

eCFyz* + 2nCFz* + (20BD + 2e BD + 2nBD)2?

(20BE + 25CD +eCD + eEB)x?y

(20DF + 6E? + eDF)a?y? + 20 EFxy® + (20ED + cED)a3y

(x*xy) ® (x*2)

m+ + + + I

++ o+

(
(
(
(
(
(

+ 4+ + + o+ o+t
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+ (¢CD +2nBE 4 2nCD + eBE)x*z + (eED + 2nED)2*2
+ (eDF +nE? +2nDF)2?2% + eE%2%yz + eEFxy2? + e FExy*z 4+ 2nEFz25.

Since the left distributive law holds, we get

(i) A+aC+a?F =a+ BA+~yA+§A? +eA? + nA? which implies

1-B-—YA+a(C—1)+a?F—(§+e+n)A2=0,

(i) B+ aF =B+ vB+ 20AB + 2¢AB + 2nAB which implies
1-8—y)B+aE—-2(0+e+n)AB =0,

(iii) BC +2apF = BC + 20 AC + e AC which implies 2a8F = (2§ + ) AC,

(iv) 7C 4 2avF = ~vC 4 cAC + 2nAC which implies 2ayF = (2n 4 ¢)AC,

(v) D=BD+~D+25AD +eB? +2¢AD + 2nAD +nB? + §B?

which implies (1 — 3 —~)D — (§ + & +n)(B% + 2AD) = 0,

BE = BE + 20BC + cOB + e AE + 26 AE which implies (28 + £)(BC + AE) = 0,

6C + B°F + 200F = BF + 26 AF + 06C? + ¢ AF,

nC + v*F + 2anF = yF + e AF + nC? + 2nAF,

eC + 2aeF + 28~vF = eC?,

~YE =~vE + cAFE + ¢BC + 2nBC + 2nAFE which implies (e + 2n)(AE 4+ BC) = 0,

0E = 26BF + 20EC + ¢BF,

)
)
)
)
)
)
(xii) eF =2eCE,
(xiil) nE =eBF + 2nBF + 2nEC,
(xiv) 8°F = 6F2,
(xv) €2F 4 26nF =ecF?,
(xvi) n*F =nF?,
(xvil) 286F = 26CF,
(xvill) 2BeF + 2v6F = eCF,
(xix) 2BnF + 2evF = eCF,
(xx) 2ynF =2nCF,
(xxi) 2edF = 0 which implies edF = 0,
(xxii) 2enF = 0 which implies enF = 0,
(xxiii) 20BD + 2¢eBD + 2nBD = 0 which implies BD(§ +¢ + 1) =0,
(xxiv) 20BE +26CD + eCD + eEB = 0 which implies (2§ + ¢)(BE + CD) = 0,
(xxv) 20DF + 6E? + eDF = 0 which implies (26 +¢)DF + 6E? = 0,
(xxvi) 20EF = 0 which implies EF = 0,
(xxvil) 20ED + ¢ED = 0 which implies (20 + ¢)ED = 0,
(xxviil) eCD + 2nBE + 2nCD + ¢BE = 0 which implies (¢ + 2n)(BE + CD) = 0,
(xxix) €FED + 2nED = 0 which implies (2n+¢)ED =0,
(xxx) eDF +nE?+ 2nDF = 0 which implies (21 + ¢)DF +nE? = 0,
(xxxi) eE? = 0 which implies ¢E = 0,
(xxxil) eFE =0,
(xxxiil) 2nEF = 0 which implies nEF = 0,
(xxxiv) (6 +n+e)D? =0 which implies (§ + 1+ &)D = 0.

Let F=D=0and E#0and f+v# 1. Then 6 =0, n =0 and € = 0 by (xxv), (xxx) and (xxxi).
Hence (1 -8 —v)A+a(C—-1)=0and (1 - F+7v)B+ aF =0 by (i) and (ii). Since f+ v # 1, so

_ a(1-0) _ _—aE .
A= -5 and B = =5 Thus,

a(l-C)  oF
1-f—-y 1-8-

Now, let F'# 0 and € # 0. then § =n = E = 0 by (xxi), (xxii) and (xxxi). So by (xxxiv), (0 +n+¢)D =
eD=0and D=0. By (xv), e2F=¢cF?ande=F. By (v) (1-8—7)D — (6§ + ¢+ n)(B?+ 24D) =
eB? = 0 and B = 0. By (xviii) and (xix) C = 28 = 2v. So, v = 8 and C = 28. By (viii) we get
nC 4 ~v2F 4 2anF = ~F + e AF 4+ nC? + 2nAF. Tt shows that 8% = Be + €24, and so 82 = S+ 2A. On
the other hand, by (ix), we have 2 4 2ae? 4 2% = 4¢4?, and so 8 + ae + % = 2°. This shows that

TxyYy = x+ Cy+ Exy.
Y
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B? = B + ae. Therefore, e = Ae, and so o« = A. Hence o = ’82%5 = @ Thus,

Try = Lﬁgl)+2ﬁy+sy2,

rdy = @Jr,@(ery)Jrezy.

