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AssTRACT. In this paper, we introduce the concept of ©J-p-proximal contraction mapping
on b-metric spaces. Then, we obtain some best proximity results for these mappings. Also,
an example to support the validity and superiority of our result has been given. Lastly, for
the existence of solutions of nonlinear fractional differential equations of Caputo type we
provide an application.

1. INTRODUCTION

In nonlinear analysis, game theory, approximation theory, differential equations, and
control systems, fixed point theory is a crucial tool for resolving a variety of issues. As
a result, numerous authors have enhanced fixed point theory. The Banach contraction
principle [4]], which is considered as the foundation of fixed point theory on metric spaces,
was presented in this context. Let (IL,77) be a complete metric space and « : IT — II be
a contraction mapping, then « has a unique fixed point. The existence and uniqueness of
fixed points in this field have been showed by numerous results [[7,[11,[12]]. Lately, Popescu
[[17] extended Banach contraction by introducing a new type of contractive condition called
p-contraction. Let (I1, 77) be a metric space and « : IT — II be a mapping. If there exists a
o in [0, 1) such that

Nk, k3) < oln(F, 3) + (i, &F) = (3, k9]
for all 7, § € I, then « is said to be a p-contraction mapping. Then, Popescu [[17] proved
that every p-contraction on a complete metric space has a unique fixed point.

Taking into account nonself mappings « : A — B where A, B are nonempty subsets of
a metric space (I, ), the fixed point theory has recently been improved. A solution to the
equation k7 = 7 cannot exist if the intersection of A and B is empty. Then, it is natural to
search if there is a point 7 in A such that (7, k7) = (A, B) which is called a best proximity
point of « [6]. Numerous authors have written about this subject due to the fact that each
best proximity point turns into a fixed point in the case of A = B = IT 2,15, [13} [14, [15].

The relevant basic definitions and symbols of best proximity point theory are now re-
stated.
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Let (I1, 77) be a metric space and ) # A, B C I1. We will use the subsets of A and B,
respectively:
Ap={§€A:ns,7 =nA,B) for some 7 € B}
and
By ={FeB:ns,7) =n(A, B) for some § € A}
where n(A, B) = inf{n(§,7) : § € A and 7 € B}.

Definition 1.1. [S)] Let (I1,n) be a metric space and A, B be nonempty subsets of 11. A
mapping k : A — B is said to be proximal contraction, if there exists a real number
o € [0, 1) such that

n(Wi, k¥1) = n(A, B) o o
Yy ¥ = wi, w < ry, r
(W2, ki2) = (A, B) n(1, Wa) < on(it, F2)

Sfor all wi, W, 71 7 € A.

Definition 1.2. [9] Let (T, i7) be a metric space and ® # A, B C I1. Assume that ¥ : AXA —
[0, o) is a function and k : A — B is a mapping. If the following condition holds, we say
that k is ¥-proximal admissible

P(Fo, 71) 2 1
n(ri, kig) = n(A,B) } = 9, 72) = 1
n(F2, kF1) = n(A, B)

for all 7y, 7,7 € A.

On the other hand, Czerwik [8|[10]] established an extansion of the famous principle in a
different approach than the results found in the literature by introducing a pleasant concept
of a b-metric.

Definition 1.3. [10] Let IT be a non-empty set and n : 11 X I — [0, ) be a function
satisfying for all 5,7,z € 1],

bl) § = Fifand only if n(s,7) = 0,

b2) n(8,7) = n(#, 9),

b3) n(3,z) < s[n(8, 7)) + n(¥, )] where s > 1.

Then, i is called a b-metric on Il with coefficient s. Also, (I1,n) is said to be a b-metric
space.

Each metric space is obviously a b-metric space. The opposite might not be right,
though. In fact, let IT = R and 5 : [IXIT — [0, oo) be a function defined by 7(5, 7) = (§ — 7)?
for all §, 7 € II. Then (I1, n7) is a b-metric space with the coefficient s = 2. Choose § = 7,
7=4and z =5, then

n(7,4) =9>5=n(7,5) + n5,4).
Hence, it is not a metric space.

