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1. Introduction and main results

Let T be the classical singular integral operator, the commutator [b, T'] generated by T'
and a suitable function b is given as

[0, Tf(x) =0T f(x) = T(bf)(x).

A significant conclusion of Coifman, Rochberg and Weiss[5] showed that b € BMO(R™)
if and only if the commutator [b, T is bounded on LP(R™) for 1 < p < oco. In 1978,
Janson[16] gave some characterizations of the Lipschitz space Ag (R™) via the commutator
[b, T] and proved that b € Ag (R™) (0 < 8 < 1) if and only if [b, T is bounded from LP (R™)
to L7 (R™), where 1 < p < ¢ < oo and % — % = g Recently, many authors have conducted
extensive studies on the theory of commutators, as it plays a important role in harmonic
analysis and partial differential equations, see for example [6,8, 19,20, 23].

As usual, let B := B(x,r) denote the ball centered at € R"™ with radius r > 0. We
define |B| as the Lebesgue measure of the ball B and let yp represent the characteristic
function of the ball B. Define L} _ (R™) as the set of all locally integrable functions on R,

loc
For 1 < p < oo, we define the conjugate index of p as p’ = p%l. We will use the symbol
C to refer to a positive constant that is independent of the main parameters, but it may
vary from line to line. The notation f < g indicates that f < Cg. If f < gand g < f we

write f ~ g.
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Let 0 < a <nand f € L} . (R"), the fractional maximal function M, (f) is defined as

follows:
Ma)(a) = 50— [ |£(wldy.
B>z |B ‘

where the supremum is taken over all balls B C R" containing «.

When a = 0, My(f) corresponds to the classical Hardy-Littlewood maximal function.
For 0 < a < n, M,(f) represents the classical fractional maximal function.

The sharp maximal function M*(f) was introduced by Fefferman and Stein [9] and is
defined as follows:

# —
M) = swp iz [ 170) = Tl

B>z
where the supremum is taken over all balls B C R" containing = and fp := ﬁ [ f(x)d.

Let b € L . (R™), the maximal commutator of the fractional maximal function M, (f)
is defined by

Maal£)(@) = 510 e [ 160) = b))l

where the supremum is taken over all balls B C R" containing z.
The nonlinear commutator of fractional maximal function M,(f) is given as

[b, Mo (f)(%) = b(x) Ma(f)(x) — Ma(bf)().
For a = 0, we simply write by M, = My, and [b, M| = [b, My].
For a function b defined on R", we denote

~ () e 0, if b(z) >0
(@) {]b(m)|, if b(z) <0

and bT (x) := |b(x)| — b~ (x). Clearly, b(z) = b*(z) — b~ (z).
Let b>0and b € L} _(R"). For z € R" and f € L} . (R"),
)M,

1 M) S = )M () = M) )
= [p(e) sup ! g [y s e [ b))l
<sup— [ [bla) — b1 () ldy

Baz |B
= Mba(f)( )-
Let b € L} . (R"). Then, for x € R" and f € L} .(R"),

[0, Ma] f ()] < M,o(f)(x) + 20 (2) Mo f(z) (1.1)

holds (see, for example, [28]). Indeed, the commutators M, and [b, M,] evidently differ
from each other. The maximal commutator M, is both positive and sublinear, while
the nonlinear commutator [b, M,| does not possess either property. Many authors have
intensively studied the mapping properties of commutators of maximal functions, we refer
the readers to see [1-4,11-14,22,24,25] and therein references.

For a given ball B and 0 < a < n, the fractional maximal function with respect to B
of a function f is defined as follows:

Mos(N@) = s e [ 17l

B2Bosz |Bo|'™
where the supremum is taken over all balls By with By C B and By 2 x. Also, we define
MB = M07B for a = 0.
The space of functions with bounded mean oscillation, denoted as BMO(R"™), was
introduced by John and Nirenberg [17].
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Definition 1.1. The space BMO(R") consists of all functions f € L} _(R™) such that

loc
1
Il Brro®RR) = SUP*/ |f(z) — fBldz < o,
B |B|l /B
where the supremum is taken over all balls in R".

Let 0 < p < oo, the Lebesgue space LP(R™) consists of all functions f € L} . (R") that
satisfy the following condition:

1f 1l o) = (/R F ()P dx); < 0.

We also need to review the decreasing rearrangement of a real function f. For s > 0
and ¢ > 0, we define the distribution function d; and the rearrangement function f* as
follows:

de(s) =z e R" 1 |f(x)] > s}, [f*(t) =inf{s > 0:ds(s) <t}.

