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Abstract. In this paper, we investigate and study some types of left distributive ringoids over a field
which are not rings. For this, we first introduce (quadratic-linear, linear-quadratic, quadratic-quadratic)

groupoids over a field, then find their general form, and in the following left distributive ringoids are

investigated with respect to these groupoids. Finally, we find the general form of the left distributive
quadratic-linear, linear-quadratic, and quadratic-quadratic ringoids over a field K.
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1. Introduction and Preliminaries

A groupoid is an algebraic structure (G, ∗ ) consisting of a nonempty set G and a binary operation
“∗” on G. For more information on groupoids the following papers and books are useful: [1]- [7]. The
concept of a generalization in mathematics is very important to mathematicians for their research. In
2022, Neggers et al. [8] as the generalization of groupoids, rings, semi-rings and near-rings introduced
the notion of a ringoid, and presented several properties of it. They studied several different types of
ringoids. They constructed right distributive ringoids over a field and the geometric observations of
the (strongly) orthogonal of vectors over a ringoid was investigated. Then, Rezaei et al. [10], discussed
the right distributive ringoids in linear-linear groupoids, and investigated several properties in ringoids.
By using the notion of a top-row determinant they discussed some properties of matrices over ringoids.
Moreover, they discussed the notions of the (strongly, (very-) weak) orthogonality and discussed the
notion of incident of vectors and defined the concept of α-K-sphere on a ringoid, where K is a field.

The motivation of this study consists algebraic and logical arguments. The notion of a ring is a
generalization of a ring of integers, i.e., (Z, +, 0 ) is an abelian group and (Z, · ) is a semigroup, and
left- and right-distributive laws. If we consider the multiplication of integers, it can be represented
by the addition of integers. Moreover, the distributive laws are not necessary in some cases. If we
define a binary operation “∗” on Z by x ∗ y := x · (x − y), then we obtain 6 ∗ 4 = 6 · (6 − 4) =
(6−4)+(6−4)+(6−4)+(6−4)+(6−4)+(6−4) = 12. In this calculation we can find that (Z, +, 0 ) is
an abelian group and (Z, ∗ ) is a groupoid. From this observation, we may construct a notion of a ringoid
which can be another generalization of a ring, near-ring, pseudo-ring, semihyperring, etc.. Due to the
fact that not enough research has been done on the ringoids, we introduce and study the concept of left
distributive (quadratic-linear, linear-quadratic, quadratic-quadratic) ringoids over a field and study its
different properties. Also, by finding their general form, we find a family of examples for them that can
be used in future researches. Finally, we find the general form of the left distributive quadratic-linear,
linear-quadratic and quadratic-quadratic ringoids over a field K.
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A groupoid (X, ∗ ) is said to be a right zero semigroup if x ∗ y = y, for all x, y ∈ X, and a groupoid
(X, ∗ ) is said to be a left zero semigroup if x ∗ y = x, for all x, y ∈ X (see [6]).

Let (K, ·, +, 0, 1 ) be a field with |K| ≥ 3. Define a binary operation “∗” on K by

x ∗ y := A+Bx+ Cy (1)

for all x, y ∈ K, where A,B,C ∈ K are fixed. We call (K, ∗ ) a linear groupoid [4, 5, 8] over K.
An algebra (X, ∗, +, 0 ) of type (2, 2, 0) is called a ringoid if satisfies the following conditions: [8, 9]

(I) (X, +, 0 ) is an abelian group,
(II) (X, ∗ ) is a groupoid.

Example. [8] Let (R, +, ·, 0, 1 ) be the field of real numbers. Define a binary operation “∗” on R by
x ∗ y := x · (x− y), for all x, y ∈ R. Hence (R, ∗, +, 0 ) is a ringoid, but neither a ring nor a recognized
type of generalization of a ring such as semi-ring, near-ring, etc..

A ringoid (X, ∗, +, 0) is called left distributive if x ∗ (y + z) = (x ∗ y) + (x ∗ z), for all x, y, z ∈ X.
From now on, K denotes the field (K, ·, +, 0, 1 ) with |K| ≥ 3.

2. Left Distributive Ringoids of Quadratic-Linear Groupoids

In this section, we investigate left distributive ringoids on the quadratic-linear groupoids over a field
K.

Definition 1. Let A,B,C,D,E, F ∈ K are fixed. Define a binary operation “ ∗ ” on K by

x ∗ y := A+Bx+ Cy +Dx2 + Exy + Fy2 (2)

for all x, y ∈ K. We call (K, ∗ ) a quadratic groupoid over K and it is called proper if D ̸= 0 or E ̸= 0 or
F ̸= 0.
Notice that if D = E = F = 0, then the quadratic groupoid (K, ∗ ) is a linear groupoid.

Example 1. Consider an algebra that (Q, ·, +, 0 ) where Q is the rational numbers, “+” is the usual
addition and “·” is the usual multiplication. Define a binary operation “∗” on Q by x ∗ y = −1 + 2x +
5y − 5x2 + 8xy + y2. Then (Q, ∗ ) is a quadratic groupoid.

Beside, assume α, β, γ ∈ K are fixed. Consider (2) and define a binary operation “⊕” on K by

x⊕ y := α+ βx+ γy (3)

for all x, y ∈ K. We call (K, ∗, ⊕ ) a quadratic-linear groupoid over K.
If we consider (1) and (3), then (K, ∗, ⊕ ) is called linear-linear groupoid over K and A ringoid

(K, ∗, ⊕, 0 ) is called a linear-linear ringoid if (K, ∗, ⊕ ) is a linear-linear groupoid over K (see [8]).
A ringoid (K, ∗, ⊕, 0 ) is called a quadratic-linear ringoid if (K, ∗, ⊕ ) is a quadratic-linear groupoid

over K, and it is called proper if (K, ∗ ) is proper.
Now, we discuss left distributive ringoids related to quadratic-linear groupoids over a field K.

Lemma 1. Let (K, ∗, ⊕ ) be a quadratic-linear groupoid, with the left distributive law. If F = 0 and
β + γ ̸= 1, then

x ∗ y =
α(1− C)

1− β − γ
− αE

1− β − γ
x+ Cy + Exy,

for all x, y ∈ K.

Proof. Assume (K, ∗, ⊕ ) is a quadratic-linear groupoid, with the left distributive law. Then for all
x, y, z ∈ K, we have

x ∗ (y ⊕ z) = A+Bx+ C(y ⊕ z) +Dx2 + Ex(y ⊕ z) + F (y ⊕ z)2

= A+Bx+ C(α+ βy + γz) +Dx2 + Ex(α+ βy + γz) + F (α+ βy + γz)2

= A+Bx+ αC + βCy + γCz +Dx2 + αEx+ βExy + γExz + α2F + 2Fαβy

+ 2Fαγz + 2βγFyz + β2Fy2 + γ2Fz2

= (A+ αC + α2F ) + (B + αE)x+ (βC + 2αβ)Fy + (γC + 2αγF )z

+ Dx2 + β2Fy2 + γ2Fz2 + βExy + γExz + 2βγFyz.
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On the other hand,

(x ∗ y)⊕ (x ∗ z) = α+ β(x ∗ y) + γ(x ∗ z)
= α+ β(A+Bx+ Cy +Dx2 + Exy + Fy2)

+ γ(A+Bx+ Cz +Dx2 + Exz + Fz2)

= α+A(β + γ) +B(β + γ)x+ βCy + γCz + (β + γ)Dx2

+ βFy2 + γFz2 + βExy + γExz.

