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Abstract

The main goal of this paper is to present new bounds for the norms and numerical radii
of certain Hilbert space operators, which involve the sums of operators’ products. The
obtained result will be utilized to obtain some equivalent conditions regarding certain
operator identities, to find upper bounds for the sum of two operators, to obtain certain
refinements of celebrated numerical radius bounds, and to present a new reverse for the
triangle inequality when positive operators are treated.
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1. Introduction

In the sequel, H is a complex Hilbert space, endowed with inner product (-,-), and
induced norm || - ||. The set of all bounded linear operators from H to H will be denoted
by B(H), with zero element O and identity I. Upper case letters through this paper will
be used to denote elements of B(H).

Associated with A € B(H), many scalar values have received the attention of specialists
through the literature. Among those quantities, the operator norm, the numerical radius,
and the spectral radius have received researchers’ attention.

These three quantities are defined, respectively, for an arbitrary A € B(H) as follows

[All = sup [[Az|,w(A) = sup [(Az,z)| and r(A) = sup{|A| : A € o(A)},

llell=1 ]| =1
where o(A) denotes the spectrum of A, defined as o(A) = {\ € C: A—\I is not invertible}.
It is well known that ||A|| = sup [(Az,y)|, which makes the relation w(A) < ||A]|
lell=llylI=1

clear, for any A € B(H).
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Among those interesting investigations in the literature is the investigation of possible

relations that govern the quantities || - ||,w(:) and 7(-). It is well established that for any
A € B(H), one has [19, Theorem 1.3-1 and Theorem 1.4-4]
r(4) <w(4) <Al (1.1)

However, discussing sharper forms of (1.1) has been an exciting topic. This interest has
received considerable attention, and hundreds of research papers have been published. We
refer the interested reader to [2-8,10,12-15, 18, 20,22, 23,30, 31,33-38] and the references
therein, as a sample of such work.

Letting A* denote the adjoint of A € B(H), we say that A is normal if A*A = AA*.
The class of normal operators fulfills sharper bounds than general operators. For example,
both inequalities in (1.1) become equalities [19, Theorem 1.4-2].

While simple forms are desired to describe such relations, the literature has witnessed
more elaborated forms that had some influence on the advancement of this field. In par-
ticular, operator matrices have played a vital role in understanding some basic properties
of the numerical radius and its relation with the operator norm and spectral radius. We

recall here that if A, B,C,D € B(H), then the operator matrix {é g} € B(H ¢ H),

where @ denotes the direct sum. We refer the reader to [1,9,14,29,32] as a sample of how
operator matrices influenced and enriched the study of the above interest.

In this paper, we discuss possible bounds in this context, where sums of products of
certain operators are treated. We refer the reader to [21], where the quantity w(AX B* +
BY A*) has been studied, for A, B, X,Y € B(H). It is interesting that the upper bound
for this quantity is found in terms of an operator matrix.

Given Aj, Ag, B1, Bs € B(H), we will discuss possible bounds for the operator norm
and the numerical radius of the operator A1B1 + AsBs. The obtained bounds are used
to obtain certain bounds for the norm of the sum of two operators and the norm of an
operator’s Cartesian parts. Here, we recall that if A € B(H), the real and imaginary parts
of A are defined, respectively, as

* *
A+4 and SA = A_.A .
2i

The real and imaginary parts have strong relations to the numerical radius, as one can
verify that

RA =

w(A) =sup R (?A)|| = sup || (?4)].

(4) = sup [ (" 4) | = sup |3 (")

We will need some lemmas from the literature to obtain our results, as follows.

For the first lemma, we recall that an operator A € B(H) is said to be positive if (Az,z) > 0

for all z € H.
Lemma 1.1. [25] Let A, B € B (H) be two positive operators. Then
| A+ BI| < max {||All, | B|} + | 42 B2

The following is an arithmetic-geometric mean inequality; see [11].

Lemma 1.2. Let A, B € B(H). Then

o1
|AB"| < 5 [[|AP +1BP

where | X|? = X*X for X € B(H).

Lemma 1.3. [16, p. 58] Let A = U|A| be the polar decomposition of A. Then for any
q>0,
U|A|TU* = |A*)9.
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Lemma 1.4. [24] Let H;, Hy,...,H,, be Hilbert spaces, and let T = [T;;] be an n x n
operator matrix with Tj; € B (H;, H;). Then

T < 5111

2. Main results

We present our results in two subsections, treating related bounds for the operator norm
and the numerical radius.
2.1. Upper bounds for the operator norm

The first result gives an elaborated upper bound for ||A; By + A3 Bs|| . Some applications
will follow.