We will now revisit the definition of Lorentz spaces.

Definition 1.2 ([18]). Given a measurable function f on R™ and 0 < ¢, < oo, we define

DO 1
1 r =
t) ’ 'f < y
HfHLq (Rn) * (/0 ( ff ( )) t IIr <oo

supssote f*(t), if r = o0.
Thus, the Lorentz space L%"(R") consists of all functions f for which || f||za.r@®n) < oo.

Remark 1.3. If we set r = ¢, then the Lorentz space L?"(R™) corresponds to the Lebesgue
space L(R"). For a ball B, we define || f||ze.rB) = [ fXB L0+ ®n)-

The Morrey-Lorentz spaces are defined as follows.

Definition 1.4 ([21]). Let 1 < ¢ < o00,1 <r <ococand 0 < A < %. For any measurable
function f, we define the Morrey-Lorentz space L"(R") as follows:

o A1
L4 &) = { £ 5 17 gy = 509 | BIE 5 flLari) < o0}

where the supremum is taken over all balls B in R"”.

Remark 1.5. If we set = ¢, then the Morrey-Lorentz LK’T(R”) becomes the Morrey space

L (R™). When A = 2, then the Morrey-Lorentz L{" (R™) corresponds to the Lorentz space
q

L%7(R™).

We can express our first result as follows.

Theorem 1.6. Let 0 < a < n and b € L} . (R"). If1<qt<00,0<A<2,0<pu<g,

loc
0<ru<oo, A\—a=pu and % =5 = %, then the subsequent statements hold equivalently:
(T1) b€ BMO(R™).
(T2) My is bounded from LY (R™) to Li*(R™).
(T3) There is a constant C' > 0 such that

[(b— bB)XBHLEU(Rn)

sup <C. (1.2)
B HXBHLEU(RTL)
(T4) There is a constant C' > 0 such that
1
sup —/ |b(x) — bp|dx < C. (1.3)
B |B| /B

If we choose r = ¢, then the following corollary can be derived.
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Corollary 1.7. Let0<a<nandb€Lloc( ™. If1<qt<00,0<A<S2,0<pu<?,

A—a=pand $ =5, then the subsequent statements hold equivalently:
(Cl)be BMO(]R”)
(C2) My is bounded from L§(R™) to Lt (R™).
(C3) There is a constant C' > 0 such that

1(b = bs)xBllL, (&)
sup

B IxBll L, &n)
(C4) There is a constant C' > 0 such that

< C.

1
sup—/ |b(x) — bp|dx < C.
B |Bl /B

If we set A = ﬂ, then we arrive at the following conclusion.

1 a

Corollary 1.8. Let 0<a<nandbe L, (R"). If1 < qt < oo, 0<ru< oo,
1_ a
q

= % and { = T, then the subsequent statements hold equivalently:
) be BMO(R”)

) My is bounded from LT (R™) to L-"(R™).

) There is a constant C' > 0 such that

t

C1
C2
C3

~~ T~

[(b—bB)XBI Ltu@n)

B IXBIl Lt @)
(C4) There is a constant C' > 0 such that

<C.

1
sup —/ |b(x) — bp|dx < C.
B |B| /B
Here, we present our second result.

Theorem 1.9. Let 0 < o <n and b € L} . (R"

). If1<q,t<oo,0<)\§g,0<u§%
0<T,u§oo,)\—a:,ugmd%:£—

u = 5 then the subsequent statements hold equivalently:
(T1) b€ BMO(R™) and b~ € L*°(R").

(T2) [b, My] is bounded from LY"(R™) to Li;*(R™).
(T3) There is a constant C > 0 such that

H (b— MB(b)) XBHLL*“(Rn)

sup <C. (1.4)
B HXB”LL’“(RTL)
(T4) There is a constant C > 0 such that
up g / b(z) — Mp(b)(z)|dz < C. (1.5)

If we take r = ¢, then we can get the following conclusion.

Corollary 1.10. Let0<a<nandbEL1 . (R™). If1<qt<o0,0<A<S2,0<pu<y,

A—a=pand $ =5, then the subsequent statements hold equivalently:
(Cl)be BMO(R”) and b= € L (R").

(C2) [b, My] is bounded from L§(R™) to L! (R").
(C3) There is a constant C' > 0 such that
I (b— Mp(b)) xBllL, ®n)
B IxBll L, &n)
(C4) There is a constant C > 0 such that

sup |B‘/ b(z) — Mp(b)(z)|dz < C.