Since the left distributive law holds (i.e., x ∗ (y ⊕ z) = (x ∗ y)⊕ (x ∗ z)), we obtain

(i) A+ αC + α2F = α+ (β + γ)A which implies (1− β − γ)A+ α(C − 1) + α2F = 0,
(ii) B + αE = B(β + γ) which implies (1− β − γ)B + αE = 0,
(iii) βC + 2αβF = βC which implies αβF = 0,
(iv) γC + 2αγF = γC which implies αγF = 0,
(iii) D = (β + γ)D which implies (1− β − γ)D = 0,
(vi) β2F = βF which implies β(β − 1)F = 0,
(vii) γ2F = γF which implies γ(γ − 1)F = 0,
(viii) βγF = 0.

Since F = 0 and β + γ ̸= 1, we get D = 0 by (v). Similarly, we obtain A = α(1−C)
1−β−γ and B = −αE

1−β−γ by

(i) and (ii). This proves the lemma. □

Theorem 1. Let (K, ∗, ⊕ ) be the quadratic-linear groupoid, F = 0 and β + γ ̸= 1. Then (K, ∗, ⊕, ξ )
is a left distributive ringoid if and only if ξ = −α and for all x, y ∈ K

x ∗ y = α(C − 1) + αEx+ Cy + Exy (4)

x⊕ y = α+ x+ y. (5)

Proof. Assume (K, ∗, ⊕, ξ ) is a left distributive quadratic-linear ringoid, where ξ is the zero element in
(K, ⊕, ξ ). Then by Lemma 1, x⊕ ξ = α+βx+γξ = α+βξ+γx = ξ⊕x = x, for all x, y ∈ K. Therefore,

β = γ = 1 and α + γξ = α + βξ = 0. So, ξ = −α, for all x, y ∈ K. Hence x ∗ y = α(1−C)
1−β−γ − αE

1−β−γx +

Cy + Exy = α(C − 1) + αEx+ Cy + Exy, for all x, y ∈ K. Also, x⊕ y = α+ βx+ γy = α+ x+ y.
Conversely, easily the algebra (K, ∗, ⊕ ) satisfies the left distributive law and −α is the zero element in
(K, ⊕ ). Now, assume x̂ is the inverse of x in (K, ⊕, −α ). So, x⊕ x̂ = α+ x+ x̂ = −α. This shows that
x̂ = −2α−x. Thus, (K, ⊕, −α ) is an abelian group and (K, ∗, ⊕, −α ) is a left distributive ringoid. □

Example 2. (i) Every linear-linear groupoid is a quadratic-linear groupoid, as a neutral way, so, every
linear-linear ringoid is a quadratic-linear ringoid.

(ii) Consider an algebra (Q, ·, +, 0 ) where Q is the set of all rational numbers, “+” is the usual
addition and “·” is the usual multiplication. Define binary operations “∗” and “⊕” on Q by x ∗ y =
16x+ y + 8xy and x⊕ y = 2 + x+ y. Then (Q, ∗, ⊕, −2 ) is a left distributive quadratic-linear ringoid.

Remark 1. The left distributive ringoid (K, ∗, ⊕, −α ) discussed in Theorem 1 need not be a ring in
general. It is enough to show that (K, ∗ ) is not a semigroup. Then for all x, y, z ∈ K, we have:

x ∗ (y ∗ z) = α(C − 1) + αEx+ C(y ∗ z) + Ex(y ∗ z)
= α(C − 1) + αEx+ C(α(C − 1) + αEy + Cz + Eyz)

+ Ex(α(C − 1) + αEy + Cz + Eyz)

= α(C2 − 1) + αCE(x+ y) + C2z + CEyz + αE2xy + CExz + E2xyz.

On the other hand,

(x ∗ y) ∗ z = α(C − 1) + αE(x ∗ y) + Cz + E(x ∗ y)z
= α(C − 1) + αE(α(C − 1) + αEx+ Cy + Exy)

+ Cz + E(α(C − 1) + αEx+ Cy + Exy)z

= α(C − 1) + α2E(C − 1) + α2E2x+ αCEy + αE2xy

+ (C + αCE − αE)z + αE2xz + CEzy + E2xyz.

We can see that x ∗ (y ∗ z) ̸= (x ∗ y) ∗ z. For example, take E = 0 and C ̸∈ {−1.1}.
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Lemma 2. Let (K, ∗, ⊕ ) be a quadratic-linear groupoid, with the left distributive law. Then

x ∗ y =

{
A+Bx+ y +Dx2 if β + γ = 1, α ̸= 0 and F = 0,
(α(1− C)− α2F ) + αEx+ Cy + Exy + Fy2 if β = γ = 0 and F ̸= 0,

x⊕ y =

{
y if γ ̸= 0 and F ̸= 0,
x if β ̸= 0 and F ̸= 0,

for all x, y ∈ K.

Proof. Suppose F = 0 and β + γ = 1. Then α(C − 1) = 0 and Eα = 0 by (i) and (ii).
If α ̸= 0, then C = 1 and E = 0. It shows that x ∗ y = A+Bx+ y +Dx2.
Assume F ̸= 0.
If β = γ = 0, then A = α(1 − C) − α2F, B = αE and D = 0, by (i), (ii) and (v). Thus, x ∗ y =

((1− C)α− Fα2) + αEx+ Cy + Exy + Fy2.
If γ ̸= 0, then γ = 1, α = 0 and β = 0 by (vii), (iv) and (viii). Therefore, x ⊕ y = y i.e., (X, ⊕ ) is a

right zero semigroup.
If β ̸= 0, then α = 0, β = 1 and γ = 0 by (iii), (vi) and (viii). Therefore, x ⊕ y = x i.e., (X, ⊕ ) is a

left zero semigroup. □

Theorem 2. Let (K, ∗, ⊕ ) be the quadratic-linear groupoid in Lemma 2. Then there is no left distribu-
tive ringoid over K.

