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Abstract

Let GG be a permutation group on a set 2. Then for each g € G, we define the movement of
g, denoted by move(g), the maximal cardinality |[A9\A| of A9\ A over all subsets A of Q.
And the movement of G is defined as the maximum of move(g) over all g € G, denoted by
move(G). A permutation group G is said to have bounded movement if it has movement
bounded by some positive integer m, that is move(G) < m. In this paper, we consider the
finite transitive permutation groups G with movement move(G) = m for some positive
integer m > 4, where GG is not a 2-group but in which every non-identity element has
the movement m or m — 4, and there is at least one non-identity element that has the
movement m — 4. We give a characterization for elements of G in Theorem 1.1. Further,
we apply Theorem 1.1 to characterize transitive permutation group G in Theorem 1.2.
These results give a partial answer to the open problem posed by the authors in 2024.
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1. Introduction

Let G be a permutation group on a set 2. Then for each g € G, we define the movement
of g, denoted by move(g), the maximal cardinality |[AI\A| of AY\A over all subsets A
of Q. And the movement of G is defined as the maximum of move(g) over all g € G,
denoted by move(G). A permutation group G is said to have bounded movement if it has
movement bounded by some positive integer m, that is move(G) < m.

The permutation groups with bounded movement have been studied extensively in the
past a few decades, see [1-6,8-10]. It was shown in [9] that if permutation group G has
bounded movement m, and if G has no fixed points in 2, then Q is finite, and || is

*Corresponding Author.
Email addresses: liuhailin@jxust.edu.cn (H.L. Liu), lulongzhi2000@163.com (L.Z. Lu)
Received: 05.11.2024; Accepted: 23.03.2025


https:/orcid.org/0000-0002-7232-7374
https:/orcid.org/0009-0007-7006-4869

2 H.L. Liu, L.Z. Lu

bounded by a function of m. In particular, if G is transitive, then || < 3m. In [8],
the authors completed the proof of a conjecture of Gardiner and Praeger that the only
transitive groups on a set of size 3m which have movement m are transitive permutation
groups of exponent 3 when m is a power of 3, the symmetric group S3 in its natural
representation on a set of three points, and the alternating groups A4 and As, in their
transitive representation on six points. The transitive permutation groups with bounded
movement having maximal degree were classified by A.Hassni et al in [6]. In 2005, Alaeiyan
and Yoshiara considered the permutation groups G of minimal movement, and showed that
if G is not a 2-group and p is the least odd prime diving the order of G, then |Q| < 4m —p
or n = 4m —p+ 2. Moreover, the groups G attaining the maximum bound were classified,
see [4]. Recently, the transitive permutation groups G with bounded movement m, such
that G is not a 2-group but in which every non-identity element has movement m, m or
m — 1, and m or m — 2 are classified in [1-3], respectively.

In 2024, we characterized all transitive permutation groups G with movement move(G) =
m for some positive integer m, where G is not a 2-group but in which every non-identity
element has the movement m or m — 3, and there is at least one non-identity element that
has the movement m — 3 in [7]. In the same paper, we posed an open problem.

Open problem. Characterize the finite transitive permutation groups G with move-
ment move(G) = m, where G is not a 2-group but in which there is at least one non-identity
element that the movement is less than m.

In this paper, we give a characterization of transitive permutation groups G with move-
ment move(G) = m, where G is not a 2-group but in which every non-identity element
has the movement m or m — 4, and there is at least one non-identity element that has the
movement m — 4. This gives a partial answer to the open problem above. First, we give
a characterization for elements in G.

Theorem 1.1. Let G be a transitive permutation group on a set {2 with no fixed point in
Q, and let move(G) = m for some positive integer m > 4. Suppose that every non-identity
element in GG has the movement m or m—4. Let 1 #£ g € G and g = c¢1ca - - - ¢ as a product
of disjoint cycles of lengths I1,ls,--- ,l;. Then one of the following holds:

(1) g:=gja =cica---c; with [] =y = --- = [; = 2% for a > 1, and move(g) = #2¢71;
g:=g,=cicz ¢ withly =lp =--- =1, = p an odd prime, and move(g) = t%;

(2) t=1, g := ggp = ¢1 with p an odd prime, {; = 8p, and move(g) = 4p;

(3) t =2, g :=g525 = c1cp with I} =5 and I = 25, and move(g) = 14;

(4) t =2, g := go5.25 = c1c2 with I} = lp = 25, and move(g) = 24;

(5) t =2, g := ga4p = c1c2 With p an odd prime, I; = 4 and [y = 4p, and move(g) =

2 4 2p;

(6) t =2, g := gapap = c1¢2 With p an odd prime, [; = Iy = 4p, and move(g) = 4p;

(7) t =3, g :=g5540 = c1cac3 with [ = lp = 5 and I3 = 40, and move(g) = 24;

(8) t=3, g:=gs558 = cicac3 with [ = lp =5 and I3 = 8, and move(g) = §;