<C.
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If we take A = %, then the following result holds.

Corollary 1.11. Let 0 < a < n and b € L} (R")
1
q

Toc DIl < gt <00, 0 < ru < o0,
_% % and 1=1=

= ., then the subsequent statements hold equivalently:
(C1) b€ BMO(R™) and b~ € L*°(R").

(C2) [b, M,] is bounded from L%"(R™) to LM*(R™).

(C3) There is a constant C' > 0 such that

I (b — Mp(b)) xB| Lt @n)
B HXBHLtau(Rn)
(C4) There is a constant C' > 0 such that

n

<C.

1
sup —— / b(z) — Mp(b)(z)|dz < C.
B |B| /B
Next, our third result is as follows.

Theorem 1.12. Let b € Li, (R"). If0 <u < o0, 1 <t <ocoand0 < pu <%, then the
subsequent statements hold equivalently:

(T1) b€ BMO(R") and b= € L*(R").
(T2) [b, M?] is bounded on Li*(R™).
(T3) There is a constant C' > 0 such that
— # ‘o
sup H(b 2M (bXB))XBHLM’ (R™) <c (1.6)
B HXBHL;’“(RTL)
(T4) There is a constant C' > 0 such that

1
up /B b(z) — 2M* (b ) ()| d < C. (1.7)

If we take r = ¢, then the following conclusion holds.
Corollary 1.13. Let b € L} (R").

loc

If 1 <t < 00,0 < pu <%, then the subsequent
statements hold equivalently:
(C1) b€ BMO(R™) and b~ € L*(R").
(C2) [b, M¥] is bounded on Ly, (R™).
(C3) There is a constant C' > 0 such that

1(b — 2M*(bx ) x| Lt, (rm)
sup
B IxBll L, &n)
(C4) There is a constant C' > 0 such that

<C.

1
up g /B b(z) — 20 (b ) (x)|de < C.

If we take A = %, then the following result can be obtained.

Corollary 1.14. Let b € L} . (R").
statements hold equivalently:
(C1l) b€ BMO(R"™) and b= € L>*(R").
(C2) [b, M¥] is bounded on LV“(R™).
(C3) There is a constant C' > 0 such that

1(b — 2M*(bxB))XB| 1t
B IXBIl Lt @)
(C4) There is a constant C' > 0 such that

If1 <t <oo, 0<u< oo, then the subsequent

B < ¢

1
s%pﬁ /B b(z) — 2M*(bx ) (x)|dz < C.
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2. Preliminaries

To demonstrate our main results, we will present several important notions and known
results in the section.
First, we must introduce the predual spaces of Morrey-Lorentz spaces.

Definition 2.1 ([7]). Let 1 < ¢ < 00,1 <7 < oo and 8 > 0. A function b(x) is called a
(q,r, B)-block, if there exists a ball B in R"™, such that

18
supp(b) C B(zo,7), |bllparm) < |Bla "

Next, we define the space %g’r (R™) using (g, r, 8)-blocks.

Definition 2.2 ([7]). Let 1 < ¢ <o00,1 <r <ooand § < 8 <n. The space Z" (R") is
defined as follows:

%’gﬂ" (R") = {g cLi.(R"):g= z;mjbj, {bj}jZl are (g,, 8)-blocks and 221 Im;| < oo} .
j= j=

Lemma 2.3 ([7]). Let 1 < g<o00,1 <r<o0, and 0 <\ < ¢+ Then
i / !l
Lg\m(Rn) _ (%ZLTA(Rn)) and LC)]\,?’(Rn)/ _ %’ZLTA(R”)
Lemma 2.4 ([7]). Let 1 <g<oo,1<r<o0,0<A< % and T <3 <n. Then
A B
IxBllLgr@n) = |Bl» and |[xB| z9"®m) = [Bl"-

Lemma 2.5 ([7]). Let 1 < q,¢',r,7’" < o0 and 0 < A < o Assume that f € L{"(R™) and
g€ t@;{f/{(R”). Then the following statement is true:

L W @g@lde < 1l 9l o g

Similarly to [15, Proposition 3], we obtain the following conclusion, the proof of which
requires only slight modifications; thus, we omit the details.
Lemma 2.6. Let0§a<n,0<r,u§oo,1<q,t<oo,0<)\§%and0<,u§%
Suppose that \ —a = p and 4 =L = & Then for f € L{"(R"),

1Mo £l gy 171 e
Lemma 2.7 ([10]). Let 0 < a < n and b € BMO(R"™). Then, for f € L} . (R") and
x € R™, there is a constant C' such that
My o f(z) < Clbl| Brrowny (M (Mo f)(x) + Ma(M f)(z)).