Proof. Assume β + γ = 1, α ̸= 0 and F = 0, claim (K, ⊕, ξ ) is not an abelian group. By contrary, let
(K, ⊕, ξ ) be an abelian group. Then x ⊕ ξ = ξ ⊕ x = x, for all x ∈ K. Hence α + βx + (1 − β)ξ =
α + βξ + (1 − β)x = x, it shows that β = 1 − β = 1, which is a contradiction. The proof of the other
cases are similar. □

3. Left Distributive Ringoids of Linear-Quadratic Groupoids

In this section, we investigate left distributive ringoids on linear-quadratic groupoids over a field K.
Beside, we assume that α, β, γ, δ, ε, η ∈ K are fixed. Consider (1) and define a binary operation “⊕” on
K by

x⊕ y := α+ βx+ γy + δx2 + εxy + ηy2 (6)

for all x, y ∈ K. We call (K, ∗, ⊕ ) a linear-quadratic groupoid over K and it is called proper if δ ̸= 0 or
ε ̸= 0 or η ̸= 0.

Notice that if δ = ε = η = 0, then the quadratic groupoid (K, ⊕ ) is a linear groupoid.
A ringoid (K, ∗, ⊕, 0 ) is called a linear-quadratic ringoid if (K, ∗, ⊕ ) is a linear-quadratic groupoid

over K and it is called proper if (K, ⊕ ) is proper.
Now, we discuss left distributive ringoids related to linear-quadratic groupoids over K.

Example 3. (i) Every linear-linear groupoid is a linear-quadratic groupoid, as a neutral way, so, every
linear-linear ringoid is a linear-quadratic ringoid.

(ii) Consider an algebra (Q, ·, +, 0 ) where Q is the set of all rational numbers, “+” is the usual
addition and “·” is the usual multiplication. Define binary operations “∗” and “⊕” on Q by x ∗ y =
2 + 5x+ 7y and x⊕ y = 5 + 4x− 3y + 2x2 + xy + 3y2. Then (Q, ∗, ⊕ ) is a linear-quadratic groupoid.

Lemma 3. Let (K, ∗, ⊕ ) be the linear-quadratic groupoid, with the left distributive law and B = 0. Then

x⊕ y =

{
(1− β − γ)A− (δ + ε+ η)A2 + βx+ γy + δx2 + εxy + ηy2 if C = 0,
(1−β−γ)A

1−C + βx+ γy if C ̸∈ {0, 1},

for all x, y ∈ K.

Proof. Assume (K, ∗, ⊕ ) be the linear-quadratic groupoid, with the left distributive law and B = 0.
Then for all x, y, z ∈ K, we have

x ∗ (y ⊕ z) = x ∗ (α+ βy + γz + δy2 + εyz + ηz2)

= A+Bx+ C(α+ βy + γz + δy2 + εyz + ηz2)

= A+ αC +Bx+ βCy + γCz + δCy2 + εCyz + ηCz2.
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On the other hand,

(x ∗ y)⊕ (x ∗ z) = (A+Bx+ Cy)⊕ (A+Bx+ Cz)

= α+ β(A+Bx+ Cy) + γ(A+Bx+ Cz) + δ(A+Bx+ Cy)2

+ ε(A+Bx+ Cy)(A+Bx+ Cz) + η(A+Bx+ Cz)2

= α+ βA+ βBx+ βCy + γA+ γBx+ γCz

+ δ(A2 + 2ABx+ 2ACy + 2BCxy +B2x2 + C2y2)

+ ε(A2 +ABx+ACz +BAx+B2x2 +BCxz +ACy +BCxy + C2yz)

+ η(A2 + 2ABx+ 2ACz + 2BCxz +B2x2 + C2z2)

= α+ βA+ γA+ δA2 + εA2 + ηA2

+ (βB + γB + 2δAB + 2εAB + 2ηAB)x

+ (βC + 2δAC + εAC)y + (γC + εAC + 2ηAC)z

+ (δB2 + εB2 + ηB2)x2 + (2δBC + εBC)xy + (εBC + 2ηBC)xz

+ εC2yz + ηC2z2 + δC2y2.

Since the left distributive law holds (i.e., x ∗ (y ⊕ z) = (x ∗ y)⊕ (x ∗ z)), we obtain

(i) (1− β − γ)A+ α(C − 1)− (δ + ε+ η)A2 = 0,
(ii) (1− β − γ)B − 2(δ + ε+ η)AB = 0 implies (1− β − γ)B = 0 by (v),
(iii) βC = βC + 2δAC + εAC implies (2δ + ε)AC = 0,
(iv) γC = γC + εAC + 2ηAC implies (2η + ε)AC = 0,
(v) δB2 + εB2 + ηB2 = 0 implies (δ + ε+ η)B2 = 0,
(vi) 2δBC + εBC = 0 implies (2δ + ε)BC = 0,
(vii) εBC + 2ηBC = 0 implies (2η + ε)BC = 0,
(viii) δC(C − 1) = 0,
(ix) εC(C − 1) = 0,
(x) ηC(C − 1) = 0.

Assume B = C = 0, by using (i), we get α = (1− β − γ)A− (δ + ε+ η)A2 and x⊕ y = (1− β − γ)A−
(δ + ε+ η)A2 + βx+ γy + δx2 + εxy + ηy2.
If B = 0 and C ̸∈ {0, 1}, then we obtain δ = ε = η = 0 by (viii), (ix) and (x). It shows that

(1− β − γ)A+ α(C − 1) = 0 and α = (1−β−γ)A
1−C by (i). Thus, x⊕ y = (1−β−γ)A

1−C + βx+ γy. □

Theorem 3. Let (K, ∗, ⊕ ) be the linear-quadratic groupoid.

(i) If B = C = 0 and ε ̸= 0, then (K − {−β
ε }, ∗, ⊕, ξ) is a left distributive ringoid if and only if

ξ = 1−β
ε , A ∈ { 1−β

ε , −β
ε } and

x⊕ y =
β(β − 1)

ε
+ β(x+ y) + εxy (7)

for all x, y ∈ K − {−β
ε }.

(ii) If B = C = 0 and ε = 0, then (K, ∗, ⊕, ξ ) is a left distributive ringoid if and only if ξ = A and

x⊕ y = −A+ x+ y (8)

for all x, y ∈ K.
(iii) If B = 0, C ̸∈ {0, 1}, then (K, ∗, ⊕, A

1−C ) is a left distributive ringoid if and only if ξ = A
1−C

and

x⊕ y =
A

C − 1
+ x+ y (9)

for all x, y ∈ K.
(iv) If A = B = 0, C = 1 and ε ̸= 0, (K − {−β

ε }, ∗, ⊕, ξ ) is a left distributive ringoid if and only if

ξ = 1−β
ε and it satisfies in (7).