Theorem 2.1. Let Ay, Ag, By, By € B(H). Then

1
|11+ AzBy| < 5\/I1A1AT + A2 3] | B{ By + B3 Ba|

n 1 A*AlBlB* + A*AQBQB* ATAIBIBS + ATAQBQB;
AQAlBlBl + A2A2B2B1 A;AlBlB>2k + A;AQBQB;

Proof. For any A,B € B (H), Lemma 1.2 implies

|AB*| < o[ |A” + BP]. (2.1

For nonzero operators A and B, if we replace A and B by ”i” A and Hg“ B, in (2.1),

we infer that

" 1B 42 1AL
AB
A= H Al sl
<3 ~(JAIB] + | |AI|BI ) (by Lemma 1.1)
i %>
2
1 2
= (HAII B + J (1Al /B] \AD)
_ 1 212
= (HAII IB] + /v (|AI°[B] ))
1
<5 (IAlIBI +w? (JAPBE)).,
where we have used the fact that || X||? = || X*|| = || |X|?|| to obtain the first equality, that
r(X) = || X|| when X is Hermitian to obtain the second equality, that r(-) is commutative

to obtain the third equality and that r(-) < w(:) to obtain the last inequality. Thus, we
have shown that for all A, B € IB%(]HI)

|aB7) < o (IAIBI +w? (1AP[BP)). (2:2)

Now for the given A;, B;, let A = {zg 121)2} and B = {% %} Simple calculations
reveal that
A1B1+ A3By O

aBe| | [ A

]H [ ABy + AsBs|
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1
= ||A1 AT + A2 A5 2,

ALAT + Ax A3 O1)2
) %)

% 1
JA] = | AA|F = H[

1
2 1
| I e A

1

B = BB = |

and )
L 211312
w? (|A]B[)
_ w% ATAlBlBT + ATAQBQBT ATA131B§‘ + ATAQBQB;
A;AlBlBT + A;AQBQBT A;AlBlBS + A;AQBQB; ’

We obtain the desired result by taking into account (2.2). This completes the proof for
the nonzero operators case. The zero case is trivial. ]

Remark 2.2. For any A;, Ay, By, By € B (H), we have

A*AlBlBl + A*AQBQBl ATAlBlBg + ATAQBQB;
A*AlBlBl + A*AQBQBl A;AlBlBg + A;AngBg

=w(|A| BI?) <||AlB2| < Al B
= ||A1 AT + AL AS|| || BT B1 + B3 Ba|| .

Consequently, Theorem 2.1 implies

|41 By + AsBa|| < \/IlA1 AT + A2 A3 || B By + B Bal.

Following the proof of Theorem 2.1, we may state the following result, which gives
multiple equivalent statements that involve certain identities, which are inequalities in
general. One can refer to [26] for a similar discussion.

Theorem 2.3. Let A, B € B (H). Then the following statements are equivalent:
@) I ABI = Al | BII;

(i) w2 (JAP1B*) = |4l | B;
(i) [[AP+ 1B = 1417 + 1 BI*;
(v) [[1AP1B*| = A1 B

(v) \/r (JAPIB=*) = 1 All |1 BI.

Proof. If A= 0O or B = O, the result follows immediately. So, without loss of generality,
we may assume that A and B are both nonzero.
(i) = (i1) If |AB|| = ||A]|||B]|, then by (2.2), we get

1 *
|l 1Bl < w? (JAP°B*?). (2.3)
On the other hand, we know that
wi (|AP1B*?) <
Inequalities (2.3) and (2.4) imply w? (|AP|B*|*) = || A] | B,

(13) = (i) Assume that w2 (\A[Q\B*\Q) = ||AJ| ||B]|. Then then there exists a sequence
of unit vectors {z,} such that ||A|%|B|?* = lim |(A*ABB*wy,2,)|, and so
n—oo

=LA B = 1AIIBI. (24)

HA||2”B||2 = lim [(ABB"zy, Az,)| < ||[AB| limsup ||Ax, || [|B*z,|| < [|AB] || Al || B]| .
n—oo
n—oo

Hence, | A ||B|| < ||AB||. But the inequality ||AB| < ||A|||B|| is always true. These two
inequalities imply ||AB|| = ||A|| || B||-
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(1) < (i3i) See [26].
(1) < (iv) See [26].
(1) < (v) This follows from the following observation:

1
|AB| = || [A]1B* || = l(AlB*)) (141 1B*)"[1 = /r (141°1B).
]

Now, as an application of Theorem 2.1, we present the following upper bound for the
norm of the sum of two operators.