Lemma 2.8 ([26]). Let 0 < a < n, B be a ball in R" and f € L} .(R™). Then, for any
x € B, it holds that:

M, (fXB) (CL’) = Ma,B(f)('r)'
3. Proofs of main results

Proof of Theorem 1.6. (T1) = (T2): Suppose that b € BMO(R™). Combining Lemma
2.6 with Lemma 2.7 deduces that

1Mo ()l gy < ClBl a0 | (M (Mot f) () + Ma (M F) ) 0 g
< Ol ato@n) (1Mol gy + 1M L2 )

< Cllbll momm) | f1l Lo gny-
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Thus, we conclude that M, is bounded from L}"(R™) to Li*(R™).
(T2) = (T3): For a given ball B C R™ and = € B, we obtain

() — b < ,B|/ bla) — ()l dy

=5 |B|1/\ 2) = b(w)xa(y)dy

< [B|7w May(xB) (@)

Since M, is bounded from L{"(R™) to L};*(R™), then using Lemma 2.4 and the condition
A — a = u, we conclude that

16~ bo)xallugrey 1 IMesbimllzg e

HXB”LL’"(Rn) | B[~ HXBHLQ“(Rn)
XBl Lo wmn
<C 1g IxBllLer@ny)
|B|n HXBHLL’U‘(R?L)
<C,

which deduces that (1.2) holds since the ball B C R™ is arbitrary.
(T3) = (T4): Assume that (1.2) is true, we will show (1.3). For a given ball B, by
applying Lemma 2.4 and Lemma 2.5, we can derive

1
- < — t,u _t! /!
’B|/B\b( ~ bplds < C’B|H(b )X | gy X8l o

[[(b— bB)XBHLE“(Rn)

HXBHLE“(Rn)
<C.

(T4) = (T1): It follows from Definition 1.1 directly, thus we omit the details.
This finishes the proof of Theorem 1.6. ([l

Proof of Theorem 1.9. (T1) = (T2): Suppose that b € BMO(R") and b~ € L>®(R").
By (1.1), Lemma 2.6 and Lemma 2.7, we have

116, Ma] () e ey < 1Mb.a(f) + 267 Mo ()|t oy
< HMva‘(f)HLf;“(R") + ||2b—Ma(f)”LfL’u(]Rn)
S ol sro@m L fllLor@ny + 107 | oo @n) | fll Lo @ny
S llpar @ny-

Thus, we show that [b, M,] is bounded from L{"(R") to L5*(R™).
(T2) = (T3): We will divide the proof into two cases depending on the value of a.
Case 1. Let 0 < a < n. For a given ball B,

16 = MpO)xBl e @ny 10— 1BI7% Ma,5 () ) x5l ey

HXBHLL’“(R") ||XBHLL7“(Rn)
|(|1B]™n Mq,p(b) — MB(b))XBHLZu(Rn)

ol e

=T+1I.
For I. For any x € B, the definition of M, p implies that

M, B(xB)(x) =Bl (3.1)
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For any « € B, Lemma 2.8 indicates that,
Ma(x5)(x) = Ma,p(x5)(x) = |B|" and Mq(bxp)(z) = Ma,p(b)(z).

Therefore, we have

b(x) = |B|™" Ma,p(b)(z) = [B|~7 (b(x)| B|" — Ma,p(b)(x))
= | B (b(x) Ma(x5)(z) — Ma(bxs)(x))
= |BI7" [b, Ma] (x5)(x).

