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1. Introduction

Convexity theory represents a distinct and highly specialized field within the mathematical sciences. The field has attracted
significant interest among researchers due to its extensive and diverse range of applications in fields such as engineering,
optimization theory, energy systems, and physics. Over the years, many articles have been written on It is important to
avoid making generalisations and to ensure that any new versions of existing theories are fully evidenced-based. some of its
inequalities using different types of convex functions. This work aims to add a new one to the trapezoid type inequalities using
h—convexity in co-ordinates. Some important definitions and theorems necessary for the main results of our work are given
below:

Definition 1.1. [/ ]Let I be convex set on R. The function Yy : I — R is said to be convex on I, if it is demonstrated that the
following inequality is removed:

v(tx+(1-1) @) <ty (x)+(1-1)y(9) (1.1)

for all (x,9) €1 and T € [0,1]. The mapping Y is a concave on I if the inequality (1.1). In the event of a reversal, the
aforementioned item should be held in the opposite direction for all T € [0,1] and ), ¢ € I.

Let us begin by examining a rectangle positioned on a flat surface. A := [0, ] x [¢,p] in R>. A mapping ¥ : A — R the
following definition of a mapping in coordinated convex is provided for the reader’s convenience:

Definition 1.2. [2]A function y : A — R The term “coordinated convex on” is used to describe this phenomenon. A, for
all(x,9),(v,0) € Aand 1,& € [0,1]. The following inequality must be satisfied:

y(x+(1-1) 9, ut(1-8) o) < 5 y(x,v)+t(1-8y(x,0)+E(1-1)y(p,v)+(1-1)(1-5)y(p, 0).

It is evident that all convex functions are convex with respect to the given coordinates. Nevertheless, it is not necessarily the
case that every function which is convex in coordinates will necessarily be convex (see, [2]).
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Definition 1.3. Let h: I C R — R be a non-negative function. We say that y : I — R is an h-convex function, or that Y
belongs to the class SX (h,1), if ¥ non-negative and for all y,¢ € I, 7 € (0,1) we have,

y(tx+(1-7) 9) <h(D)y(x) +h(1 - 1)y ().
If this inequality is reversed, then  is said to be h—concave [3].

Definition 1.4. A function y : I — R is said to be h—convex on the coordinates on A, if the following inequality holds:

y(tx+(1-17) @, ut(1-5) w) < h(D)h(E) y(x,v)+h()h(1-E)y(x, ©)
+ (A1 =2)y(@,v)+h(1-1)h(1-E)y(9, ©)
holds for all¥ (t,&) € [0,1] and (x,v), (X, ®),(@,V),(@,®) € A [4].

Definition 1.5. The gamma function and beta function are defined by

T(x) ::/ T le "dr
0

and

B(x,0) / (1 —1)? dr,
respectively. Here, 0 < ), @ < oo.

In the analysis of mathematics in convex mappings, integral inequalities are the most frequently used field. These inequalities,
which were formulated by C. Hermite and J. Hadamard, are widely cited in the literature (see, e.g., [1], [5, p.137],[6]). The
aforementioned inequalities posit that if ¥ : I — R The function is convex on the interval. / of real numbers and &, ¢ € I with
T < € then,

v(250) <L 0/"’ yo) +vie)

The Hermite-Hadamard inequality is a celebrated result that elucidates the impact of a function’s convexity on its mean value
and integral value over a given interval. The inequality states that if a function y is convex on a real interval / and if a and
b are two points in /, then the value of y at the midpoint of a and ¢ is less than or equal to the average value of f on the
interval [0, ¢]. Hermite Hadamard’s inequality is employed to compare The mean value of a convex function is defined as
the sum of the areas of the function’s convex hulls, divided by the number of hulls. over a given interval with the values
observed at the endpoints of the interval. This inequality can be extended to higher dimensions, such as the plane R?, where
the interval is transformed into a rectangle. The inequality comprises two parts, one utilising the midpoint of the rectangle and
the other employing the corners of the rectangle. The second part is referred to as the trapezoid-type inequality, due to its
resemblance to the shape of a trapezoid. The trapezoid-type inequality, which forms part of the Hermite-Hadamard inequality,
has been the subject of extensive research. The trapezoid-type inequalities for convex functions were initially formulated by
Dragomir and Agarwal in [7]. In [8], Sarikaya et al. provided a generalisation of the inequalities for fractional integrals, and
also demonstrated the validity of certain midpoint-type inequalities. The inequality has been the subject of extensive study and
improvement, particularly in the context of fractional integrals, which represent a generalisation of ordinary integrals [2], [7],

(81, [9], [10].

Theorem 1.6. Suppose that v : A — R is co-ordinated convex. Then we have the following inequalities:

f(752552) < 3 et [o ()
| ’ ¢ p :
= wwm@!!WX¢dWX (12)
1| 1 P .7
1 HT/‘I’(XvC)dX+¢_GT/‘/’(X7P)dX+ p_gg/w(r,(p d(P-‘ri/l//é ®)do
< Y@+ +y(S.0) +w(s.p)

4

The above inequalities are sharp. The inequalities in (1.2) hold in reverse direction if the mapping  is a co-ordinated concave
mapping.