(v) If A = B = 0, C = 1 and ε = 0, then (K, ∗, ⊕, ξ ) is a left distributive ringoid if and only
ξ = −α and it satisfies in (5).
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Proof. (i) Assume (K −{−β
ε }, ∗, ⊕, ξ ) is a left distributive linear-quadratic ringoid. Then by Lemma 3,

x⊕ ξ = (1− β − γ)A− (δ+ ε+ η)A2 + βx+ γξ + δx2 + εξx+ ηξ2 = (1− β − γ)A− (δ+ ε+ η)A2 + βξ +

γx+ δξ2 + εξx+ ηx2 = x, for all x ∈ K − {−β
ε }. Therefore, β = γ, δ = η = 0, (1− 2β)A− εA2 + βξ = 0

and β + εξ = 1. Since ε ̸= 0, hence ξ = 1−β
ε , A ∈ { 1−β

ε , −β
ε } and

x⊕ y = (1− β − γ)A− (δ + ε+ η)A2 + βx+ γξ + δx2 + εξx+ ηξ2

= (1− 2β)A− εA2 + βx+ βy + εxy

= −βξ + β(x+ y) + εxy

=
β(β − 1)

ε
+ β(x+ y) + εxy.

Conversely, easily the algebra (K, ∗, ⊕) satisfies the left distributive law and 1−β
ε is the zero element in

(K, ⊕ ). Now assume x̂ is the inverse of x in (K, ⊕, 1−β
ε ). So, x⊕ x̂ = β(β−1)

ε + β(x+ x̂) + εxx̂ = 1−β
ε .

So, x̂(β + εx) = −βx+ 1−β
ε − β(1−β)

ε . If x ̸= −β
ε , thus, x̂ = 1

β+εx (−βx+ 1−β2

ε ), for all x ∈ K − {−β
ε }. If

x = −β
ε , then β(β−1)

ε − β2

ε + βx̂− βx̂ = 1−β
ε , and −β

ε = 1−β
ε . Which proves that −β = 1− β and 0 = 1,

a contradiction. Thus there is not an inverse for the element x = −β
ε . Then (K −{−β

ε }, ∗, ⊕, 1−β
ε ) is an

abelian group and (K − {−β
ε }, ∗, ⊕, 1−β

ε ) is a left distributive ringoid.
(ii) Assume (K, ∗, ⊕, ξ ) is a left distributive linear-quadratic ringoid. Then by Lemma 3 and the proof
of case (i), δ = η = 0, β = γ, β + εξ = 1 and (1− 2β)A− εA2 + βξ = 0. Since ε = 0, hence β = γ = 1,
ξ = A and

x⊕ y = ((1− β − γ)A− (δ + ε+ η)A2) + βx+ γy + δx2 + εxy + ηy2 = −A+ x+ y.

Conversely, easily the algebra (K, ∗, ⊕ ) satisfies the left distributive law and A is the zero element in
(K, ⊕ ). Now, assume x̂ is the inverse of x in (K, ⊕, A ). So, x⊕ x̂ = −A+ x+ x̂ = A. This shows that
x̂ = 2A − x, for all x ∈ K. Thus, (K, ⊕, A ) is an abelian group and (K, ∗, ⊕, A ) is a left distributive
ringoid.
(iii) Assume (K, ∗, ⊕, ξ ) is a left distributive linear-quadratic ringoid. Then by Lemma 3, x ⊕ ξ =
(1−β−γ)A

1−C + βx+ γξ = (1−β−γ)A
1−C + βξ + γx = x. Thus, β = γ = 1 and − A

1−C + ξ = 0 so ξ = A
1−C and

x⊕ y =
(1− β − γ)A

1− C
+ βx+ γy =

A

C − 1
+ x+ y.

Conversely, easily the algebra (K, ∗, ⊕ ) satisfies the left distributive law and A
1−C is the zero element

in (K, ⊕ ). Now assume x̂ is the inverse of x in (K, ⊕, A
1−C ). So, x ⊕ x̂ = x̂ ⊕ x = ξ = A. Hence

A
C−1 + βx + x̂ = A

1−C . This shows that x̂ = 2A
1−C − x, for all x ∈ K. Thus, (K, ⊕, A

1−C ) is an abelian

group and (K, ∗, ⊕, A
1−C ) is a left distributive ringoid.

(iv) Assume (K − {−β
ε }, ∗, ⊕, ξ ) is a left distributive linear-quadratic ringoid. It follows that x ⊕ ξ =

α+ βx+ γξ+ δx2 + εξx+ ηξ2 = α+ βξ+ γx+ δξ2 + εξx+ ηx2 = ξ⊕x = x, for all x ∈ K −{−β
ε }. Thus,

δ = η = 0, β = γ, β + εξ = 1 and α+ βξ = 0. Since ε ̸= 0, hence ξ = 1−β
ε , α = −βξ = β(β−1)

ε and

x⊕ y = α+ βx+ γy + δx2 + εxy + ηy2 =
β(β − 1)

ε
+ β(x+ y) + εxy.

Conversely, it is proved similar to the proof of (i).
(v) Assume (K, ∗, ⊕, ξ ) is a left distributive linear-quadratic ringoid. Then similar to the proof of case
(iv), δ = η = 0, β = γ, β + εξ = 1 and α+ βξ = 0. Since ε = 0, hence β = γ = 1, ξ = −α and

x⊕ y = α+ βx+ γy + δx2 + εxy + ηy2 = α+ x+ y.

Conversely, easily the algebra (K, ∗, ⊕ ) satisfies the left distributive law and −α is the zero element in
(K, ⊕ ). Now, assume x̂ is the inverse of x in (K, ⊕, −α ). So, x ⊕ x̂ = α + x + x̂ = −α. This shows
that x̂ = −2α − x, for all x ∈ K. Thus, (K, ⊕, −α ) is an abelian group and (K, ∗, ⊕, −α ) is a left
distributive ringoid. □

Example 4. Consider an algebra (Q, ·, +, 0 ) where Q is the set of all rational numbers, “+” is the usual
addition and “·” is the usual multiplication. Define binary operations “∗1” and “⊕1” on Q by x ∗1 y = 2
and x ⊕1 y = −2 + x + y. Then (Q, ∗1, ⊕1, 2 ) is a left distributive linear-quadratic ringoid. Beside, if
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define “⊕2” on K by x ⊕2 y = 10 + 5(x + y) + 2xy, then (Q − {− 5
2}, ∗1, ⊕2, −2 ) is a left distributive

linear-quadratic ringoid.

Remark 2. Theorem 3 means that the left distributive linear-quadratic ringoids are in the cases (i) and
(iv), other cases are the left distributive linear-linear ringoids.

Lemma 4. Let (K, ∗, ⊕ ) be the linear-quadratic groupoid defined, with the left distributive and B ̸= 0.
Then, for all x, y ∈ K

x⊕ y =

 βx+ (1− β)y + δx2 − (δ + η)xy + ηy2 if C = 0,
α+ βx+ (1− β)y + δ(x2 − 2xy + y2) if C = 1,
βx+ (1− β)y if C ̸∈ {0, 1},

Proof. Assume C = 0. Then 1− β − γ = 0 by (ii), and so γ = 1− β. Also, we have δ + ε+ η = 0 by (v)

and α = (1−β−γ)A
1−C = 0 by (i). Thus, x⊕ y = βx+ (1− β)y + δx2 − (δ + η)xy + ηy2.