Let (I1, ) be a b-metric space with the coefficient s > 1. Let {#,,} be sequence in IT and

§ € IL. Then, the sequence {#,} converges to § with respect to 7, if and only if

lim 5(#, F) = 0.
n—oo

The sequence {7,} is called a Cauchy sequence if for all £ > 0 there is ny € N satisfying
N, ) < € for all myn > ny. (IL, n) is called a complete b-metric space if each Cauchy
sequence converges to 7 € IT with respect to 7.

Any b-metric might not be continuous, in contrast to the regular metric. The following
definition, which is crucial to our primary findings, helps us get beyond this drawback.
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Definition 1.4. [3]] Let (I1, n7) be a b-metric space with the coefficient s > 1 and @ +# A, B C
I with Ay # 0. The pair (A, B) holds the property (M¢) if for every sequences {F,} in Ao,
{§,}in Byand 7 € A, § € B, we have

lim n(#,, 7) = lim n(§,, §) =0 = lim n(#,, §,) = n(#, 5).
n—oo n—oo n—oo
Now, we recall the following definition.

Definition 1.5. [3]Let (I1,n) be a b-metric space with the coefficient s > 1. If each se-
quence {8,} in B such that n(¥,B) < lim,_. (%, $,) < sn(¥, B) for some i € A has a
convergent subsequence in B, then B is called an s-approximately compact with respect to

A.

In this paper, we obtain some best proximity results on b-metric spaces by introducing
the concept of J-p-proximal contraction mapping. Also, we give an example to support
the validity and superiority of our results. Finally, an application to an existence of the
solution of nonlinear fractional differential equations for Caputo type is given.

2. MAIN Resurts
We begin this section with the following definition.

Definition 2.1. Let (I1, ) be a b-metric space with s > 1, A, B C Il with Ay # 0. Assume
that ¢ : AXA — [0, ) is a function and k : A — B is a mapping. If there exist o € [O, ﬁ)
such that
n(w, ki) = n(A, B)
G(F, nOw, v) < o {n(¥, 3) + In(F, W) — n(3, v)l}
n(v,«8) =n(A, B)

for all ¥, §,W,v € A, then we say k is an - p-contraction mapping.

Now, we give an important condition for our main result.
(H) If {F,} € Ap is a sequence satisfying ¥ (74, Fs1) = 1 and 7,, — 7 € A, then there is
a subsequence {7, } of {¥,} satisfying & (¥,,, 7) > 1 for all k € N.

Theorem 2.1. Let (I, ) be a complete b-metric space with s > 1, A, B C Il with Ay # 0.
Assume that the following conditions hold:
i) the condition (H) holds and k : A — B is 9-p-proximal contraction mapping with
k(Ap) € Bo,

il) « is an 9-proximal admissible,

iii) the pair (A, B) satisfies the property (Mc),

iv) there are Fy, 71 € Ag such that n(¥,, k) = n(A, B) and 9(Fy, 1) > 1,

v) B is an s-approximately compact with respect to A.

Then, « has a best proximity point F* in AIf for another best proximity point §* € A,
GG, 5°) > 1, then 7 = §*.

Proof. From the condition (iv), there are 7,7, € Ag such that n(#, «7y) = n(A, B) and
H¥y, 1) = 1. Since k¥, € k(Ag) C By, there exists 7, € Ay such that

n(F2, kF1) = n(A, B).