238 Fundamental Journal of Mathematics and Applications

Fractional calculus describes a type of calculus that is capable of utilising any real or complex number as the power of the
derivative or the integral. There are a number of different approaches to defining fractional calculus, including the Caputo,
Riemann-Liouville, and Griinwall-Letnikov definitions. While these definitions offer certain advantages, they also present
certain problems. To illustrate, the Riemann-Liouville definition does not always yield a derivative of zero for a constant. In the
Caputo definition, the function f must be differentiable [11], [12], [13], [14], [15], [16]. Furthermore, a number of definitions
deviate from the conventional tenets of calculus, including the operations of division, multiplication and composition between
two functions. To address these and other issues, Khalil et al. proposed a novel definition of fractional calculus, termed the
compatible fractional derivative. Furthermore, the compatible fractional integral for powers between (0 < ¢ < 1) was also
introduced. The researchers demonstrated several significant findings, including methods for multiplying two functions and
calculating the mean value of a function. Additionally, they solved equations involving fractional calculus and exponential
functions (see, [17], [18], [19], [20], [21], [22], [23], [24], [25]).

The definitions and mathematical foundations of the principles of conformable fractional calculus that are employed in this
study are set forth below:

Definition 1.7. [26]For v € L[0, ], the Riemann-Liouville integrals of order T > 0 are given by

1 )/x (x—1° 'y(r)dr, x>0

Jow(x) = I“(T i

and
V0= | * o) w(edr, 1 <0.

In accordance with the aforementioned criteria, the respective values are as follows: it can be demonstrated that the
Riemann-Liouville integrals are equal to their classical counterparts when the requisite condition is 0 = 1.

Definition 1.8. [27]Let w € L ([0, ¢] X [6,p]). The Riemann-Liouville integrals J(H ot ,Jgfp_ Jg ﬁg+ and J- ﬁp_ of order
0,19 > 0 with 6,6 > 0 are defined by

Jol v, e) = / / (=0 (@—8)" " y(r.§)dédr, x>0,0>¢, (1.3)
IS wne) = / / 1) (6 —9)"  y(r,§)dédr, x> 0,0 <p, (1.4)
1 o ro
Jﬁf}w(x,(p):m/x/g (t=0)°"(9—&)" ' y(r,§)dEdr, x<9,0>5, (1.5)
and
]9’19 9 1
o -V, 0) = / / =) (& —9)"  w(r,8)dédT, x<9,0<p, (1.6)

respectively. Here, I is the Gama function.

Definition 1.9. [28] For y € L[0, 9], the fractional conformable integral operator 191 4 o+ Wand 191 9 w of order ® >0 and
o € (0,1] are presented by

- 0 _ - g\ U1
998 wiz) = F(119) /Gx<(x o) 6(1 o) > e WE:))I T, >0 (1.7)
and
P . 0 _ N0 ¥—1
ﬂjg_w(x)zr(lﬁ)/% ((¢ 2 9(¢ v ) (q)‘i'(:))l_edf, t<9, (18)
respectively.

Definition 1.10. [29]Let y € L1 ([0, 9] X [ ,p]) andletyy #0, 1» #0, 0,9 € C, Re(6) > 0 and Re(®) > 0. The generalized
conformable integral of order 0,9 of W (), Q) is defined by;

e - [ (i
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(p—g)r—(E—g)2\"" y(r,£)
X( % ) et —g)lndé‘“] |

("1 ) (o) — [m/xaa/j((¢—x>ny_l(¢—r>n>e_1 o

(-9 —(E—gm\"" w(1,8)
3 % ) <¢—r>1ﬂ<é—g>1h"5”]’

("2, ) (o) = F(e)lm/f/: (OC_G)YI;(T_G)%)e_l (L11)
(Eereman) <r—o>1v1§f(’§)—é—>l-hdédrl |
and
(80 W) (o) - F(e)lm/x¢/:<(¢—x>ﬂy—]<¢—r>%>"‘ L12)
(]

the generalized conformable integrals.

Remark 1.11. [29]If n =71 =1in(1.9), (1.10),(1.11) and (1.12), we have (1.3)-(1.6) the Fractional integrals of the functions
of two variables.

Remark 1.12. [29] If we consider 8 =1 and & = 1in (1.9), (1.10),(1.11) and (1.12), we have

(= [ [ g

(1! w) (2. 0) = / / 41 . é;) s (1.14)

( X ¢) / / (t— cl 7 p) E)I- wddt, (1.15)
and

(1!, v) (x.0) / / A1 p) Fdddr (1.16)

the conformable fractional integrals for double integrals.

Theorem 1.13. [30] In assume Y is a co-ordinated convex function that goes from [0, ¢] X [¢,p] into R and let y; # 0, 1» # 0,
0,9 € (0,1], Re(0) > 0 and Re(¥) > 0. The following inequality holds for generalized conformable fractional integrals,

<G+¢ €+P> - 2)’197127’219*]1"(94-1)1—‘(194—1)719720 |:y]y210,19 W<G+¢ §+P> 1.17)

2 72 (¢,G)Y10‘(p7g)72l3 otgt 2 7 2
Ny 70,0 O+¢ SHP\ np ot¢ ¢tp ne ot ctp

! I¢ G+W( 2 I 2 +l 1+p—‘l/ 2 ) 2 + ! Iq) pJI/ 2 b 2
v(o,5)+v(o,p)+y(d,5)+Vy(d,p)
— 4 .