Corollary 2.4. Let S,T € B (H) be invertible. Then for any 0 <t <1,

15+ 71 < 3/ ISP+ [PO-9] fls-0 + 72|

.
—() 2
2w

< \/H|S|2t+|T‘2(1t)H H|S*’2(17t)_’_|T*|2tH'

AT e e N A S A Al

ISP+ SIS TSt ST 4 |S|tS*T|T|”D

In particular,

1
H5+T||§5\/H [STAH TS+ [Tl

Loy ([ ISP +ISI728TISIE  |S)PIT|2 +|S| 2 S°T|T >
a 3 1 1 1 1 1
27 \lTpIs)e + 3 resis)s TR+ (TR TS T

<VIISIHITI S + T ||
Proof. Let S = U |S| and T = V |T'| be the polar decompositions of S and T', respectively.
Let Ay = U|S|'™, By = |S|', Ay = V|T|", and By = |T|'~". Then we observe that
Ay AT + A Ay = US| S| U + VT TV
— US04+ VTRV
= |52~ 1 |17%*  (by Lemma 1.3),

BiBi+ B3 By = |S|'|S|" + [T|'"|T|' ™ = |S* + |70,
ATAlBlBik +A>{A2BQB:T
=[S U US| TSI ISt + ISP Ui S )
=[s|'"UrUlS| IS + s UV TS|
= |S]> + |S|* UV |T||S])'  (since U*U is a projection)
= |SP* +[SI7|S| UV T |S]'
= |S2+|S|7ts*T|S|"  (since S* = |S|U* and T = V |T7)),
ATA1B1B; + AJA2By B
_ |S|1—tU*U|S|1—t|S|t|T|1—t + |S|1—tU*V|T|t|T|1—t|T|1—t
=[S T+ |S) UV T T (since U*U is projection)
=[S+ [S| T S| UV T T
= ST+ SIS T|T) T (since S* = |S|U* and T = V |T)),
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A5A1B1B} + A5As By By

=|TI'V*uls|' SIS + [T VeV IT T S

=|TI'"V*U |S||S|" +|T|*S|"  (since V*V is projection)
=T TIVU S| 18] + (TS|

=T tT*S|S|" + T S|" (since T* = |T|V* and S = U |S]),

and
A;AlBlB; + A;AQBQB;

= [T1'Vuls|' IS T T VeV T T T
= |T|"V*U |S||T|"" +|T)* (since V*V is a projection)
=TT VUS| T + |17
= |T"'T*S|T|" " +|T|* (since T* = |T|V* and S = U |S)).

The result follows by Theorem 2.1, noting Remark 2.2.

Remark 2.5. Let 7' € B(H).

(i) Replacing S by 7™ in Corollary 2.4 yields
1 - *
IRT) < 5 [I7P40 4+ 77|

+ L e A O st e e
4 |T’1+t|T*‘t + ‘T|t71(T*)2|T*‘t |T‘2 + |T’t71(T*)2|T‘17t
Ll20- 2
=51 AR |
2
(ii) Replacing T' by T and S by —T in Corollary 2.4 yield
1 (1o o1
IST) < 5 [P0 + 1|

TP =TT TP T T T T
‘T*‘1+t|T‘t o ‘T*’t_lTQIT‘t ‘T*‘Q - ‘T*’t_szlTﬂl_t

1
—W
4

(NI

1
< 5 H’T*IZ(l—t) + |T‘2tH )
In particular,
(iii)
1 *
IRTY < 2 7T+ 177 ]
2 _1 2 1 3 1 _1 2 1
2 ok (l (T2 + [T*72 T2 |T*|2|T|7 + T 2T |T|2D
n 3 1 1 1 1 1
4 TI2|T2 + [T 72 (T)*T2 [T+ |72 (T)*|1T2

<5 T[T+ T -

| =

(iv)
1
ISTI < 7 IHTT+ 1T |

Z 1

L ([ 1rP =@y e — ()
T3 |T)2 — |T*| 2727 [T — T2 T2 |72

<5 T+ -

| =
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Remark 2.6. If §,T are normal operators, then Corollary 2.4 ensures that
1
IS +T0 < S TSI+ 17T

Lo ([ ISP +ISI7287TISIE  |S]2(T)2 +|S| 2 5°T|T 2
. 3 1 1 1 1 1

27 \T12|817 + 17173178187 TP+ |T| 2T+ 8|T )
<18+ -

|
N————

Thus, if S, T are positive operators, then

(l 52 + SZT52 S3TS + séﬁD

T352 +T:S2 T2+ TiST?
‘5

For positive invertible operators, (2.5) may be utilized to obtain the following upper

bound for the norm of the sum of two such operators.

