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Abstract 
We have investigated the binding energy properties of a cylindrical quantum dot (CQD) system layered as GaAs/AlGaAs under external electric fields. 

In our numerical calculations, we considered both on- and off-center impurity cases using the effective mass approximation. The eigenvalues and 

corresponding eigenfunctions of the system are obtained using a three-dimensional finite difference approach. It is found that the ground-state binding 

energy is significantly affected by the CQD dimensions (radius and height), impurity position, and the strength and direction of the external electric 

field. Additionally, the electron probability distributions are examined to provide deeper insight into the physical reasons underlying the behavior of 

the binding energy. These findings enhance our understanding of the tunable properties of CQDs, which may be useful in the design of optoelectronic 

and quantum devices. 
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1. INTRODUCTION 

Quantum dots (QDs) have become a significant focus of research in nanotechnology due to their unique quantum confinement effects. 

These nanostructures confine charge carriers in all three spatial dimensions, leading to discrete energy levels similar to those observed 

in atoms. This behavior has led to the label "artificial atoms" for quantum dots, making them useful in various optoelectronic and 

quantum computing applications. Among the various types of quantum dots, cylindrical quantum dots (CQDs) have garnered attention 

due to their symmetry and the possibility of controlling their properties through external factors such as electric fields. 

Numerous studies have explored the effects of electric fields on impurity binding energy in quantum dots. For instance, K. El-Bakkari 

et al. [1] have numerically investigated the binding energy and diamagnetic susceptibility of impurities in multilayer cylindrical quantum 

dots under hydrostatic pressure, showing a strong dependence on the quantum dot radius and impurity position.   Hasanirokh and Naifar 

[2] have explored the influence of magnetic field, dielectric environment, and Rashba parameter on second- and third-harmonic 

generation in AlGaAs/GaAs core–shell quantum dots, highlighting significant tunability of optical properties through impurity position 

control.  M. El Khou et al. [3] have analyzed the effects of an external electrostatic field on the electronic and optical properties of 

ZnS/ZnO multi-layer cylindrical quantum dots, demonstrating how varying the field strength impacts confinement energies and 

absorption coefficients. Sargsian et al. [4] have examined the energy levels and nonlinear optical properties of vertically coupled 

InAs/GaAs quantum dots under intense laser fields, emphasizing the role of laser parameters in modulating absorption and refractive 

index changes. R. Charrour [5] has systematically studied the ground state binding energy of a hydrogenic impurity in cylindrical 

quantum dots under a strong magnetic field, revealing the critical dependence on impurity position and dot size.  Feddi et al. [6] have 

investigated the donor impurity binding energy in hollow cylindrical-shell quantum dots, showing that the energy increases as the shell 

width decreases, with notable optical implications for photoionization cross-sections. Charrour et al. [7] have studied the polaron effect 

on the binding energy of shallow hydrogenic impurities in cylindrical quantum dots, finding that LO phonons contribute more 

significantly to binding energy corrections than surface optical phonon modes.  

Numerous previous studies have extensively explored the effects of electric fields, magnetic fields, and impurity positions on the binding 

energy and optical properties of quantum dots (QDs). However, there is a notable lack of research in the literature addressing the binding 

energy of both on-center and off-center impurities in coupled quantum dots (CQDs) under electric fields applied in various directions. 
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In this context, the study by Belamkadem et al. [8], which investigated the influence of an external electric field applied in different 

directions on wedge-shaped CQDs, serves as a foundational reference and the primary motivation for our research. By building upon 

this framework, our study provides a novel perspective on the subject. 

This paper aims to contribute to this growing body of research by studying the binding energy of an impurity in a cylindrical quantum 

dot subjected to an external electric field. The study will utilize numerical methods to solve the Schrödinger equation under these 

conditions, considering various factors such as the dot’s size, the impurity's position, and the strength of the electric field. In Section 2, 

theoretical framework is described. Numerical results are presented in Section 3. In last section, a conclusion is given.  

2. MATERIAL AND METHODS 

We consider an electron and off-center impurity confined in cylindrical quantum dot (CQD) under the electric field within the effective 

mass approximation (EMA). The EMA simplifies the modeling of semiconductor quantum systems by replacing the complex band 

structure with an effective mass that represents the carrier's motion within the material. This approximation is particularly suitable for 

systems with smooth potential variations and when the carrier's energy is near the conduction band minimum. In our study, this approach 

allows the electron's dynamics in the CQD to be modeled efficiently, while capturing the essential features of the quantum confinement 

and impurity interactions. Under the EMA, the Hamiltonian of the structure is given by 