+
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2. Trapezoid type inequalities for co-ordinated /-convex functions

Lemma 2.1. [3]]Let v : A C R* = R be a partial differentiable mapping on A := [6,9] x [¢,p] in R with0 < 6 < ¢, 0 <
2
¢ <p. Ifaar—a“é € L (A), then the following identity:

V(0.6)+¥(0.p) +V¥(9.6)+v(9.p) 217126 + IS + Ny o1
4 (@—0)"(p—g)?’
0,0 o+¢ ¢+p 0,0 o+¢ c+p c+¢ c+p
7’17’216+g+ ( R >+7172]¢ g+w<272>+7’17’21+pw< R )
Ny 79,0 G+¢ c+p _
+ 1 I¢_7p_w(2 N A

¥ (9—0)(p—c)
16
1
x[/

() ) 2 (1 e e

<1(1r)71>9(1(1§)72)ﬂ O’y <1+Tc+1r¢,1€g+l+§p>d§d1

\_

(=]

il v 8r8§ 2 2 2 2
1—(1-0)m\? /1—-(1=&2\% 2y [1-1t_ 1+1 14+& 1-&
( " > ( % d1d& 2 ot 2 ¢ 2 ot 2 P dédr

— Ot —n CtY—

+

I
S O o

(I=o\ 1—(1=-&r\? 3%y [1-1_ 141 1-& 1+4&
0/< F) () s (e e e e s,
where

2102 9 (9 41
+ + + +
[n,gﬂ,,(@ézp) o ,gl,,(c,szp> N yz,g“,,(gi,,gzp) N 7213‘11,,<¢7‘52p>}
21029 (0 +1)
(¢ —o)"?

g (S5 e) v (° +¢,p> Bov(S5te) v (5.

Proof. By employing the technique of integration by parts, we obtain the following result:

11

//<1—(1y1—r)71>9(1—(19/2—5)7@)683;12 <1-;1:G+1;T¢7H2—§g+ 1;§p)d€dr

0

<““yf’”>ﬁ{<““yr“”>e<¢:i>3‘£<1§%+1;f¢»1§%+1;%>1

L

|
o _ ©°

0

J () e g (e e e
Y G ()2 e 5)
+( 266)/1'(1_(1%_1)%)9l(l—r)y"%Zl(lj;rcjt1;T¢,];§€+1;5P>dr}d§
0

< o | () S e

|
o _
R
I
S
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(I e e sl

- Z(M(y) vl
NSO
0
o () o {<;>ﬁ<p_z>w<lzf+wg>
219 /1( YZ)IS‘I w<142rro+1;r¢,leréngrl;ép)dé}dT
0

T 0-o)p- QV" %¢)
( — Yz)ﬁl(l—é)” W(G 1+§g+§p>€

1-— I—TYI 1+7 1—-7
_~\n-1 _r® - "
G- s < ) (1-1) 1//( 5 o+ 5 q),g)dr

1G
= :‘f:i g L/ I ;f”‘)“u—ﬂ“ (F5) e

]
¢GP€

)
y

o\_ O\_

l1+71 -t 1+ 1-
W( > o+ 2 9, 2§€+ 2§p>d§d1:]. 2.3)
In (2.3), using the change of the variables u = 1% 1T(]) andv = ng T‘:p we can write,
4 1 2 \? o+
L= o, (o 721 < > ( ) 0y 0 < >
' G6-olp—0rp "9 <p—g) ®) ( (0)- v ¢
469 2%627/2191—‘( ) ( ) Ny 79,0 G"'(P S+p
T6-0)P—9) (6—0)" (p— g)w( IG*@*W)( 2 2 ) (2.4)

By employing the technique of integration by parts, the following result is obtained:

e e

= &= G_4p 5 79 ,p)+(p2g)wr(ﬁ) (Vzw 1,,) (G,G2P>+(¢26)%6r(9)(mg+1,,)(0+¢’p>

_ 46p 2102 (O)T(D) (41,10, o+¢ g+p
(¢—0)p—9) (9 —0c)"O(p—g)r? (”21¢<€+W) ( >’ (2.5)

2 72
- 0/10/1(1—0%—@%)9(1—(19;5)?2)”;;12(1;%#;%71;6&lgép>d¢m

o9 (575) T () (655)+ (525) 0 (k) (75)

B 409 2102%0T(9)I(9) (ylszG,ﬁ V’) (M g+p>
(¢)—0')(P—Q) ((])—G)yle(P g)yzﬂ ot,p~ ) 5

L

(2.6)
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and

0 - //( S e A EE SEC N LI Py

= 64p gyell,w(d) p)- <pig)wr(ﬂ) (mr )<¢,g+p) <¢_26>719F(9)(Mgw)(o+¢’p>

409 2102LPT(0)I(D) (4,4 ,0,0 o+¢ ¢+p
To-o)p-9) (9 — )"0 (p—c)2? (m’w»p*"’) (2’2) ' 2.7)

By equalities from (2.4)-(2.7), we obtain

YWr(9—0o)p—0)

6 h —hL—5L+ L]
_ YO0+ (0.p)+v(9.9)+y(9.p) 21RO + DI + DYy
4 (¢—0)n® (p—¢)""
0,9 c+¢ ¢+p o+¢ ¢+p o+¢ ¢+p
[Wow*"’( 2 2 )“Lmlzp g*"’( 2 2 >+ml+p"’< 2 2
R G o+ sHpY|
+ 1 I¢ p_y/( ) A.

This constitutes the proof.
The following section presents the initial Theorem, which encompasses the Hermite-Hadamard-type inequality for generalized
conformable fractional integrals.