If C = 1, then (1 − β − γ)A − (δ + ε + η)A2 = 0, (2δ + ε)A = 0, (2η + ε)A = 0, (2δ + ε)B = 0 and
(2η + ε)B = 0 by (i), (iii), (iv), (vi) and (vii).
Since B ̸= 0, we have δ = η, ε = −2η and by (ii), we get 1− β − γ = 0. It follows that γ = 1− β. Hence
x⊕ y = α+ βx+ (1− β)y + δ(x2 − 2xy + y2).

If C ̸∈ {0, 1}, then δ = ε = η = 0 by (viii), (ix) and (x). Also, 1− β − γ = 0 by (ii) and α = 0 by (i).
Thus, x⊕ y = βx+ (1− β). □

Lemma 5. Let (K, ∗, ⊕ ) be the linear-quadratic groupoid, with the left distributive, A ̸= 0, B = 0 and
C = 1. Then x⊕ y = α+ βx+ (1− β)y + δ(x2 − 2xy + y2), for all x, y ∈ K.

Proof. Since A ̸= 0, B = 0 and C = 1, we have δ = η, ε = −2η. By (i), we get 1 − β − γ = 0. Hence
x⊕ y = α+ βx+ (1− β)y + δ(x2 − 2xy + y2). □

Theorem 4. Let (K, ∗, ⊕ ) be the linear-quadratic groupoid in Lemmas 4 and 5. Then there is no left
distributive ringoid over K.

Proof. By contrary, let (K, ⊕, ξ ) be an abelian group in Lemma 4, B ̸= 0 and C = 0, where ξ is
zero element in (K, ⊕, ξ ). Then x ⊕ ξ = ξ ⊕ x = x, for all x ∈ K. This shows that βx + (1 − β)ξ +
δx2 − (δ + η)ξx − ηξ2 = βξ + (1 − β)x + δξ2 − (δ + η)ξx − ηx2 = x, which proves that δ = η = 0,
β − (δ + η)ξ = (1− β) − (δ + η)ξ = 1, (1− β)ξ − ηξ2 = βξ + δξ2 = 0. Therefore, 1 = 1− β and β = 1,
which is a contradiction. Thus, there is no left distributive ringoid over K.
Similarly, other cases are proven. □

4. Left Distributive Ringoids of Quadratic-Quadratic Groupoids

In this section, we define quadratic-quadratic groupoids and investigate left distributive ringoids on
the quadratic-quadratic groupoids over a field K.

Definition 2. Consider (2) and (6), we call (K, ∗ , ⊕ ) a quadratic-quadratic groupoid over K. Also, is
called proper if the binary operations ∗ and ⊕ are not linear (i.e., (K, ∗ ) and (K, ⊕ ) are proper).

Notice that, if D = E = F = δ = ε = η = 0, the quadratic-quadratic groupoid (K, ∗ , ⊕ ) is a
linear-linear groupoid.

Example 5. Let (R, +, ·, 0, 1 ) be the field of real numbers. Define a binary operation “∗” on R by
x ∗ y = 2+x+ y− 5x2+3y2 and x⊕ y = −1+2y− 8xy+ y2, for all x, y ∈ R. Then (R, ∗, ⊕) is a proper
quadratic-quadratic groupoid over R.

Lemma 6. Let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid, with the left distributive law. Then, for
all x, y ∈ K

x ∗ y =

{
α(1−C)
1−β−γ − αE

1−β−γx+ Cy + Exy if F = D = 0, E ̸= 0 and β + γ ̸= 1,
β(β−1)

ε + 2βy + εy2 if F ̸= 0 and ε ̸= 0,

x⊕ y =

{
α+ βx+ γy if F = D = 0, E ̸= 0 and β + γ ̸= 1,
β(β−1)

ε + β(x+ y) + εxy if F ̸= 0 and ε ̸= 0.
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Proof. Assume (K, ∗, ⊕ ) is the quadratic-quadratic groupoid, with the left distributive law. Then for
all x, y ∈ K, we have

x ∗ (y ⊕ z) = A+Bx+ C(y ⊕ z) +Dx2 + Ex(y ⊕ z) + F (y ⊕ z)2

= A+Bx+ C(α+ βy + γz + δy2 + εyz + ηz2) +Dx2

+ Ex(α+ βy + γz + δy2 + εyz + ηz2) + F (α+ βy + γz + δy2 + εyz + ηz2)2

= A+Bx+ αC + βCy + γCz + δCy2 + εCyz + ηCz2 +Dx2 + αEx+ βExy

+ γExz + δExy2 + εExyz + ηExz2 + α2F + β2Fy2 + γ2Fz2 + δ2Fy4 + ε2Fy2z2

+ η2Fz4 + 2αβFy + 2αγFz + 2αδFy2 + 2αεFyz + 2αηFz2 + 2βγFzy + 2βδFy3

+ 2βεFy2z + 2βηFyz2 + 2γδFy2z + 2εγFyz2 + 2γηFz3 + 2εδFy3z + 2δηFy2z2

+ 2εηFyz3 = (A+ αC + α2F ) + (B + αE)x+ (βC + 2αβF )y + (γC + 2αγF )z

+ Dx2 + βExy + (δC + β2F + 2αδF )y2 + (ηC + γ2F + 2αηF )z2

+ (εC + 2αεF + 2βγF )yz + γExz + δExy2 + εExyz + ηExz2 + δ2Fy4

+ (ε2F + 2δηF )y2z2 + η2Fz4 + 2βδFy3 + (2βεF + 2γδF )y2z + (2βηF + 2εγF )yz2

+ 2γηFz3 + 2εδFy3z + 2εηFyz3.

On the other hand,

(x ∗ y)⊕ (x ∗ z) = (A+Bx+ Cy +Dx2 + Exy + Fy2)⊕ (A+Bx+ Cz +Dx2 + Exz + Fz2)

= α+ β(A+Bx+ Cy +Dx2 + Exy + Fy2)

+ γ(A+Bx+ Cz +Dx2 + Exz + Fz2)

+ δ(A+Bx+ Cy +Dx2 + Exy + Fy2)2

+ ε(A+Bx+ Cy +Dx2 + Exy + Fy2)(A+Bx+ Cz +Dx2 + Exz + Fz2)