𝐻 = −
ℏ2

2𝑚∗ (
1

𝜌

𝜕

𝜕𝜌
(𝜌

𝜕

𝜕𝜌
) +

1

𝜌2

𝜕2

𝜕𝜃2 +
𝜕2

𝜕𝑧2) + |𝑒|𝐹 (𝜌 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙𝐹 + 𝑧 𝑠𝑖𝑛𝜙𝐹) + 𝑉𝑐 −
𝑍𝑒2

𝜀𝑟
.  (1) 

Here, 𝐹 is the electric field, ℏ is reduced Planck constant, 𝑒 is electron charge, 𝜀 and 𝑚∗ are dielectric constant and effective mass, 

respectively. Z=1 case indicates the presence of impurity and 𝑟 = √𝜌2 + 𝑑𝑖
2 − 2𝜌𝑑𝑖 𝑐𝑜𝑠(𝜃 − 𝜃𝑖) + (𝑧 − 𝑧𝑖)2.The coordinates electron 

and donor impurity are (𝜌, 𝜃, 𝑧) and (𝑑𝑖 , θ𝑖 , 𝑧𝑖), respectively. The confining potential 𝑉𝑐 is taken as infinite outside the CQD and zero 

otherwise.  

The Hamiltonian 𝐻 in cylindrical coordinates is formulated by discretizing as: 

Radial direction: For a grid point at 𝜌 = 𝑖∆𝜌   (1 ≤  𝑖 ≤  𝑁𝜌) 
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Angular direction: For a grid point at 𝜃 = 𝑗∆𝜃  (1 ≤  𝑗 ≤  𝑁𝜃) 
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Vertical direction: For a grid point at 𝑧 = 𝑘∆𝑧  (1 ≤  𝑘 ≤  𝑁𝑧) 

∂2𝜓
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It is discretized on three-dimensional mesh containing (𝑁𝜌 × 𝑁𝜃 × 𝑁𝑧) nodes according to the finite difference approach. We split the 

intervals [0, 𝑅], [0, 2𝜋] and [0, 𝐻] into (𝑁𝜌 + 1), ( 𝑁𝜃  + 1), and (𝑁𝑧 + 1) parts respectively. So, we can define step range between grid 

points radial, angular and vertical directions as ∆𝜌 = 𝑅/(𝑁𝜌  +  1), ∆𝜃 = 2𝜋/(𝑁𝜃  +  1) and ∆𝑧 = 𝐻/(𝑁𝑧  +  1). Here, 𝑅 and 𝐻 are 

radius and height of the CQD structure. Schrödinger equation of the system can be discretized as: 

(𝑡𝑖,𝑗,𝑘−𝐸)𝜓𝑖,𝑗,𝑘 + 𝑙𝑖,𝑗,𝑘𝜓𝑖+1,𝑗,𝑘 + 𝑙𝑞𝑖,𝑗,𝑘𝜓𝑖−1,𝑗,𝑘 + 𝑔𝑖,𝑗,𝑘𝜓𝑖,𝑗−1,𝑘 + 𝑠𝑖,𝑗,𝑘𝜓𝑖,𝑗+1,𝑘 + 𝑧𝑖,𝑗,𝑘𝜓𝑖,𝑗,𝑘−1 + 𝑥𝑖,𝑗,𝑘𝜓𝑖,𝑗,𝑘+1 = 0,  (5) 

with 
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After constructing the Hamiltonian matrix (𝑁𝜌  ×  𝑁𝜃 ×  𝑁𝑧 = 20 × 20 × 20), the eigenvalue problem is solved to obtain the ground 

state energy 𝐸0 (without impurity) and 𝐸𝑖𝑚𝑝 (with impurity) by numerically.  The binding energy is calculated as the difference between 

the energies of the without and with impurity cases: 

𝐸𝐵 = 𝐸0 − 𝐸𝑖𝑚𝑝 .  (11) 

The grid size is chosen as a compromise between computational efficiency and solution accuracy. To validate this choice, we compared 

the numerically obtained ground state energy for various grid sizes with the analytically calculated energy. The results indicated that 

increasing the grid resolution beyond 𝑁𝜌  ×  𝑁𝜃 ×  𝑁𝑧 = 20 × 20 × 20 led to negligible improvements in accuracy, with a difference of 

less than 1.0% in the ground state energy. Thus, the selected grid resolution of considered grid size represents an optimal balance, 

providing sufficient accuracy while avoiding excessive computational cost. 

3. RESULTS AND DISCUSSION 

Throughout the numerical calculations, we used atomic units so that ℏ =  𝑒 =  𝑚0 =  1 (𝑚0 is the mass of a free electron). The material 

parameters are taken as 𝑚∗ = 0.067𝑚0 and 𝜀 = 13.18 for GaAs. 