Theorem 2.2. Let y : A C R? — R be a partial differentiable mapping on Awith0 < 6 < ¢, 0< ¢ < p. If alay is a h—convex
function on the coordinates on A, then the inequality below holds:

w(c,g)+w(o,p)+w(¢7g)+w(¢,p)+2”"*12721’*1F(9+I)F(ﬁ+1)7f’7§’ (2.8)
4 (¢—0)"%(p—g)"”
ny 6,9 G+¢ g+p ny O_+¢ §+p ny O_+¢ §+p
|:1 16+G+W( 2 ) 2 +1 1¢ III 2 ) 2 + ! 1+p,lll 2 9 2
ny 6,9 0-+¢ g+p _
+ 1 I¢7p1//<2 N A
(0—0)(p—g)
TTenn ¥ (71,0,h)¥ (1, 0,h) +¥(1,0,h) P (1, 0,h)+P(7,0,h)¥ (1, 0,h) +P(11,0,h) P (R, 5, h)]

||t 0| [t 00| | 3o 0.0) |+ s 00

where A is defined by (2.2) and B (-,-) refers to the Beta function and

(=t (=t 1y

dédt = ¥(y,0,h)¥ (p,0,h)

dédt = Y¥(7,0,h)¥(n,0,h)

I_)dédr = W(7,0,h)¥(p,0,h)
)d&dr W (0.0 (1. 0.h)

equals were used.
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Proof. From Lemma 1, we acquire

Y(0.9)+¥(0.p)+¥(9.6)+ ¥ (4.p) , 2n6-1200-10(g + NI(9 + 1)y v

(2.9)
4 (0—0)"°(p—g)*°
ny 76,0 G+¢ g+p ny y9,% G+¢ G+p Ny G+¢ c+p
{1216+€+l]/<2 ) +121¢ g 7 o +% IG+p—‘I/ 2 ' o

o+¢ ¢+p
nr 27Y STFY |
- i v (2753 ) A

ny (¢ 6)(p $)
11 . B B
ety sy

00
1 N\ 0 . o _ _

/ |- 1_Ty> (1 (1 5)7/2) %y (1-2H'G+1 T(b,l €g+l+§p) dEdr
0

+0/1 < ) d1d& 2 2 B
N 0/1<1 (1—1)n ) ( —(1}/2—5)?2)1’ aa;aqé (1;16+1—;—r¢71—|2—§g+1;§p) dEds
/l

( (1 7y >e(1_(1y2_5)y2>19 ;ng,g (1576+1;T¢71;€g+1;§l)) dng]

2
Since ; z a"é is h—convex function on the co-ordinates on A, then one has:

IN

Py (1+1_ 1-1 1+E 1€
8185( 7 Ot st p)’dédf

+

O\_ O\_

Y(0.9)+¥(0.p)+¥(9.6)+ V¥ (6.p) . 2n6-12R0710 (0 + I(V + 1) Y0 ¥

4 (9—0)1(p—g)""
X {Ylyzlgﬁg+w<(7;r¢,€42rp)+71721¢ g+‘ll(63¢,g;p)+ 7’1?’2]6+ w(czﬂb’g;p)

o+¢ ¢+p
nre OV STF)|
(255550 )] -4

WP (9 — 6)(p S)

IN

() (5 sz o] (5)1 (50 e oo
() (50 g eoon (51 (50) e o s




244

Fundamental Journal of Mathematics and Applications
11 0 K
==\ (1-(1-¢)"
+
" Y2
0

(50

1— 1+& v
e o9+ () (5 )araé(‘”’)’
1+7 —E&\| 9%y l1+7 1+¢&
(57)0(50) s o o () (50 [ 0 e
- lz)(p G)[\P(Yl,eah)lp(’}/L@ h)+¥(1,0,h) @ (1, 0, h)
ny
Py I’y I’y v
(0.0 (. 0.0) + @ (1 0.0)@ (20 x || T (0.0) +| T2 (00| | 523 (0.9)| + 3 0.0 .
which finishes the proof O
Remark 2.3. In Theorem 2.2, if we choose h(t) = t, then we have,
V(0,6)+w(o.p)+V(¢,0)+w(e,p) 21012227 I0(0+ I8+ )W n 2.10)
4 (0—0)"(p—g)"°
(252 ) (0305

0,9 o+ ¢+p
) >+m16+’p"’< 2 2 >
¢ c+p
Nnnrn _
o, (252.52)]
(¢-0)(P=¢), 1 1\ [| 2% I’y I’y I’y

< _

= 16'}/]'}/2 6+1 7 B 19"_11,)/2 3185(67{;) + 8785(671)) + arag (¢7g) + arag((b»p) )
which is given by Kiris et al. in [32]
Remark 2.4. In Remark 3, if we choose Y1 = 1 and 1, = 1, the following inequalities are achieved [31]

v(o,5)+y(o,p)+v(9,5)+v(P,p)
4

20-1227I0(0 + I8 + 1)y
+ 0 4
(0—0)"(p—¢)

c+o g+
|:71 72]g+19g+ v ((P gp)

@.11)
ne O+ SH+P\  yn o0 o+¢ ctp
T ) "”(2’2 -V T
ot (5252
< (¢—G)(p—€) !
= 16

1] %y o’y o’y v
151 |70 @9 3 @ 0|+ 5ea 09)| | s 00
Theorem 2.5. Let y : A C R? — R be a partial differentiable mapping on Awith0 < ¢ < ¢, 0< ¢ < p.If
a h—convex function on the co-ordinates on A, then the inequality below holds

‘ ¥ (0,6)+y(0.p) + v (9,6) + v (d,p)

2

;:%’qq> 1,is
2n6-1200-10(g + DT(Y + 1)y ¥ 2.12)
4 (¢9—0)"% (p—¢)""
Lrmer(5 )t (5152t (5555)
v (225
'
G )
x H&a;v./ﬁ (0,¢) q+ 88;1/‘/5 (o, P) + 8785 (‘P G)

1
f1:|q

where A is defined by (2.2) and B (-,-) refers to the Beta function and L —1-1gnd