Since [b, M,] is bounded from L}"(R™) to Lj;*(R"), then combining Lemma 2.4 with the
condition A — o = p deduces that

10— 1B Mo s )xsl ey
”XBHLL’“(Rn)
Mg
|B|n HXBHLEU(RTL)

1 HXB||L§’T(R")
|B|n ”XBHLL»“(RTL)

<C

<C.
For II. Similar to (3.1), by using Lemma 2.8 and for any = € B,
Mg (xB) () = x5(2),
we deduce that
M (xs) (x) = xp(z) and M (bxp) (x) = Mp(b)(x). (3-2)
Thus, Combining (3.1) with (3.2) implies that
[1B]5 Mo, (b)(2) — Mp(b)(@)| < [B|™% |Ma(bxs) (@) — [b()|Ma(x5) (@)
+ [BI™n ||b(2)| Ma (x5) () = Ma(x5)(2) M (bx5) (2)|
= |BI7 [ Ma(|blx5) () — b(x)| Ma(x5)(z)|
+[B|” " Ma (x5) () [[b(2)|M (x5) () = M (bxs) (2)]
= [BI7 7 |[18], Ma] (x) ()] + [[]bl, M](x5)(2)]

Since [b, My] is bounded from L{"(R") to L}*(R™). Then, by applying Lemma 2.4, we
get

_ 1(1BI=# 111b], Ma] Ocm)| + 1081, MI(xs)DXE N e gy

HXB HLZ’“(R")

1 Ixsller@ny  Ixslye @

<C.
This deduces that the desired estimate
|| (b - MB(b)) XBHLL’”(R")

HXBHLE“(RTL)

<,

which concludes that (1.4) holds.
Case 2. Let a« = 0. For a given ball B and x € B, using (3.2), we obtain

b(x) — Mp(b)(x) = b(z)M (x5)(x) — M (bxp)(x) = [b, M](x5)(x)-
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Suppose that [b, M] is bounded from L{"(R") to L;*(R™), then by applying Lemma 2.4,
we have
10— Ma®)xelgomn 15 M08 e

HXB”Lf;"(]R") HXB”Lf;"(]R")
||XBHLZ”(Rn)
HXBHLZ”(Rn)

<C,

which implies that (1.4).
(T3) (T4): Assume that (1.4) holds, then for a given ball B, by Lemma 2.5, we have

1 16— Mp®)x5ll 40 g
Bl sl
<C,

where the constant C' does not depend on B. This deduces that (1.5).
(T4) = (T1): To prove b € BMO(R™), we only need to demonstrate that there exists
a constant C' > 0 such that, for a given ball B,

1
‘B’/B b(z) — b|dz < C.

For a given ball B, let E = {z € B:b(z) <bp} and F = {x € B :b(z) > bp}, then we
get

/ 1b(z) — bp|dz — / b(z) — bp|dz. (3.3)
As b(z) < bp < Mp(b)(z) for any x € E, we obtain
|b(2) = bp| < |b(x) — Mp(b)(x)] (3.4)

Combining (3.3) with (3.4) deduces that
2
‘B/ b dex—‘B’/ Ib(z) — bp|dz
|B| — [ 1b@) = My (b)) da
‘B, — [ 1) = M () @)lda

Thus, we deduce that b € BMO(R™).
Next, we aim to prove that b= € L*°(R™). Note that for any y € B, we have 0 <
b*(y) < [b(y)| < Mp(b)(y), then

0<b (y) < Mp(b)(y) — b (y) + b (y) = Mp(b)(y) — b(y).

Furthermore, for a given ball B, we get

1 v Wy < o [ 0w~ ) dy
|B‘/ bly) — Ma(®)(y)| dy
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Let |B] — 0 with x € B. By applying Lebesgue’s differentiation theorem, we deduce that

1
0<b ()= lim — [ b~ (y)dy < C.
<b (x) A T /B (y)dy <

Hence, we establish that b~ € L (R").
We have now completed the proof of Theorem 1.9. U

Proof of Theorem 1.12. (T1) = (T2): Suppose that b € BMO(R") and b~ € L*(R"),
for a given ball B C R", the estimate below was established in [27]:

18], MF]f ()] < 2My f ().

Noting that |[b| — b = 2b~, it follows from the definition of [b, M*] that,

1B, M¥)f () — [|b], MF] f ()]
< [MEOS) (@) — ME(|bLf) ()] + [[b(2) [ MP(f) () — b(x) MF f ()]
< [MF((b = (b)) f) (@)] + 2b™ () MF £ ()
< MF(2b™ f) (@) + 20 (2) M* f ().
Combined with previous estimates and M*(f) < 2M(f), for any = € R, we obtain

|16, ME|(F) ()] < |[b, MF)f () — [[bl, M¥)f ()] + |[[Bl, M) f ()]
< MF(207 f) () + 207 (@) MP(f) () + |[|b], MF] f ()],
< 2M(2b f)(z) +4b™ () M (f)(2) + 2Mp f ().
Since b € BMO(R"), then |b| € BMO(R"). Based on Lemma 2.6 and Theorem 1.6, we
find that
116, M) g0qzmy < Clblmason 1l gy

which implies that [b, M¥] is bounded on Li*(R™).
(T2) = (T3): Take B as a fixed ball and B; as a different ball. By the inequality
4ac < (a+ c)?, we can see that
1
|Bl| B
1