Since « is an ¥-proximal admissible, we get ¥(#,7,) > 1. Similarly, since k7 € «(Ag) C
By, there exists 73 € Ay such that

n(#3, k) = n(A, B).
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Since « is an ¥-proximal admissible, we get ¥(i, 3) > 1. Repeating this process, we can
construct a sequence {7} in A such that

N(Fner, KFy) = n(A, B) and (7, Fre1) 2 1 2.1

for all n > 1. Then, we have

IA

ﬁ(?n’ in+1)n(in’ ;'n+1)

o {77(;'11—1’ ;'n) + In(fn—lv 7'}1) - 77(;'11’ ;'n+l)|}

n(;‘m ;‘n+1)

IA

Suppose that there exists ny € N such that 17(F,,—1, 7n,) < 171(F,, Te+1), then we have

7](7\;}107 ;.n0+1) < ﬁ(;no’;'n0+1)77(;‘n0,;'no+1)
< 0 {nCuy1s Fag) + 11 Fag) = g Ty

49 {T](;‘nn—19 ;‘ng) + n(?no’ ’an()-i-l) - n(;‘no—l, ;'m))}
Qn(?n(]’;‘no+])
< n(?no, 7'110+l)-

This is a contradiction. Then, we assume that (7, 7,+1) < n(#—1, ) for all n > 1. There-
fore, we get

r](;n’;n+1) < ﬂ(?m?n+1)n(?m?n+l)
< Q{n(’v"n—la ’v’n) + n(;'n, ;'n—l) - 77(7%, ?nJrl)}

= ZQU(;‘n—la?n)_Qn(?n’ ’\;n+1)

and so,
. 20 .
N(Fp, Fue1) < m (Fp-t1, )

for all n > 1. Using the last inequality, we have

. 2 U
n(rmrn+l) < (éTQl)r](rn—lvrn)

IA

2V . .
(Q%) 77(an2, rn—l)

IA

20 \' ..
(m) n(¥o, 1)

for all n € N. Now, assume n € N and p € N. Then, we have
v v v v 2 v v v
U(Vm rn+p) < ST](V,,, rn+1) +s 77(”n+1, rn+2) +..t Spn(rn+p—1s rn+p)
20s\' v« 205 \1+1 v
1 (ﬁ) N, F) + (225) o, 1) + -+

n—1 20s ntp=l
s (ﬁ) n(Fo, 1)

n p—1
205 1+ 205 +oeet 208 n(¥o, 1)
o+1 o+1 o+1

(@)n
o+l

20s

- o+l

1(Fo, F1).
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Thus, {#,} is a Cauchy sequence in A. Since (I1,7) is a complete b-metric space and A is a
closed subset of I, there exists a /* € A such that 7, — 7*. Moreover, we have

n(,B) < n(F, k)

A

< 577(7'*77'11+l)+Sr](?}HhK;‘n)
= (", Fus1) + sn(A, B)
< s, Funr) + sn(F, B).

Therefore, we get
n(#, B) < lim n(¥*, k¥,,) < sn(¥, B).
n—oo
Since B is s-approximately compact with respect to A, there exists a subsequence {7, } of
{«7,} such that x7,,, — §* € B as k — oco. Therefore by taking k& — oo in 5(¥y 41, kFp,) =

n(A, B), since the pair (A, B) satisfies the property (M¢), we have n(¥*, §*) = n(A, B), and
so I € Ag. Also, since k7" € k(Ag) C By, there exists z € Ag such that

n(z, ki) = n(A, B). (2.2)

On the other hand, using the condition (H) we can say that there exists a subsequence
{Fy,} of {F,} such that & (¥,,, ¥) > 1 for all r € N. Also, since « is an #-proximal admissible
mapping, we have & (¥,,+1,2) > 1 for all r € N. Now, from , and the condition of
¥-p-proximal contraction, we obtain

NGns1:2) < DFaat, DYFae1,2)
0 (1, ) + [0, Far) = 1, 2)])

for all » € N. Thus, taking limit as r — oo we have

IA

n(#, z) < on(i*, z),

which gives #* = z. From (2.2), the point 7* is best proximity point of the mapping «. Now,
assume that 7" and §* are different best proximity points of « in A and ¢ (#*, §*) > 1. Then,
we get

n(F*, k¥) = n(A, B)
and

n(8", k8") = n(A, B).
Since the mapping « is ¥-p-proximal contraction, we have

n(#, 8 < 9GF,§)n(F,§)