/h(T)dr _ /h(”‘S)dg_hl

2
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(59

equals were used.

dt = /ﬁ(1;§>dézb

Proof. From Lemma, we have inequality (2.9). In order to employ the well-known Hélder’s inequality for double integrals, in

. 2y |4 . .. . . . . .
Is and since ’;r—a"é’ is The application of h—convex functions to the coordinates of the triangle yields the following result: on

AN

2’y

-7 1+&

/—’h\
O\_

SIS

IN

§9)

(Z (e (e

(1—€)Vz>6x‘

)ﬁpdédr)

d19¢&

5

1
P

1+
( 2 o+

q
d&dr)

9,

2 2

1
q

11
< L1 (//(1—(1—1)%)91’(1—(1 l’!’dgdr)
12 \y 0
1+7 1+E\ | %y 1 I+7 1-E\| %y 1
L (5 (50 e s+ ()0 (50 s o)
1
-7 1+& 7 -7 —E\| Py e !
(15850 [Fag oo +r ()07 S o] asac)
1
11 /11 1 1\’
< ——|—=—B|0p+1,— |B(Vp+1,—
1729(%72 (p %) (p Y2)>
azw q azw q azw q azw q
2| Y oy oy 2| 7Y
X<(h1) 8T8€(67G) +h1h2 8185(0-7’)) +h1h2 81‘85 (¢7G) +(h2) araé((pvp) >
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If we substitute from (2.13)-(2.16) in (2.9), we obtain the first inequality of (2.12) is achieved. L]

Remark 2.6. If we set h(t) =t in Theorem (2.5), then we have,
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which is given by Kiris et al. in [32].
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Remark 2.7. If we take h(t) =t, Y1 = 1 and v, = | in Theorem (2.5), the following inequalities are achieved
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which is proven by Hyder et al. in [31].
Theorem 2.8. Assume y : /A C R* — R The mapping is partially differentiable with respect to Awith0 < 6 < ¢, 0 < ¢ < p.
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Proof. By employing the principle of equality (2.9) and the Power-Mean inequality, in Iy, we get

o [T ()

92 1+7 -7, 1+ 1—
W( 5 c+ 5 0, 2§g+ 2€p>‘d§dr]

: (0/10/1<1(1711)YI>6<1(17,25)7/2)19615611)1;
11 1 o
(et ey

Py (1+1_ 11—t 1+E 1-&
<2G+2¢’2€+2p>

1
q q

dédr)

. . . . . . 2y |4 .
In light of the convexity observed in the i-convex function when expressed in co-ordinates, A of )aarTué , then we acquire

T —

_1
=2

/1/‘<1_<1_m>9(1_<1_g)n>ﬂ
= B! T2
1+7 1+&\ | %y
() () ot o
-7 1+E\ | %y E 1—-7 1-E\| %y
(150 (55) [ s 41 (150 (55 [0
In this inequality, the change of variables allows us to express it as follows:

Jj(tey ey

Ay [(1+1 11—t 14+E 1-E
araé( 2 Ot st p)‘dédr

-1
11 1 1 ‘
< ————B|0+1,— |B|O+1,—
B <7F“yﬁ’“ ( 71) ( 7’2))

2 q

{womwmom| 7 ¥ @

q

(550w
—

dédt}

X

2 q

Iy
W(G’p)

+ ‘P(Yl,evh)cb(/hv@vh) ’

biE
110:/./(1_(1%_7)”6 (1_(1}/2_5)72)19 (2.22)

q
+ @(1,0,h) P (1, 0,h)

2

9 2
OO0 (0.0 52 (0.0

Iy
m(%l))

Similarly, we have

00
Ay (1+1  1—-t, 1-& 1+s
x aﬂ%( >0t — 0, st p>’d§d1

q

D) el (1) e

()0 (58 e o]+ (5 (5) e

1
q

2 q
oY dé;dr}




Fundamental Journal of Mathematics and Applications 249

1-1
“B(e+1 1)3(@“ ‘) q
,y19+1 ,},éL9+l 7/)/1 7}/2

2 q
{wimomemon| ) (o

2 q

O+ On@ 0| T (0a)

1

"

q 2

’ J
00N, 0.)| T (0.p)

0
+ (I)(Yl,eah)q)(%7l97h) ‘a,’:alljé (‘pag)

and
P 1= (=) e\ Y
111=//< > ( ) (2.23)
0
A v [(1-1 1+r 1+5 5
awg( 7 Ot )‘d&”
1— 1+€& 4 -7 — &\ | 9%y 4
L) (5 )!aagw +h( )57 e
1+7 1+€& 2y 1 1+7 —&E\ | %y !
(5 o o (50 (59 e
1—1
1 1 1 1 !
< (g (GM)B@W))
82 q 82 q
<{@momvmom| T @0 + ononwmon 5L o)
Iy q 2y Ny s
F OO (00| 52 (0.0 + @ OnT(n 0|7 X 0p) )}
Finally
11 B 0 /1 1 Evpa D
12=//< (-7 > (1 (1}/2 °) ) (2.24)
00
Ay (1—1_  1+1 1-& 1+€&
9708 < 5 0+t— 9, St p)‘d&dt
1 -1 14+E\ | 9%y ?
{ (5 (55 [gmetee] +1((55)n(55%) Gt
1+7 5 82 4 1+71 1_’_5 q q
() (50 e o]+ (5)n (550 g e asee)
-1
1 1 1 1 711 1 1
< (yl(’“yg“3<9+1771>3<6+1772)> (4}/1(”172’”1
82 q 32 q
{emonemon| ¥ o.c +omonemomn| T )
aZW q azw ay g
+ q)(YIQ,h)@(YZvﬂah)‘&Tag (¢aG) +q>(ylevh)¢(YZ767h)’aTag(¢7p) } .
By considering (2.21)-(2.24) in (2.9), The desired inequality is thus obtained. (2.19). ]

Remark 2.9. If we assign h(t) =t in Theorem 4, then we have following inequality [32] :
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3. Conclusion

In this study, we derived some inequalities of trapezoid type for coordinated h-convex functions by means of conformable
fractional integrals. To obtain new inequalities and to generalize the obtained inequalities, it would be useful for future work to

use different types of convex maps or different types of fractional integral operators.