Figure 1 illustrates the binding energy 𝐸𝐵 as a function of the radius 𝑅 of a cylindrical quantum dot with a centrally located impurity. 

As 𝑅 increases, the binding energy decreases rapidly, eventually reaching a minimal value for larger radii. This behavior can be attributed 

to the spatial confinement effect in quantum dots, where smaller radii result in stronger quantum confinement and thus increase the 

binding energy due to the more confined electron-impurity interaction. As the radius grows, the electron and impurity experience less 

confinement, leading to a reduction in the Coulomb interaction and a consequent decrease in binding energy. 

 
Figure 1. Binding energy 𝑬𝑩 as a function of the radius 𝑹 of a cylindrical quantum dot with on-center impurity for 𝑯 = 𝟓𝟎𝒏𝒎,  𝒅𝒊 = 𝒛𝒊 = 𝑭 = 𝟎.  

Figure 2 shows the dependence of the binding energy 𝐸𝐵 on the height 𝐻 of the cylindrical quantum dot with on-center impurity. As 𝐻 

increases, the binding energy gradually decreases, though at a less pronounced rate compared to the radius dependence in Figure 1. This 

decline in binding energy with increasing height can also be explained by the reduced quantum confinement in the vertical (height) 
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direction. With a higher quantum dot, the electron and impurity are able to separate further along the height, diminishing the effective 

Coulomb interaction and reducing the binding energy, albeit with a slower reduction than observed with increasing radius. 

 
Figure 2. Binding energy 𝑬𝑩 as a function of the height 𝑯 of a cylindrical quantum dot with on-center impurity for 𝑹 = 𝟑𝟎𝒏𝒎,  𝒅𝒊 = 𝒛𝒊 = 𝑭 = 𝟎. 

Figure 3(a) presents the binding energy 𝐸𝐵 variation for a cylindrical quantum dot with an off-center impurity, focusing on the impurity’s 

radial position, expressed as 𝑑𝑖/𝑅, where 𝑑𝑖 is the radial distance of the impurity from the center. As the impurity moves outward from 

the center (increasing 𝑑𝑖/𝑅), the 𝐸𝐵  decreases significantly. This reduction is primarily attributed to the weakening of the Coulomb 

attraction between the electron and impurity when the impurity is off-centered. Such displacement increases the average separation 

between the charge carriers within the dot, thereby reducing the binding energy. Figure 3(b) shows the 𝐸𝐵 dependence on the impurity’s 

position in the 𝑧-direction, represented as 𝑧𝑖/𝐻, for a cylindrical quantum dot with an off-center impurity. In this figure, 𝐸𝐵 reaches its 

maximum when the impurity is positioned near the center of the dot (around 𝑧𝑖/𝐻 = 0.5) and decreases symmetrically as the impurity 

moves toward the top or bottom edges. The observed trend arises from the spatial symmetry and Coulomb interaction within the dot. A 

central impurity position provides the strongest interaction between the electron and impurity, whereas positions closer to the edges 

weaken this interaction, resulting in lower binding energies. 

 

Figure 3. Binding energy 𝑬𝑩 as a function of the impurity position (a) for 𝒅𝒊 (b) for 𝒛𝒊 at 𝑹 = 𝟑𝟎𝒏𝒎, 𝑯 = 𝟓𝟎𝒏𝒎 and 𝑭 = 𝟎. 

Figures 4 depict the binding energy 𝐸𝐵 as a function of an electric field 𝐹 applied along the 𝜌 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙𝐹 + 𝑧 𝑠𝑖𝑛𝜙𝐹 direction, with the 

field angles for a) 𝜙𝐹 = 0  b) 𝜙𝐹 = π/2 and c) 𝜙𝐹 = 𝜋. In Figure 4(a), 𝐸𝐵 decreases as the electric field strength increases. This behavior 

can be explained by the Stark effect, where the applied electric field causes a spatial separation between electron and impurity along the 

field direction, weakening their Coulomb attraction and thereby reducing the binding energy. The reduction is particularly evident here 

due to the alignment of the field with the impurity position. In Figure 4(b), as the field strength 𝐹 increases, the binding energy increases 

linearly. This effect results from the directional alignment of the electric field with the quantum dot’s vertical axis, enhancing the 

confinement along 𝑧-axis and increasing the electron-impurity interaction. Consequently, the binding energy rises in response to this 

vertical field orientation, unlike in the radial orientation. In Figure 4(c), the 𝐸𝐵 initially increases with the electric field strength but 

reaches a peak and then begins to decrease. This non-monotonic behavior can be attributed to the interplay between the confinement 
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effect and the electric field-induced separation. Initially, the field enhances the electron-impurity attraction by aligning along the dot's 

vertical axis, but as the field strength grows, the Stark effect eventually dominates, causing spatial separation and thus reducing the 

binding energy. In the radial direction, the observed reduction in binding energy with increasing field strength can be attributed to the 