< o0, 8) + I, F) = n(3", §9)I)
= on(¥.5)

which gives 7 = §*. This is contradiction. Hence, x has only one best proximity point. O
Example 2.1. Let I1 = R? and n : 1 X I1 — R be a function defined by

A A Y a2
n((F1,72), (81, §2)) = max{F, §1} + (72 — §2)

for all (71, 7,), (81, 8,) € IL. Then, (I1,n) is a b-metric space with coefficient s = 2. Now,
consider the sets A = [0,1] x {0} and B = [0, 1] x {1}. We get n(A,B) = 1, A is closed,
Ao = {(0,0)} and By = {(0, 1)}. Also, it can be seen that B is an s-approximately compact
with respect to A and the pair (A, B) satisfies the property (Mc). Define a function 9 :
A XA — [0, ) and a mapping k : A — B as
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0 , otherwise
and

. r
k(71,0) = ( > 1),
respectively. Then, we can choose 7y = (0,0) = 7y € Ag such that n(¥, kiy) = n(A, B)
and Y(¥y, 1) = 1, and so the condition (iv) hold. Also, it is clear that k : A — B is an
P-proximal admissible and 9-p-proximal contraction mapping with k(Ag) C By. Hence,

all hypotheses of Theorem 2.1 are satisfied, and so there is a unique best proximity point
7=1(0,0) of k.

If we take A = B = IT in Theorem[2.1] then we obtain the following fixed point result.

Corollary 2.2. Let (Il, ) be a complete b-metric space with the coefficient s > 1 and
k : I = II be a continuous mapping. If the following conditions hold,

1) for all 5,7 €11, it is satisfied

O(F, Hn(xF, k8) < o {n(F, 5) + In(F, kF) — n(8, k3)},
ii) If {r,} C Il is a sequence such that ¢ (¥,,,7,+1) > 1 and 7, — F € 1, then there
exists a subsequence {Fn} of {F,} such that & (¥, F) = 1 for all k € N.

iii) « is an 9-admissible,

iv) there is ¥y € Il such that 9 (¥y, ki) > 1,
then, k has a fixed point ¥* in ILIf for another fixed point §* € I, ¥ (#*,5*) > 1, then

=5

If we take s = 1 in Corollary [2.2] then we obtain the following fixed point result.

Corollary 2.3. Let (I1, ) be a complete metric space and k : I1 — I1 be a mapping. If the
following conditions hold,

i) for all 8,7 € 11, it is satisfied

B(F, $)n(kF, k8) < o {n(F, §) + In(F, kF) — n(8, k3)|}, (2.3)
ii) If {,} C Il is a sequence such that ¢ (¥,,,7,+1) = 1 and 7, — ¥ € 11, then there
exists a subsequence {F,} of {F,} such that & (¥,,, ) > 1 for all k € N.
iii) « is an ¥-admissible,
iv) there is ¥y € 11 such that 9 (¥y, kFo) > 1,
then, k has a fixed point 7 in IL. If for another fixed point §* € I, 9 (+*,5*) > 1, then
=38

3. APPLICATION

For nonlinear fractional differential equations of Caputo type, we provide adequate re-
quirements for their existence and uniqueness in this section. For a continuous function
g : [0,00) — R of order @ > 0, the Caputo derivative is defined as

C na 1 n—-a—1_(n)
Dgy)=c—— 1] (y—5) gl(s)ds,a>0,n-1<a<n
I(n—a) Jo
where I is the gamma function and # is an integer.
The following nonlinear fractional differential equation of Caputo type

“D(g(y) = fr, F) (3.1
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with integral boundary conditions

0
7(0)=0and /(1) = f Fw)aw
0

where 1 < @ <2,0 <6 < 1, 7 € C[0, 1] which is the space of all continuous real-valued
functions defined on [0, 1] and f : [0,1] X R — R is a continuous function. Since f is a
continuous, the equation (3.1)) is equivalent to the following integral equation [1} [16]):

1 Y
Hy) = ) f (y = W)™ (G, FW))d W

a—1 NI
——(2 e f (1 = )* b, F))d

27/ PN 2 | v ~
m ( fo W =P f(r, }r)dr | dw. (3.2)