O
Lemma 7. Let (K, *, @) be the quadratic-quadratic groupoid, with the left distributive law and F = D =
E=B=0. Then

vy — { ((}Teﬂw) YNA— (6 +e+n)A%+ Bz +yy + 62* + exy +ny*  if Q:O,
7+6x+7y if C¢{0,1},
forall x,y € K.
Proof. Since F=D =FE =B =0, then (1-8—-7)A+a(C—1)—(§+e+n)A%>=0, (26 +)AC =0,
(2n+e)AC=0,0C(1-C)=0,7C(1—-C)=0and eC(1—C) =0 by (i), (iii), (iv), (vii), (viii), (ix).
fC=0,a=(1-B-7)A—(6+c+mn)A? then zxy = A and

r@y = (1-B—)A—(5+e+n)A%+ Ba+yy + 62 + exy + ny°.
IfC¢{0,1},thend=ec=n=0and (1-—7y)A+a(C—-1)=0. Thus,a:%and
zxy = A+ Cly,
. (1-B-m4
rdy = i—c + Bz + vy.

O

Theorem 5. Let (K, x, ®) be the quadratic-quadratic groupoid.
(i) fF=D=0,FE#0and 8+~ #1, then (K, *, ®,£) is a left distributive ringoid if and only if
¢ = —« and it satisfies (4) and (5).
(ii) If F#0,e#0, then (K — {2}, %, @, €) is a left distributive ringoid if and only if £ = 122
and it satisfies (7) and

vey = ﬂ(ﬂg— 1) + 281+ ey, (10)
for all z,y € K — {%’8}
(tit) F=D=F= B C =0and € #0, then (K — {_ﬂ}, *, @, £) is a left distributive ringoid if
and only if £ = ﬁ ,Ae {_—B —} and it satisfies (7).
(w) tF=D=FE= B C =¢e =0, then (K, %, ®, ) is a left distributive ringoid if and only if
¢ = A and it satisfies (8).
(v) F=D=FE=B=0andC ¢ {0,1}, then (K, *, @, £) is a left distributive ringoid if and
only if ¢ = ;2 and it satisfies in (9).

Proof. (i) Assume (K, %, ®, £) is a left distributive quadratic-quadratic ringoid. Then by Lemma |§|7
d=e=n=0and @ =a+pr+v=a+p+vx=EPx =z, for all x,y € K. Therefore, 5 =~ =1
and a+v =a+pE=0. So, { = —a. Hencex @y =a+ P +yy=a+x+ vy, for all z,y € K. Also,
‘i‘(_lg_c,y) - Tt Cy+ Ezy = o(C — 1) + aEx + Cy + Exy. Conversely, easily the algebra
(K, %, @) satisfies the left distributive law and —« is the zero element in (K, @ ). Now, assume & is the
inverse of z in (K, ®, —a). So, t®% = a+x+2 = —«. This shows that & = —2a—z. Thus, (K, ®, —«)
is an abelian group and (K, %, ®, —«) is a left distributive ringoid.

(i) Assume (K, *, @, £) is a left distributive quadratic-quadratic ringoid. Then by Lemma |§| we get
(8), (10) and z@®¢ = 21 4 Bz 4-€) fexé = z, forall # € K. Therefore, f+2€ = 1 and S+ 221 — o,
Hence £ = %

Conversely, easily the algebra (K, %, @) satisfies the left distributive law and 1% is the zero element in
(K, @). Now assume £ is the inverse of x in (K, @, —) So,z@z = ﬁ(ﬂ L) +B(m+m)+5mx = ;5. If

x;«égmhenx:@( ﬁx—i—lf ), forall z € K — {Tﬁ} Ifm:%ﬂcheng@x—@—i-ﬁ(%ﬁ-l-

Txy =
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) +€_75:i" = % Which proves that —3 = 1— and 0 = 1, a contradiction. Thus there is not an inverse
for the element z = _TB Then (K — {_Tﬁ}v *, @, %) is an abelian group and (K — {_75}7 *, @, 1;'8 ) is
a left distributive ringoid.

O

Remark 3. Theorem @ means that the left distributive quadratic-quadratic ringoid in the case (i) is a
left distributive quadratic-linear ringoid (iii) is the left distributive linear-quadratic ringoid, and (iv), (v)
are the left distributive linear-linear ringoids.