H{/Bl\B IxB(2) — (xB)B, |dz + /BmB IxB(z) — (XB)Bllda:}

‘Bl|{/ BB ’(XB)Bl|dx+/BmB 11— (XB)BldQE}

_1/ 1
|B1] | /B:\B

|B1| JB.nB

1 1
+/ ‘ X5, (y)dy — 7/ xB(Y) - xB, (y)dy
BinB | |B1] /B |B1| JB,

IxB(z) — (xB)B, ldz

xB(y)dy|dx

da }

/B xB: () (1 = xB(y))dy

)

By | B |B1| JBinB
1

= W{\Bl N B||Bi\ Bl +|B1 1 B||B: \ BI}
2|BlﬂB||Bl\B| 1

<

~ ([BiN B[+ B\ B|)?
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Moreover, for z € B, we can find a ball By that contains B and satisfies |By| = 2|B|.
Then, using (3.5) and |By \ B| = |Bo N B| = |B|, we conclude that

1 Q‘BQQBHB()\B’ 1

—_— x) — dxr = = —.
Bo] S, X2~ e)olde = B BN B 2

Furthermore, we have

11
(M*(xB)xB)(x) = sup /IXB (xB)Bldy = = = ~x5(z).
Bz |Bil 2 2

Then, we can get

1

16— 202 (o)X 0 oy = [|2(50x8 = MF0xB) ) x5

Lt u (R")

= [120M* (x5) x5 — M*(bx5))XE 11 ny
= [|2(bM*(xB) — Mﬁ(bXB))XBHLmRn)

< 1206, M1 0e) | gy

<

||XB ||L2“(Rn)7
where the constant C' does not depend on B. This deduces that (1.6).

(T3) = (T4): For a ball B C R” and z € B, we will show that |bg| < 2M*(byp)(x).
Take x € B and select a ball B; that includes B with the property that |By| = 2|B|. Thus,

1 1 1 1 1 1
s [, 10) = bty + 3101 = o ([ ) = Shaldy + 5180\ By
1
= 51 | xs(y) = Gxe)sldy
’Bl‘ By
< M*(bxp)().

Moreover,

1 1 1 1
b<—/b —fbd+—/fbd
1 1 1
= 157 J, b — gbldy + bl
Thus, for z € B, we obtain
lbp| < 2M*(bxp)(x)- (3.6)

Next, we will show that b € BMO(R™). To do this, let E = {x € B : b(z) < b} and
F ={x € B:b(x) > bp}, we then obtain

/E |b(z) — bp|dr = /F |b(z) — bg|dz.

Since b(x) < bp < |bg| < 2M*(byp)(x) for any € E, then

(@) = bp| < [b(x) — 2M*(bx ) (2)].
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Using Lemma 2.4 and Lemma 2.5, we get

1
|B|/B|b( — bglde = |B/ — blde

:|B/ 1b(z) — bp|dz

‘B‘ = [ 1b@) — 205 ) ()
|B‘ 51 [, 16@) = 20 0m) @)z

|B\H(b 2Mu(bXB))XB”Lt"Rn)HXBH v (R

< lxl oo g I
<C,

which deduces that b € BMO(R™). We shall now prove that b~ is in L*°(R"). By (3.6),
for x € B, we have

[b5] — 0% (2) + b (2) = [bp| — b(x) < 2M*(bxp) () — b(=).

Therefore,
b | — |B‘/b+ D)o + |B‘/ x:@/BabB\—b*(be(w))dw
< ‘;, (M (bxp) (@) - b(@)dz  (3.7)

< 57 [, o) — 2000 @)

Besides, combining Lemma 2.4 with Lemma 2.5, we can get
1 f
5] [, @) = 20w o)

< 10 = 2250y I8

< gy IxBllg g X3l g )
<C.
Combining this inequality with (3.7), we deduce that

bp| — ‘B’/zﬁ d:c+— b~ (x)dx < C.

Let |B| tend to 0 with = € B, it follows from Lebesgue’s differentiation theorem that,
2l (2)] = 2™ (2) = [b{e)| — b* (&) + b () < C.

This implies that b~ € L>®(R").
Therefore, we complete the proof of Theorem 1.12. O
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