15+ Tl =

S2 4+ S2TS:  S2T% + 52T3
7383 +T3S83 T2+ T3ST3

Corollary 2.7. Let S,T € B (H) be two positive operators. Then

)

- HT2 L T38T>

IS + T < % (||s* +s3Ts3

+ |7 + TisT

+ 2\ (|5 + 5353 )+ asirt 4 siTd]

Proof. 1t follows from (2.5) and Lemma 1.4 that
IS+
S? 4 S3TS7  S3T7 + SéTﬂ

T3S3 +T3S3 T2+ T38T3 ‘
- 2 imal
+2¢ws+5ﬂg2

SQ+SzTS2J ]Ssz+Ssz
T2S2+T252 HT2+T%ST%

- HT2 L T38T>

)2 + 4HS%T% +siTi’

H52 1 85TS3

+ HT2 L T38T>

)

where the last equality is obtained by direct calculations of the norm as the largest singular
value of the matrix in context. This completes the proof. U

2.2. Upper bounds for the numerical radius

Related to the above discussion of the operator norm, we discuss some bounds for the
numerical radius in the same context. In this section, it will be implicitly understood that
the denominators are not zero by assumption.

Theorem 2.8. Let Ay, A9, By, By € B(H). Then
w(B1A + BaAy)

| AT Ay + A5 Aol || B1 BY + B2 Bs||
|AT A1 + A5 As|| + || B1 BT + B2 B3 ||

| A% Ay + AL As + By Bl + BoBj|2.
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Proof. Let 0 < v < 1. For any unit vector x € H, we have

|(B*Az, z)| = |[(Az, Bx)]
< ||Az| ||Bz| (by the Cauchy-Schwarz inequality)

= (1P, 2) (B, 2)
= JiarEe.) (B o)

v 1-v
< \/<|A|3x, m> <]B\1%x, x> (by the Holder-McCarthy inequality)

< \/V <|A|%x,x> +(1-v) <|B|%x,x> (by the Young inequality)

_ \/<(V\A\3 (1= v) [B[7) o)

1
2

<|viAl + (1 -v) B

That is,
(B A, )] < V1AL + (1 —v) Bl
By taking the supremum over x € H with [|z|| = 1, we get
w(B*A) < [v|A]” + (1 v) BT : (2.6)
If we replace A and B by ij’%ll and %, in (2.6), we infer that
BA AR\ B2\
(Taren) = (HAH> s (uB\P) 0

If we use the fact that if O < X < I, then X? < X for p > 1 (see [17]), we obtain from
(2.7)

1
B A ) A BJ* ||
Wl < |l +(1-v) . (2.8)
<”A|| 1Bl H 1A B
Now putting v = AP and1 -y = By (2.8), we deduce that
IA[+B]* IA[*+B]* e
1
(BA Y. JAI2 AR B2 BE|?
w > )
IA[IBI IAI*+IBI* |A* A+ B B
which is equivalent to
Al B 3

2 2
VAT + (1B

A0 ] Simple calculations reveal that

Ay O

com=o([[5 B G =5 g)-wasnan

*
B3
*

Let A = [ B;

s[5 0
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o el I[AT A5 [A O BleBfo
1A+ B = 0 0|l4 o] T|o o]|B;
. —ATAl‘i‘A;AQ O I BlB1 +3232
=l o 0
- 'A{A1+A§A2+Ble+BgBQ 0
= 0 0
_|I[As
Al =4, H|

L I[AT A3 A, O]
“lllo o]l4, o

-ATAl + A;Ag O:|

1
2

L @) @)
1
= [|ATA1 + A3 4|2,
and )
B*
si1=[5; ol
51 | |51
[B1 B B1 o7
1lO O @)
1
B 'BlBik—f-BgB’Q* O1]?
N ) )
1
= [|B1Bi + BaBs |2
Now, the result follows directly from (2.9). O

The following corollary is an immediate consequence of Theorem 2.8, which improves
the sub-multiplicative property of the operator norm.