Stark effect, where the electric field spatially separates the electron and impurity, weakening their Coulomb interaction (Figure 4a). In 

the vertical direction, the field initially enhances confinement along the dot’s axis, leading to an increase in binding energy; however, 

at higher field strengths, the Stark effect dominates, resulting in spatial separation and a subsequent decrease in binding energy (Figure 

4b). In the intermediate field range, the interplay between the enhanced axial confinement and the spatial separation induced by the 

Stark effect produces a non-monotonic trend in binding energy (Figure 4c). Our results align with findings from Arraoui et al. [8], where 

binding energy reduction was reported under external fields, although their study focused on double quantum dot. Similarly, non-

monotonic behavior of binding energy under varying titled angle is observed in the study of Zeng et al. [9] on ZnS/ZnO quantum dots. 

In this work, it is shown that the field orientation plays an important role. However, our work extends these insights by analyzing 

cylindrical quantum dots with variable impurity positions, offering a more comprehensive understanding of electric field-induced 

effects. 

Figure 5 illustrates the probability density distributions for a CQD at (𝑑𝑖 = 𝑧𝑖 = 0) under varying electric field orientations. Figure 5a 

represents the unperturbed state with no applied electric field (𝐹 = 0), where the probability density exhibits spherical symmetry along 

the 𝑧-axis, consistent with the unaltered impurity potential. Figures 5 (b), (c) and (d) are plotted for 𝜙𝐹 = 0 , 𝜙𝐹 = π/2 and 𝜙𝐹 = π, 

respectively. For 𝜙𝐹 = 0 (b), the field causes a slight elongation of the probability density, shifting the electron density towards the 

field's axis. At 𝜙𝐹 = π/2 (c), the field induces a more pronounced asymmetry, showing a larger displacement of the density along the 

field orientation. In the opposite direction (𝜙𝐹 = π) (d), the density shifts in the reverse direction, demonstrating a complementary 

distortion. These field-induced shifts indicate the sensitivity of the quantum dot's impurity state to external electric fields, allowing 

manipulation of the electron's spatial distribution within the dot.  

  
Figure 4. Binding energy 𝑬𝑩 as a function of the electric field strength 𝑭 for different directions (a) 𝝓𝑭 = 𝟎, (b) 𝝓𝑭 = 𝛑/𝟐 and (c) 𝝓𝑭 = 𝛑 at 𝑹 =

𝟑𝟎𝒏𝒎, 𝑯 = 𝟓𝟎𝒏𝒎 and  𝒅𝒊 = 𝒛𝒊 = 𝟎. 
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Figure 5. The probability density distributions with different electric field orientations (a) 𝑭 = 𝟎, no electric field (b) 𝝓𝑭 = 𝟎, (c) 𝛟𝐅 = 𝛑/𝟐 and (d)  

𝝓𝑭 = 𝝅 at 𝑹 = 𝟑𝟎𝒏𝒎, 𝑯 = 𝟓𝟎𝒏𝒎 and 𝒅𝒊 = 𝒛𝒊 = 𝟎. 

4. CONCLUSIONS 

This study investigates the binding energy of an impurity in a cylindrical quantum dot under the influence of an external electric field. 

The findings show that binding energy depends strongly on the quantum dot's dimensions, the impurity’s position, and the applied 

electric field strength and orientation. Decreasing the dot radius or height enhances quantum confinement, thereby increasing the binding 

energy. Similarly, a centrally located impurity yields higher binding energy due to closer electron-impurity interaction, while an off-

centered impurity diminishes this interaction and lowers the binding energy. The results also reveal the intricate impact of an external 

electric field on the binding energy, which varies based on field orientation. This study contributes to the understanding of impurity 

binding in cylindrical quantum dots, providing insights relevant to the design of optoelectronic devices where quantum confinement 

effects play a crucial role. Our findings highlight the tunable nature of binding energies in cylindrical quantum dots under external 

electric fields, providing valuable insights for the design of advanced nanostructured materials. This tunability can be exploited in the 

development of optoelectronic devices, such as quantum dot lasers, photodetectors, and field-effect transistors. Moreover, future 

research could extend these insights by exploring other material systems, different impurity types, and the influence of environmental 

conditions like temperature. Future work could extend these findings by examining the effects of different impurity types and considering 

temperature dependence, adding further depth to the study of quantum confinement and external field impacts on nanostructures. 
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