Declarations

Acknowledgements: The authors are grateful to the anonymous referee for helpful suggestions to improve the paper.

Author’s Contributions: Conceptualization, M.E.K. and G.B.; methodology, M.E.K., M.Y.A. and G.B.; validation, M.E.K.
and FK. investigation, M.E.K. and G.B.; resources, M.E.K., M.Y.A. and G.B.; data curation, M.E.K., M.Y.A. and G.B.;
writing—original draft preparation, M.Y.A. and G.B.; writing—review and editing, M.E.K. and M.Y.A_; supervision, M.E.K.
All authors have read and agreed to the published version of the manuscript.



Fundamental Journal of Mathematics and Applications 251

Conflict of Interest Disclosure: The authors declare no conflict of interest.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: This research received no external funding.

Ethical Approval and Participant Consent: This article does not contain any studies with human or animal subjects. It is
declared that during the preparation process of this study, scientific and ethical principles were followed and all the studies
benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.
Availability of Data and Materials: Data sharing not applicable.

Use of Al tools: The author declares that he has not used Artificial Intelligence (Al) tools in the creation of this article.

ORCID

Mehmet Eyiip Kirig ' https://orcid.org/0000-0002-6463-5289
Murat Yiicel Ay ‘2 https://orcid.org/0009-0003-1844-1445
Gozde Bayrak & https://orcid.org/0000-0003-4073-380X

References

[1]1 S.S. Dragomir and C.E.M. Pearce, Selected topics on Hermite-Hadamard inequalities and applications, RGMIA Monographs, Victoria
University, (2000). [Web]
[2] S.S. Dragomir, On The Hadamard’s Inequality For Convex Functions on the Co-ordinates in a Rectangle from the Plane, Taiwanese J. Math.,
5(4) (2001), 775-788. [CrossRef] [Scopus] [Web of Science]
[3] S. Varosanec,On h-convexity, J. Math. Anal. Appl., 326 (2077), 303-311. [CrossRef] [Scopus] [Web of Science]
[4] M.A. Latif and M. Alomari, On Hadamard-type inequalities for h-convex functions on the co-ordinates, Int. J. Math. Anal., 3(33-36) (2009),
1645-1656. [Scopus]
[5] J.E. Pecarié, F. Proschan and Y.L. Tong, Convex Functions, Partial Orderings and Statistical Applications, Academic Press, Boston, (1992).
[CrossRef]
[6] M. Igbal, S. Qaisar and M. Muddassar, A short note on integral inequality of type Hermite—Hadamard through convexity, J. Comput. Anal.
Appl., 21(5) (2016), 946-953. [Scopus] [Web of Science]
[7]1 S.S.Dragomir, R. Agarwal, Two inequalities for differentiable mappings and applications to special means of real numbers and to trapezoidal
Sformula, Appl. Math. Lett., 11(5) (1998), 91-95. [CrossRef] [Scopus] [Web of Science]
[8] M.Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite—Hadamard’s inequalities for fractional integrals and related fractional inequalities,
Math. Comput. Model., 57(9-10) (2013), 2403-2407. [CrossRef] [Scopus] [Web of Science]
[9] M.Z. Sarikaya, E. Set, M.E. Ozdemir, S.S. Dragomir,New some Hadamard’s type inequalities for Co-ordinated convex functions, Tamsui
Oxf. J. Math. Sci., 28(2) (2012), 137-152. [Scopus]
[10] M.Z. Sarikaya, A. Akuurt, H. Budak, M.E. Yildirim and H. Yildirim, Hermite-Hadamard’s inequalities for conformable fractional integrals,
Int. J. Optim. Control: Theor. Appl., 9(1), 49-59(2019). [CrossRef] [Scopus]
[11] G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach, Yverdon,
(1993). [Web]
[12] I. Podlubny, Fractional Differantial Equations, Academic Press, eBook ISBN: 9780080531984, San Diego CA, (1999).
[13] S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, New York: Wiley, (1993). [Web]
[14] A. Akkurt, M.E. Yildirim and H. Yildirim, A new Generalized fractional derivative and integral, Konuralp J. Math., 5(2) (2017), 248-259.
[Web]
[15] A. Akkurt, M.Z. Sarikaya, H. Budak and H. Yildirim, On the Hadamard’s type inequalities for Co-ordinated convex functions via fractional
integrals, J. King Saud Univ. Sci., 29(3) (2017), 380-387. [CrossRef] [Scopus] [Web of Science]
[16] M.K. Bakula, An improvement of the Hermite-Hadamard inequality for functions convex on the coordinates, Aust. J. Math. Anal. Appl.,
11(1) (2014), 1-7. [Scopus]
[17] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, A new definition of fractional derivative, J. Comput. Appl. Math., 264 (2014), 65-70.
[CrossRef] [Scopus]
[18] D.Zhao and M. Luo, General conformable fractional derivative and its physical interpretation, Calcolo, 54(3) (2017), 903-917. [CrossRef]
[Scopus] [Web of Science]
[19] T.U.Khan and M.A Khan, Generalized conformable fractional operators, J. Comput. Appl. Math., 346 (2019), 378-389. [CrossRef] [Scopus]
[Web of Science]
[20] H. Budak, New version of Simpson type inequality for W-Hilfer fractional integrals, Adv. Anal. Appl. Math., 1(1) (2024), 1-11. [CrossRef]
[21] M. Maaz, M. Muawwaz, U. Ali, M.D. Faiz, E.A. Rahman and A.Qayyum, New extension in Ostrowski’s type inequalities by using 13-step
linear kernel, Adv. Anal. Appl. Math., 1(1) (2024), 55-67. [CrossRef]
[22] M.Z. Sarikaya, H. Budak and F. Usta, On generalized the conformable fractional calculus, TWMS J. App. Eng. Math., 9(4) (2019), 792-799.
[Scopus] [Web of Science]
23] T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math. 279, 2015, 57-66. [CrossRef] [Web] [Web of Science]
24] A.A. Abdelhakim, The flaw in the conformable calculus: it is conformable because it is not fractional, Fract. Calc. Appl. Anal., 22(2) (2019),
242-254. [CrossRef] [Scopus] [Web of Science]
[25] A. Hyder, A.H. Soliman, A new generalized 0-conformable calculus and its applications in mathematical physics, Phys. Scr., 96(1) (2020),
015208. [CrossRef] [Scopus] [Web of Science]
[26] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differential Equations, North-Holland Mathematics
Studies, 204, Elsevier Sci. B.V., Amsterdam, (2006). [Web]
[27] M.Z. Sarikaya, On the Hermite-Hadamard-type inequalities for Co-ordinated convex function via fractional integrals, Integral Transforms
Spec. Funct., 25(2) (2014), 134-147. [CrossRef] [Scopus] [Web of Science]
[28] F.Jarad, E. Ugurlu, T. Abdeljawad, and D. Baleanu, On a new class of fractional operators, Adv. Differ. Equ., 2017 (2017), 247. [CrossRef]
[Scopus] [Web of Science]