Corollary 2.9. Let A, B € B (H) be nonzero operators. If B*A is normal, then

1
B|2 2

) |
1B Al < H IA[HB]-

1AI* + 11 BII*

Remark 2.10. By the triangle inequality for the operator norm, we have

14 W\‘A| |+ 1B = VInALE+ 1181 1P = VIR + 1812, (2.10)

HIA\ +|BJ? ||2
‘ " VIAIP+HIBIP T
inequality | B*Al| < A | B].

Remark 2.11. Inequality (2.9) can also be written in the following arrangement, provided
that B*A # O,

< 1. Therefore, Corollary 2.9 provides an improvement of the well-known

1AI* + 1 BII* <

w(B*A)
which delivers a reverse for the inequality (2.10). Of course, if A and B are positive
operators such that B3 A3 # O, then

AL Bl

w? (B2 A%)

[A] + 1Bl < 1A+ B,
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which presents a reverse for the triangle inequality.
Corollary 2.12. Let Ay, A, By, By € B (H)

. Then
w (BlAl + BQAQ)

ATAL + A5 Aq|| || B1BY + B2 B3 ||
AT Al BB 1 By V 1AL+ Adall I1B1B; + BB

Proof. 1t follows from Theorem 2.8 that

|ATA1 + A5As + B1 B + BaBs ||
< ||ATAL + A3 Aq|| + | B1BY + B2 B3|

(by the triangle inequality for the operator norm)
< [ATAs + A5 4[| [ B1 BT + By B

2 (BiA; + By Ay) ”ATAl + A;AQ + BlB;< + ByB5 ||
The result follows directly from the above inequality. O
[1IBul [ Al | B2l
Remark 2.13. If we replace Ay, Bi, As, Bs by ||A1||A1’ WBl’ \/AQ”AQ, and
[ Azl

||BQ\|B2, in Corollary 2.12, we obtain

w (BlAl + BQAQ)

Bl
[5d s s + {5 Az s | + | Y
‘ | Ayl [ As||
A B, B; + 11 B, B;
[| A1 A5 ]|
[[Ax ] [ Az]] 2

1Bl 4= |B2|l A | A1l [[A2]|
| aras + e A5 42 + [ BB + |32 B2 Bs
1B1] . [l 2 ;ox
‘ 2] 1B B1B1 + 15, B2 Bs
| B1]| || Ba||
X A*AL + Al As B1Bf + By B3
\/‘ |41 | Az|| 2 | B1]] LBy
A2] o ron
14a] 13 BBt + 5y B2 53
mn* [Ba] 5=
Mm# L+ 4, AAH*H 1Ba]
| B1]] || Ba ||
Xy |max {[|A¢|| | Bl , [[A2[| | Ball} + 4/ 1
[ Ax]] || Azl
x g |max {[|Av|| | B1ll, [|[A2|| | B2ll} + ) 17517 181 B2l
|B1]| || B2 "1
Corollary 2.14. Let S,T € B (H)

. Then for any 0 <t <1,
w(S+T)

ISP 4 | T + ’S*‘Q( + TP
’52t+T2t+}5* 20 1 20 V Jisie e -0+ ).

Proof. Let S =V |S| and T = U |T| be the polar decomposition of S and T'. By letting
Ay = |S|, By = V|S|'™", Ay = |T)', By = U|T|*", in Corollary 2.12, we reach to the
desired result.

O
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Corollary 2.15. Let T € B (H). Then for any 0 <t <1,
w (T)

1
<

H‘T’2t+‘T*’2t+‘T’2(l t)+|T* (1—- t)H
H\T!%-HT* ZtH—i_H‘ﬂ (1— t)+|T* (1-t)

i+ e« g

Proof. Letting S = T* in Corollary 2.14, we get
2[|RT|

H’T‘Qt_i_‘T*‘Qt_i_’T‘ (1-1) —|—]T* 2(1 t)H
H|T‘2t+|T* 2tH+H|T’ (1-t) +]T* 2(1 t)

MM [P iz 4 )|

Substituting T by €T, in the above inequality, implies that

2| (7))

The

H|T‘2t + |T*|2t + |T‘2(1—t) + |T*|2(1—t)H
H’T‘Qt + |T*‘2tH + H|T’2(1—t) + ’T*|2(1—t)H

\/H|T|2t N |T*‘th H|T|2(1—t) N |T*|2(1—t)H‘

result follows by taking the supremum over 6 € R. O

Remark 2.16. The case t = %, namely

1
w(T) < S IITI+IT7] 1,

has been shown in [27, Ineq. (8)].
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