+ η(A+Bx+ Cz +Dx2 + Exz + Fz2)2

= α+ βA+ βBx+ βCy + βDx2 + βExy + βFy2 + γA+ γBx+ γCz + γDx2

+ γExz + γFz2 + δA2 + 2δABx+ 2δACy + 2δADx2 + 2δAExy + 2δAFy2

+ δB2x2 + 2δBCxy + 2δBDx3 + 2δBEx2y + 2δBFxy2 + δC2y2 + 2δCDx2y

+ 2δECxy2 + 2δCFy3 + δD2x4 + 2δEDx3y + 2δDFx2y2 + δE2x2y2 + 2δEFxy3

+ δF 2y4 + εA2 + 2εABx+ εACz + εADx2 + εAExz + εAFz2 + εB2x2

+ εBCxz + εBDx3 + εBEx2z + εBFxz2 + εACy + εCByx+ εC2yz + εCDyx2

+ εCEyxz + εCFyz2 + εADx2 + εBDx3 + εCDx2z + εD2x4 + εEDx3z

+ εDFx2z2 + εAExy + εEBx2y + εECxyz + εEDx3y + εE2x2yz

+ εEFxyz2 + εAFy2 + εBFy2x+ εCFy2z + εDFy2x2 + εFExy2z + εF 2y2z2

+ ηA2 + 2ηABx+ 2ηACz + 2ηADx2 + 2ηAExz + 2ηAFz2 + ηB2x2 + 2ηBCxz

+ 2ηBDx3 + 2ηBEx2z + 2ηBFxz2 + ηC2z2 + 2ηCDx2z + 2ηECxz2 + 2ηCFz3

+ ηD2x4 + 2ηEDx3z + 2ηDFx2z2 + ηE2x2z2 + 2ηEFxz3 + ηF 2z4

= (α+ βA+ γA+ δA2 + εA2 + ηA2) + (βB + γB + 2δAB + 2εAB + 2ηAB)x

+ (βC + 2δAC + εAC)y + (γC + εAC + 2ηAC)z + εC2yz

+ (βD + γD + 2δAD + εB2 + 2εAD + 2ηAD + ηB2 + δB2)x2

+ (βE + 2δBC + εCB + εAE + 2δAE)xy + (βF + 2δAF + δC2 + εAF )y2

+ (γE + εAE + εBC + 2ηBC + 2ηAE)xz + (γF + εAF + ηC2 + 2ηAF )z2

+ (2δBF + 2δEC + εBF )xy2 + 2εCEyxz + (εBF + 2ηBF + 2ηEC)xz2

+ δF 2y4 + εF 2y2z2 + ηF 2z4 + (δ + ε+ η)D2x4 + 2δCFy3 + εCFy2z

+ εCFyz2 + 2ηCFz3 + (2δBD + 2εBD + 2ηBD)x3

+ (2δBE + 2δCD + εCD + εEB)x2y

+ (2δDF + δE2 + εDF )x2y2 + 2δEFxy3 + (2δED + εED)x3y
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+ (εCD + 2ηBE + 2ηCD + εBE)x2z + (εED + 2ηED)x3z

+ (εDF + ηE2 + 2ηDF )x2z2 + εE2x2yz + εEFxyz2 + εFExy2z + 2ηEFxz3.

Since the left distributive law holds, we get

(i) A+ αC + α2F = α+ βA+ γA+ δA2 + εA2 + ηA2 which implies
(1− β − γ)A+ α(C − 1) + α2F − (δ + ε+ η)A2 = 0,

(ii) B + αE = βB + γB + 2δAB + 2εAB + 2ηAB which implies
(1− β − γ)B + αE − 2(δ + ε+ η)AB = 0,

(iii) βC + 2αβF = βC + 2δAC + εAC which implies 2αβF = (2δ + ε)AC,
(iv) γC + 2αγF = γC + εAC + 2ηAC which implies 2αγF = (2η + ε)AC,
(v) D = βD + γD + 2δAD + εB2 + 2εAD + 2ηAD + ηB2 + δB2

which implies (1− β − γ)D − (δ + ε+ η)(B2 + 2AD) = 0,
(vi) βE = βE + 2δBC + εCB + εAE + 2δAE which implies (2δ + ε)(BC +AE) = 0,
(vii) δC + β2F + 2αδF = βF + 2δAF + δC2 + εAF,
(viii) ηC + γ2F + 2αηF = γF + εAF + ηC2 + 2ηAF,
(ix) εC + 2αεF + 2βγF = εC2,
(x) γE = γE + εAE + εBC + 2ηBC + 2ηAE which implies (ε+ 2η)(AE +BC) = 0,
(xi) δE = 2δBF + 2δEC + εBF,
(xii) εE = 2εCE,
(xiii) ηE = εBF + 2ηBF + 2ηEC,
(xiv) δ2F = δF 2,
(xv) ε2F + 2δηF = εF 2,
(xvi) η2F = ηF 2,
(xvii) 2βδF = 2δCF,
(xviii) 2βεF + 2γδF = εCF,
(xix) 2βηF + 2εγF = εCF,
(xx) 2γηF = 2ηCF,
(xxi) 2εδF = 0 which implies εδF = 0,
(xxii) 2εηF = 0 which implies εηF = 0,
(xxiii) 2δBD + 2εBD + 2ηBD = 0 which implies BD(δ + ε+ η) = 0,
(xxiv) 2δBE + 2δCD + εCD + εEB = 0 which implies (2δ + ε)(BE + CD) = 0,
(xxv) 2δDF + δE2 + εDF = 0 which implies (2δ + ε)DF + δE2 = 0,
(xxvi) 2δEF = 0 which implies δEF = 0,
(xxvii) 2δED + εED = 0 which implies (2δ + ε)ED = 0,
(xxviii) εCD + 2ηBE + 2ηCD + εBE = 0 which implies (ε+ 2η)(BE + CD) = 0,
(xxix) εED + 2ηED = 0 which implies (2η + ε)ED = 0,
(xxx) εDF + ηE2 + 2ηDF = 0 which implies (2η + ε)DF + ηE2 = 0,
(xxxi) εE2 = 0 which implies εE = 0,
(xxxii) εFE = 0,
(xxxiii) 2ηEF = 0 which implies ηEF = 0,
(xxxiv) (δ + η + ε)D2 = 0 which implies (δ + η + ε)D = 0.

Let F = D = 0 and E ̸= 0 and β + γ ̸= 1. Then δ = 0, η = 0 and ε = 0 by (xxv), (xxx) and (xxxi).
Hence (1 − β − γ)A + α(C − 1) = 0 and (1 − β + γ)B + αE = 0 by (i) and (ii). Since β + γ ̸= 1, so

A = α(1−C)
1−β−γ and B = −αE

1−β−γ . Thus,

x ∗ y =
α(1− C)

1− β − γ
− αE

1− β − γ
x+ Cy + Exy.