https://orcid.org/0000-0002-6463-5289
https://orcid.org/0000-0002-6463-5289
https://orcid.org/0009-0003-1844-1445
https://orcid.org/0009-0003-1844-1445
https://orcid.org/0000-0003-4073-380X
https://orcid.org/0000-0003-4073-380X
https://rgmia.org/papers/monographs/Master.pdf
https://doi.org/10.11650/twjm/1500574995
https://www.scopus.com/record/display.uri?eid=2-s2.0-1542394739&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28ON+THE+HADAMARD%E2%80%99S+INEQULALITY+FOR+CONVEX+FUNCTIONS+ON+THE+CO-ORDINATES+IN+A+RECTANGLE+FROM+THE+PLANE%29&sessionSearchId=ff199f78906cad6afa4af87f1f80443f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000173556800007
https://doi.org/10.1016/j.jmaa.2006.02.086
https://www.scopus.com/record/display.uri?eid=2-s2.0-33750610962&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22On+h-convexity%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000242730700023
https://www.scopus.com/record/display.uri?eid=2-s2.0-79251558517&origin=resultslist&sort=plf-t&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28On+Hadmard-Type+Inequalities+for+h-Convex+Functions+on+the+Co-ordinates%29&relpos=0
https://doi.org/10.1016/s0076-5392%2808%29x6162-4
https://www.scopus.com/record/display.uri?eid=2-s2.0-85014511542&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22A+short+note+on+integral+inequality+of+type+Hermite--Hadamard+through+convexity%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000368960300012
https://doi.org/10.1016/S0893-9659(98)00086-X
https://www.scopus.com/record/display.uri?eid=2-s2.0-0002448458&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28Two+inequalities+for+differentiable+mappings+and+applications+to+special+means+of+real+numbers+and+to+trapezoidal+formula%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=1
https://www.webofscience.com/wos/woscc/full-record/WOS:000075622100017
https://doi.org/10.1016/j.mcm.2011.12.048
https://www.scopus.com/record/display.uri?eid=2-s2.0-84875664244&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28Hermite%E2%80%93Hadamard%E2%80%99s+inequalities+for+fractional+integrals+and+related+fractional+inequalities%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=125
https://www.webofscience.com/wos/woscc/full-record/WOS:000317262100039
https://www.scopus.com/record/display.uri?eid=2-s2.0-84875239482&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22New+some+Hadamard%27s+type+inequalities+for+co-ordinated+convex+functions%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://doi.org/10.11121/ijocta.01.2019.00559
https://www.scopus.com/record/display.uri?eid=2-s2.0-85066103606&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22Hermite-Hadamard%27s+inequalities+for+conformable+fractional+integrals%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=1
https://www.semanticscholar.org/paper/Fractional-Integrals-and-Derivatives%3A-Theory-and-Samko-Kilbas/897fb8e45375c8fee443db9f69016c48f4129176
http://lib.ysu.am/disciplines_bk/b6c0b30496074d6bc08b794381aca81a.pdf
https://dergipark.org.tr/en/pub/konuralpjournalmath/issue/28490/315229
https://doi.org/10.1016/j.jksus.2016.06.003
https://www.scopus.com/record/display.uri?eid=2-s2.0-85003794207&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22On+the+Hadamard%27s+type+inequalities+for+Co-ordinated+convex+functions+via+fractional+integrals%22%29&sessionSearchId=f23218ac34d3c1d4fd0d144855621200&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000456305200012
https://www.scopus.com/record/display.uri?eid=2-s2.0-84932173392&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22An+improvement+of+the+Hermite-Hadamard+inequality+for+functions+convex+on+the+coordinates%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://doi.org/10.1016/j.cam.2014.01.002
https://www.scopus.com/record/display.uri?eid=2-s2.0-84893186929&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28A+new+definition+of+fractional+derivative%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=497
http://dx.doi.org/10.1007/s10092-017-0213-8
https://www.scopus.com/record/display.uri?eid=2-s2.0-85009170962&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28General+conformable+fractional+derivative+and+its+physical+interpretation%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000410163200012
https://doi.org/10.1016/j.cam.2018.07.018
https://www.scopus.com/record/display.uri?eid=2-s2.0-85050987862&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22Generalized+conformable+fractional+operators%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=4
https://www.webofscience.com/wos/woscc/full-record/WOS:000449246500026
https://doi.org/10.62298/advmath.3
https://doi.org/10.62298/advmath.4
https://www.scopus.com/record/display.uri?eid=2-s2.0-85096570607&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22On+generalized+the+conformable+fractional+calculus%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000488642900011
https://doi.org/10.1016/j.cam.2014.10.016
https://www.sciencedirect.com/science/article/pii/S0377042714004622
https://www.webofscience.com/wos/woscc/full-record/WOS:000348259100005
https://doi.org/10.1515/fca-2019-0016
https://www.scopus.com/record/display.uri?eid=2-s2.0-85067095094&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22The+flaw+in+the+conformable+calculus%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000468966600002
https://doi.org/10.1088/1402-4896/abc6d9
https://www.scopus.com/record/display.uri?eid=2-s2.0-85096538146&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28A+new+generalized+%CE%B8-conformable+calculus+and+its+applications+in+mathematical+physics%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000588257500001
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/204/suppl/C
https://doi.org/10.1080/10652469.2013.824436
https://www.scopus.com/record/display.uri?eid=2-s2.0-84890430251&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28On+the+Hermite%E2%80%93Hadamard-type+inequalities+for+co-ordinated+convex+function+via+fractional+integrals%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=5
https://www.webofscience.com/wos/woscc/full-record/WOS:000328110600005
https://doi.org/10.1186/s13662-017-1306-z
https://www.scopus.com/record/display.uri?eid=2-s2.0-85028006940&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28On+a+new+class+of+fractional+operators%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=744
https://www.webofscience.com/wos/woscc/full-record/WOS:000408335400002