Example 6. (i) Every (linear-linear, quadratic-linear, linear-quadratic) groupoid is a quadratic-quadratic
groupoid, as a neutral way, so, every linear-linear, quadratic-linear, linear-quadratic ringoid is a quadratic-
linear ringoid.

(it) Consider an algebra (Q, -, +, 0) where Q is the set of all rational numbers, “+7 is the usual
addition and “” is the usual multiplication. Define binary operations “«” and “®” on Q by zxy =
3+6y+2y* and x Dy =3+ 3z + 3y + 2xy. Then (Q, *, ®, —1) is a quadratic-quadratic ringoid.

(#it) Consider an algebra (C, -, 4+, 0) where C is the set of all complex numbers, “+7 is the usual

Gy

addition and “” is the usual multiplication. Define binary operations “«” and “®” on C by zxy =
2i+5ix+3y+5dzy and x®y =i+x+y. Then (C, x, ®, —i) is a distributive quadratic-quadratic ringoid.

Remark 4. Notice that let (K, x, @) be the quadratic-quadratic groupoid. f A= B=D=E=F=0
and C =1, then
(i) ife #0, then (K — {%ﬁ}, x, @, &) is a left distributive ringoid if and only if £ = % and it
satisfies in (7),
(it) if e =0, then (K, x, ®, £) is a left distributive ringoid if and only if £ = —«a and it satisfies in

().

Example 7. Consider an algebra (Q, -, +, 0) where Q is the set of all rational numbers, “+7 is the
usual addition and “” is the usual multiplication. Define binary operations “«” and “®” on Q by x*xy =
-8+ 120 —3y+6zy andx ®y =2+ x+y. Then (Q, x, ®, —2) is a quadratic-quadratic ringoid, but

not a ring.

Lemma 8. Let (K, *, @) be the quadratic-quadratic groupoid, with the left distributive law. Then, for
all x,y e K

A+ Bz + Cy + Dz? if F=0,C€{0,1}, D#0andn#0 or
F=n=0,D#0ande#0 or
F=e=n=0, D#0and a # 0,

YT —a(C—1)—a?F —aEx+Cy+ Exy+ Fy? if F#0, e=06=n=~=08=0,
A+ Cy+ Fy? if F£0, e=0=0andn#0 or
F#£0,e=0and § #0
and
Bx + (1 — By + dz2 — (§ + n)zy + ny? if F=C=0, D#0andn#0 or
C=F=D=FE=0and B#0,
a+ Bz + (1 - B)y +nx? — 2nzy + ny? if F=0,C=1D#0and n# 0,
B+ (1 — By — ex? + exy if F=1n=0, D#0ande¢#0;
a+pr+(1-75)y if F=e=n=0, D#0and a # 0,
Bx+ (1-B)y if F=e=n=a=0and D#0 or
F=D=0, E£0and f+~v=1 or
Ty = if F=D=E=0, B#0and C ¢ {0,1},
a+ Bz + (1 — By + dz% — 25zy + §y? if F=D=E=B=0, C=1and A#0 or
F=D=FE=0, B#0and C=1,
T if F£0,e=0=n=~v=0and 8 #0,
Y if F#0,e=d=n=0andy#0,
A+ Cy+ Fy? if F£0,e=6=0andn+#0,
A+ Czx + Fa? if F#0, e=0and§ #0.
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Theorem 6. Let (K, x, @) be the quadratic-quadratic groupoid in Lemma @r Then there is no left
distributive ringoid over K.

Proof. By contrary, let (K, @, £) be an abelian group in Lemma (8} F' = C = 0,D # 0 and n # 0, where

¢ is the zero element in (K, @, £). Then by Lemma we have t @€ =€ da = z, for all z € K. Hence

Bx 4+ (1 — B+ 622 — (6 +n)éx +nE? = BE+ (1 — B)x + 062 — (6 + n)éx + na® = x, which proves that

n = 0, which is a contradiction.

Similarly, other cases are proven. O
CONCLUSIONS

By considering the notions of (quadratic-linear, linear-quadratic, quadratic-quadratic) groupoids, we
investigate the left distributive ringoids over a field. Denote by LLG/LLR the set of all linear-linear
groupoids/rigoids, LQG/LQR the set of all linear-quadratic groupoids/rigoids, QLG/QLR the set of all
quadratic-linear groupoids/rigoids and QQG/QQR the set of all quadratic-quadratic groupoids/rigoids
over a field K. Then we have the following diagrams:

QQG

LQG QLG

LLG
Diagram 1. Relation between LLG, LQG, QLG and QQG

QQR

LQR QLR

LLR
Diagram 2. Relation between LLR, LQR, QLR and QQR

A direction of research, one could investigate another polynomially defined ringoids and extend these
results to module theory.
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