Now, let F ̸= 0 and ε ̸= 0. then δ = η = E = 0 by (xxi), (xxii) and (xxxi). So by (xxxiv), (δ+ η+ ε)D =
εD = 0 and D = 0. By (xv), ε2F = εF 2 and ε = F . By (v) (1 − β − γ)D − (δ + ε + η)(B2 + 2AD) =
εB2 = 0 and B = 0. By (xviii) and (xix) C = 2β = 2γ. So, γ = β and C = 2β. By (viii) we get
ηC + γ2F + 2αηF = γF + εAF + ηC2 + 2ηAF. It shows that β2ε = βε+ ε2A, and so β2 = β + ε2A. On
the other hand, by (ix), we have 2εβ + 2αε2 + 2β2ε = 4εβ2, and so β + αε+ β2 = 2β2. This shows that
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β2 = β + αε. Therefore, εα = Aε, and so α = A. Hence α = β2−β
ε = β(β−1)

ε . Thus,

x ∗ y =
β(β − 1)

ε
+ 2βy + εy2,

x⊕ y =
β(β − 1)

ε
+ β(x+ y) + εxy.

□

Lemma 7. Let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid, with the left distributive law and F = D =
E = B = 0. Then

x⊕ y =

{
(1− β − γ)A− (δ + ε+ η)A2 + βx+ γy + δx2 + εxy + ηy2 if C = 0,
(1−β−γ)A

1−C + βx+ γy if C ̸∈ {0, 1},
for all x, y ∈ K.

Proof. Since F = D = E = B = 0, then (1− β − γ)A+ α(C − 1)− (δ + ε+ η)A2 = 0, (2δ + ε)AC = 0,
(2η + ε)AC = 0, δC(1− C) = 0, ηC(1− C) = 0 and εC(1− C) = 0 by (i), (iii), (iv), (vii), (viii), (ix).

If C = 0, α = (1− β − γ)A− (δ + ε+ η)A2, then x ∗ y = A and

x⊕ y = (1− β − γ)A− (δ + ε+ η)A2 + βx+ γy + δx2 + εxy + ηy2.

If C ̸∈ {0, 1}, then δ = ε = η = 0 and (1− β − γ)A+ α(C − 1) = 0. Thus, α = (1−β−γ)A
1−C and

x ∗ y = A+ Cy,

x⊕ y =
(1− β − γ)A

1− C
+ βx+ γy.

□

Theorem 5. Let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid.

(i) If F = D = 0, E ̸= 0 and β + γ ̸= 1, then (K, ∗, ⊕, ξ ) is a left distributive ringoid if and only if
ξ = −α and it satisfies (4) and (5).

(ii) If F ̸= 0, ε ̸= 0, then (K − {−β
ε }, ∗, ⊕, ξ) is a left distributive ringoid if and only if ξ = 1−β

ε
and it satisfies (7) and

x ∗ y =
β(β − 1)

ε
+ 2βx+ εy2, (10)

for all x, y ∈ K − {−β
ε }.

(iii) If F = D = E = B = C = 0 and ε ̸= 0, then (K − {−β
ε }, ∗, ⊕, ξ) is a left distributive ringoid if

and only if ξ = 1−β
ε , A ∈ {−β

ε , 1−β
ε } and it satisfies (7).

(iv) If F = D = E = B = C = ε = 0, then (K, ∗, ⊕, ξ) is a left distributive ringoid if and only if
ξ = A and it satisfies (8).

(v) If F = D = E = B = 0 and C /∈ {0, 1}, then (K, ∗, ⊕, ξ ) is a left distributive ringoid if and
only if ξ = A

1−C and it satisfies in (9).

Proof. (i) Assume (K, ∗, ⊕, ξ ) is a left distributive quadratic-quadratic ringoid. Then by Lemma 6,
δ = ε = η = 0 and x⊕ ξ = α+ βx+ γξ = α+ βξ+ γx = ξ⊕x = x, for all x, y ∈ K. Therefore, β = γ = 1
and α + γξ = α + βξ = 0. So, ξ = −α. Hence x⊕ y = α + βx+ γy = α + x+ y, for all x, y ∈ K. Also,

x ∗ y = α(1−C)
1−β−γ − αE

1−β−γx + Cy + Exy = α(C − 1) + αEx + Cy + Exy. Conversely, easily the algebra

(K, ∗, ⊕ ) satisfies the left distributive law and −α is the zero element in (K, ⊕ ). Now, assume x̂ is the
inverse of x in (K, ⊕, −α ). So, x⊕ x̂ = α+x+ x̂ = −α. This shows that x̂ = −2α−x. Thus, (K, ⊕, −α )
is an abelian group and (K, ∗, ⊕, −α ) is a left distributive ringoid.

(ii) Assume (K, ∗, ⊕, ξ ) is a left distributive quadratic-quadratic ringoid. Then by Lemma 6 we get

(8), (10) and x⊕ξ = β(β−1)
ε +β(x+ξ)+εxξ = x, for all x ∈ K. Therefore, β+εξ = 1 and βξ+ β(β−1)

ε = 0.

Hence ξ = 1−β
ε .

Conversely, easily the algebra (K, ∗, ⊕ ) satisfies the left distributive law and 1−β
ε is the zero element in

(K, ⊕ ). Now assume x̂ is the inverse of x in (K, ⊕, 1−β
ε ). So, x⊕ x̂ = β(β−1)

ε +β(x+ x̂)+ εxx̂ = 1−β
ε . If

x ̸= −β
ε , then x̂ = 1

β+εx (−βx+ 1−β2

ε ), for all x ∈ K −{−β
ε }. If x = −β

ε , then −β
ε ⊕ x̂ = β(β−1)

ε + β(−β
ε +
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x̂)+ε−β
ε x̂ = 1−β

ε . Which proves that −β = 1−β and 0 = 1, a contradiction. Thus there is not an inverse

for the element x = −β
ε . Then (K −{−β

ε }, ∗, ⊕, 1−β
ε ) is an abelian group and (K −{−β

ε }, ∗, ⊕, 1−β
ε ) is

a left distributive ringoid.
(iii) The proof is similar to the proof of Theorem 3(i).
(iv) The proof is similar to the proof of Theorem 3(ii).
(v) The proof is similar to the proof of Theorem 3(iii). □

Remark 3. Theorem 5 means that the left distributive quadratic-quadratic ringoid in the case (i) is a
left distributive quadratic-linear ringoid (iii) is the left distributive linear-quadratic ringoid, and (iv), (v)
are the left distributive linear-linear ringoids.

Example 6. (i) Every (linear-linear, quadratic-linear, linear-quadratic) groupoid is a quadratic-quadratic
groupoid, as a neutral way, so, every linear-linear, quadratic-linear, linear-quadratic ringoid is a quadratic-
linear ringoid.

(ii) Consider an algebra (Q, ·, +, 0 ) where Q is the set of all rational numbers, “+” is the usual
addition and “·” is the usual multiplication. Define binary operations “∗” and “⊕” on Q by x ∗ y =
3 + 6y + 2y2 and x⊕ y = 3 + 3x+ 3y + 2xy. Then (Q, ∗, ⊕, −1 ) is a quadratic-quadratic ringoid.