252 Fundamental Journal of Mathematics and Applications

[29] M. Bozkurt, A. Akkurt and H. Yildirim, Conformable derivatives and integrals for the functions of two variables, Konuralp J. Math., 9(1)
(2021), 49-59. [Scopus]

[30] M.E. Kiris and G. Bayrak, New version of Hermite-Hadamard inequality for Co-ordinated convex function via generalized conformable
integrals, Filomat, 38(16) (2024), 5575-5589. [CrossRef] [Scopus] [Web of Science]

[31] A.A.Hyder, A.A. Almoneef, H. Budak, and M.A. Barakat, On new fractional version of generalized Hermite-Hadamard inequalities, Math-
ematics, 10(18) (2022), 3337. [CrossRef] [Scopus] [Web of Science]

[32] M.E. Kiris and G. Bayrak, Coordinated convex mapping approach to trapezoid type inequalities with generalized conformable integrals,
Filomat 38(33) (2024), (Accepted).

Fundamental Journal of Mathematics and Applications (FUIMA), (Fundam. J. Math. Appl.)
https://dergipark.org.tr/en/pub/fujma

All open access articles published are distributed under the terms of the CC BY-NC 4.0 license (Creative Commons Attribution-
Non-Commercial 4.0 International Public License as currently displayed at http://creativecommons.org/licenses/by-nc/4.
0/legalcode) which permits unrestricted use, distribution, and reproduction in any medium, for non-commercial purposes, provided the
original work is properly cited.

How to cite this article: M.E. Kirig, M.Y. Ay and G. Bayrak, Trapezoid-type inequalities based on generalized conformable integrals
via co-ordinated h-convex mappings, Fundam. J. Math. Appl., 7(4) (2024), 236-252. DOI 10.33401/fujma.1578534



https://www.scopus.com/record/display.uri?eid=2-s2.0-85186523687&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28%22Conformable+derivatives+and+integrals+for+the+functions+of+two+variables%22%29&sessionSearchId=a3046c90cf8101a01c3cbc88438ba9c4&relpos=0
https://doi.org/10.2298/FIL2416575K
https://www.scopus.com/record/display.uri?eid=2-s2.0-85194053809&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28New+version+of+Hermite-Hadamard+inequality+for+co-ordinated+convex+function+via+generalized+conformable+integrals%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:001337381700001
https://doi.org/10.3390/math10183337
https://www.scopus.com/record/display.uri?eid=2-s2.0-85138598109&origin=resultslist&sort=plf-f&src=s&sot=b&sdt=b&s=TITLE-ABS-KEY%28On+New+Fractional+Version+of+Generalized+Hermite-Hadamard+Inequalities%29&sessionSearchId=21e029aecd428d56366970d3fdd8de5e&relpos=19
https://www.webofscience.com/wos/woscc/full-record/WOS:000857766500001
https://dergipark.org.tr/en/pub/fujma
http://creativecommons.org/licenses/by-nc/4.0/legalcode
http://creativecommons.org/licenses/by-nc/4.0/legalcode

	Introduction
	Trapezoid type inequalities for co-ordinated h-convex functions
	Conclusion