Theorem 3.1. Let y : RX R — R be a function. Suppose the following conditions hold:
i) the mapping « : C[0, 1] — C[0, 1]

Ki(y) = @ fy (y = W)™ FO, FOR))d
a—1 Ay
m f (1= W)* (b, FO))dw
27 vy a-1 & R
i ([ o= s roar)ai

forall ¥ € C[0,1] and y € [0, 1], is a continuous mapping where 1 < @ < 2,0 <
0<1.

i) there exists ¥y € C[0, 1] such that y (¥o (y),«Fy (y)) = 0 forall y € [0,1].

iii) ifforeachy € [0,1]and ¥, § € C[0, 1], x (F(y), §(y)) = O, then x (k¥ (y) , k8 (y)) =
0.

iv) for each sequence {t,} C C [0, 1] such that for all y € [0, 1], {#, (¥)} converges
to ¥ (y) for some F € C[0, 1] and x (7, (y) , Fur1 (v)) = 0 for all n > 1, then there
exists a subsequence {F,,} of {F,} such that y (Fn, (y),7(¥)) = 0 for all y € [0,1]
and k > 1.

V) there exists q in [0, 1) such that

I'a+1)

FGh, ) = FOb, 3] < {o (IF6h) = 560)P) + N7, 0}

where € [0, 1) and N(F, k) = |supyeqo.1; [FO) — KFOWP = supyepo 1) 150) — k3G
Then, the problem (3.1) has a unique solution.

Proof. LetIl = C[0,1] and n : IT X IT — [0, o) a function defined by

n(w,v) = sup. W(y) — v(y)P
€l0.

for all y € [0, 1] and W, v € II. Hence, (IL, ) is a complete b-metric space with s = 2. We
shall show that « satisfies the inequality (2.3). Let’s take 7, § € II with y (¥ (y),5(y)) > 0
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for all y € [0, 1].Then, we have

o & =y b, Ho)div
s o (1= W) R )
* <2—622¥r<a> b (fow(W - f(r))dr) dW
r<a> J o=y f, 0w
(2 92)T((y) fo (1 =W fO, 30V))dw

_m fo (fo o = et f(r, s(r))dr)dw

|kF(y) — k3(y)l

S o { f by = W (f O, FOR) — £, f(W))I)dW}
(@)
m { f (1= (f O, FOV)) = fOb, §(W))|)dW}
2y .- . . .
+omar | [ ( fo = A0 = 150D i
ly—#1""" La+1)
< fvy[ T'(a) 5 | ]dW
o | x{ o(lFh) = s + N(-.0)) |
1 (1-w)*"! T(a+1)
+ 272 T 5 o |aw
2=6) Jo | x{ o(lFh) - $GV)P + N(-.0)) |’
+_272 f @) 5 1 |drldw
2= Jo \Jo | x{ o(lFh) - S + NG 0)) |
Ta+1 1
< 0D o, 5+ 40~ (S kD)
N { 1 N 2y ( 1 1 )}
AP T@+D) " 2= \T@+ D T+
< {o@(F §) + In(F, kF) = n(3, kS
which implies that
NP, k8) < o (n(F, 8) + In(F, kF) — (8, k3)I) (3.3)

7, § € [T with y (7 (y), §(y)) = O for all ¥ € [0, 1]. Now, consider the mapping « : II X IT —
[0, o) defined by

1 , x(@#),5@)=0forallye[0,1]
a(F s)—{

o , otherwise
Then, the inequality (3.3)) is satisfied for all 7, § € IT with a(F, §) > 1, that is, for all 7, § € I,
a(F, S, k8) < 0 (N, §) + In(F, kF) — (8, k3)))

is satisfied. Also, from (iii), the mapping « is a-admissible mapping. Using the conditions
(i1) and (iv) we say that all conditions of Corollary@ are met, and so « has a fixed point.
Therefore, there is a solution to the nonlinear fractional differential equation of Caputo

type (3.1) a
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