(iii) Consider an algebra (C, ·, +, 0 ) where C is the set of all complex numbers, “+” is the usual
addition and “·” is the usual multiplication. Define binary operations “∗” and “⊕” on C by x ∗ y =
2i+5ix+3y+5xy and x⊕y = i+x+y. Then (C, ∗, ⊕,−i ) is a distributive quadratic-quadratic ringoid.

Remark 4. Notice that let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid. If A = B = D = E = F = 0
and C = 1, then

(i) if ε ̸= 0, then (K − {−β
ε }, ∗, ⊕, ξ ) is a left distributive ringoid if and only if ξ = 1−β

ε and it
satisfies in (7),

(ii) if ε = 0, then (K, ∗, ⊕, ξ ) is a left distributive ringoid if and only if ξ = −α and it satisfies in
(5).

Example 7. Consider an algebra (Q, ·, +, 0 ) where Q is the set of all rational numbers, “+” is the
usual addition and “·” is the usual multiplication. Define binary operations “∗” and “⊕” on Q by x ∗ y =
−8 + 12x − 3y + 6xy and x ⊕ y = 2 + x + y. Then (Q, ∗, ⊕, −2 ) is a quadratic-quadratic ringoid, but
not a ring.

Lemma 8. Let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid, with the left distributive law. Then, for
all x, y ∈ K

x∗y =



A+Bx+ Cy +Dx2 if F = 0, C ∈ {0, 1}, D ̸= 0 and η ̸= 0 or
F = η = 0, D ̸= 0 and ε ̸= 0 or
F = ε = η = 0, D ̸= 0 and α ̸= 0,

−α(C − 1)− α2F − αEx+ Cy + Exy + Fy2 if F ̸= 0, ε = δ = η = γ = β = 0,
A+ Cy + Fy2 if F ̸= 0, ε = δ = 0 and η ̸= 0 or

F ̸= 0, ε = 0 and δ ̸= 0

and

x⊕y =



βx+ (1− β)y + δx2 − (δ + η)xy + ηy2 if F = C = 0, D ̸= 0 and η ̸= 0 or
C = F = D = E = 0 and B ̸= 0,

α+ βx+ (1− β)y + ηx2 − 2ηxy + ηy2 if F = 0, C = 1 D ̸= 0 and η ̸= 0,
βx+ (1− β)y − εx2 + εxy if F = η = 0, D ̸= 0 and ε ̸= 0;
α+ βx+ (1− β)y if F = ε = η = 0, D ̸= 0 and α ̸= 0,
βx+ (1− β)y if F = ε = η = α = 0 and D ̸= 0 or

F = D = 0, E ̸= 0 and β + γ = 1 or
if F = D = E = 0, B ̸= 0 and C /∈ {0, 1},

α+ βx+ (1− β)y + δx2 − 2δxy + δy2 if F = D = E = B = 0, C = 1 and A ̸= 0 or
F = D = E = 0, B ̸= 0 and C = 1,

x if F ̸= 0, ε = δ = η = γ = 0 and β ̸= 0,
y if F ̸= 0, ε = δ = η = 0 and γ ̸= 0,
A+ Cy + Fy2 if F ̸= 0, ε = δ = 0 and η ̸= 0,
A+ Cx+ Fx2 if F ̸= 0, ε = 0 and δ ̸= 0.
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Theorem 6. Let (K, ∗, ⊕ ) be the quadratic-quadratic groupoid in Lemma 8. Then there is no left
distributive ringoid over K.

Proof. By contrary, let (K, ⊕, ξ ) be an abelian group in Lemma 8, F = C = 0, D ̸= 0 and η ̸= 0, where
ξ is the zero element in (K, ⊕, ξ ). Then by Lemma 8, we have x⊕ ξ = ξ ⊕ x = x, for all x ∈ K. Hence
βx + (1 − β)ξ + δx2 − (δ + η)ξx + ηξ2 = βξ + (1 − β)x + δξ2 − (δ + η)ξx + ηx2 = x, which proves that
η = 0, which is a contradiction.
Similarly, other cases are proven. □

Conclusions

By considering the notions of (quadratic-linear, linear-quadratic, quadratic-quadratic) groupoids, we
investigate the left distributive ringoids over a field. Denote by LLG/LLR the set of all linear-linear
groupoids/rigoids, LQG/LQR the set of all linear-quadratic groupoids/rigoids, QLG/QLR the set of all
quadratic-linear groupoids/rigoids and QQG/QQR the set of all quadratic-quadratic groupoids/rigoids
over a field K. Then we have the following diagrams:

LQG QLG

QQG

LLG

Diagram 1. Relation between LLG, LQG, QLG and QQG

LQR QLR

QQR

LLR

Diagram 2. Relation between LLR, LQR, QLR and QQR

A direction of research, one could investigate another polynomially defined ringoids and extend these
results to module theory.

Author Contribution Statements All authors read and approved the final manuscript.

Declaration of Competing Interests The authors declare no conflicts of interest.

Acknowledgements The authors are deeply grateful to the referee for the valuable suggestions. This
article does not contain any studies with human participants or animals performed by the authors.

References

[1] Boru̇vka, O., Foundations of the theory of groupoids and groups, John Wiley & Sons, New York, 1976.
[2] Bruck, R. H., A survey of binary systems, Springer, New York, 1971.
[3] Han, J. S., Kim, H. S., Neggers, J., Fibonacci sequences in groupoids, Adv. Differ. Equ., 19 (2012).

https://doi.org/10.1186/1687-1847-2012-19.

[4] Hwang, I. H., Kim, H. S., Neggers, J., Some implicativities for groupoids and BCK-Algebras, Math. J., 7 (2019),
973–800.



ON LEFT DISTRIBUTIVE RINGOIDS OF GROUPOIDS 423

[5] Kim, H. S., Neggers, J., Ahn, S. S., On pre-commutative algebras, Math. J., 7 (2019), 336–342.

[6] Kim, H. S., Neggers, J., The semigroups of binary systems and some perspectives, Bull. Korean Math. Soc., 45 (2008),

651–661.
[7] Liu, Y. L., Kim, H. S., Neggers, J., Some special elements and pseudo inverse functions in groupoids, Math. J., 7

(2019), 173–179.

[8] Neggers, J., Kim, H. S., Rezaei, A., On ringoids, J. Algebr. Hyperstructures Log. Algebr., 4 (2022), 37–50.
[9] Rezaei, A., Borhani Nejad Rayeni, S., Kim, H. S., On BE-ringoids, Soft Comput., 27 (2023), 1379–1388.

[10] Rezaei, A., Kim, H. S., Borzooei, R. A., Borumand Saeid, A., Matrix theory over ringoids, Filomat, 37(30) (2023),

10275–10288.


	1. Introduction and Preliminaries
	2. Left Distributive Ringoids of Quadratic-Linear Groupoids
	3. Left Distributive Ringoids of Linear-Quadratic Groupoids
	4. Left Distributive Ringoids of Quadratic-Quadratic Groupoids
	Conclusions
	References