(9) t=4, g:=ga455 = cicaczcqy with [; =1y =4 and I3 = [y = 5, and move(g) = §;
(10) t =4, g :==g3339 = c1cac3cy With [; =l =3 =3 and Iy = 9, and move(g) =T,
(11) t =4, g :==g3399 = c1cac3cq With [; =l = 3 and I3 = [4 = 9, and move(g) = 10;
(12) t =4, g :==g39,99 = c1cac3cq with [; =3 and lp = I3 = [4 = 9, and move(g) = 13;
(13) t =4, g :=g9,9,9,9 = c1cac3cq With I} = Iy =13 =14 = 9, and move(g) = 16;

(14) t =4, g := g22,2,2p = C1C2¢3¢4 With p an odd prime, [} = Iy =3 = 2 and Iy = 2p,

and move(g) = 3 + p;
(15) t =4, g := g2,2,2p,2p = Cc1C2¢3¢4 With p an odd prime, [} =lp = 2 and I3 = Iy = 2p,
and move(g) = 2p + 2;
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(16) t =4, g := g2,2p.2p,2p = C1C2¢3¢4 With p an odd prime, [ =2 and Iy = [3 = l4 = 2p,
and move(g) = 3p + 1;
(17) t =4, g := gop2p,2p,2p = C1C2¢3¢4 With p an odd prime, [} =l = I3 = Iy = 2p, and

move(g) = 4p;

(18) t =4, g := g3,3,15,15 = c1cac3cq With [; = Iy = 3 and l3 = 4 = 15, and move(g) =
16;

(19) t = 4, g ‘= g45520 = C1C2C3C4 with ll = 4, l2 = l3 = 5 and l4 = 20, and
move(g) = 16;

(20) t = 4, g = g575,20720 = C1C2C3Cq with ll = lg =5 and l3 = l4 = 20, and move(g) =
24;

(21) t = 5, g ‘= 03,3338 = C1C2C3C4C5 with ll = l2 = l3 = l4 = 3 and l5 = 8, and
move(g) = 8;

(22) t = 5, g ‘= 0§3,3,3,5,15 = C1C2C3C4C5 with ll = lg = l3 = 3, l4 = 5 and l5 = 15, and
move(g) = 12;

(23) t = 5, g ‘= g33,33,24 = C1C2C3C4C5 with ll = lQ = l3 = l4 = 3 and l5 = 24, and
move(g) = 16;

(24) t= 6, g ‘= g3,3,3,3,5,5 = C1C2C3C4C5Cq with l1 = lg = l3 = l4 = 3 and l5 = l6 = 5,and
move(g) = 8;

(25) t= 6, g ‘= g3,3,3,3,4,4 = C1C2C3C4C5Cq with ll = lg = l3 = l4 = 3 and l5 = l6 = 4,and
move(g) = §;

(26) t= 6, g ‘= 9g2.22255 = C1C2C3C4C5Cq with ll = lg = l3 = l4 = 2 and l5 = l6 = 5,and
move (g) = 8;

(27) t= 6, g ‘= g22,255,10 = C1C2C3C4C5Cq with ll = l2 = 13 = 2, l4 = l5 =5 and l6 = 10,
and move(g) = 12;

(28) t = 6, g ‘= g2,2,5,5,10,10 = C1C2C3C4C5Cq with ll = l2 = 2, l3 = l4 =5 and l5 = l6 =
10, and move(g) = 16;

(29) t =6, g := g255,5,10,10,10 = C1C2c3CaCs5C6 With 1 =2, 1o =13 =5, Iy =I5 = lg = 10,
and move(g) = 20;

(30) t= 6, 9 ‘= g5,5,10,10,10,10 = C1C2C3C4C5Cq with ll == lg =5 and l3 == l4 == l5 == l6 == 10,
and move(g) = 24;

(31) t =06, g := g3,3,3,34,12 = C1Cac3C4C5C6 With [ =lp =3 =14 =3, 5 =4 and [ = 12,
and move(g) = 12;

(32) t =6, g := g3333,12,12 = C1cac3cacs5ce With [y = lp =l3 =1y = 3 and I5 = I = 12,
and move(g) = 16;

(33) t = 8, g ‘= 0§2,2,223,3,3,3 = C1C2C3C4C5C6CT7CY with ll = lz = l3 = l4 = 2 and
ls =g =1y = lg = 3, and move(g) = §;

(34) t = 8, g = 9272,2,3,3,3,3,6 = C1C2C3C4C5CxCT7CS with ll = lg = l3 = 2, l4 = l5 = lﬁ =
l7 = 3 and Ig = 6, and move(g) = 10;

(35) t = 8, g ‘= g2,2,3,3,3,3,6,6 = C1C2C3C4C5C6C7CY with ll = 12 = 2, lg = l4 = l5 = lﬁ =3
and l7 = Ig = 6, and move(g) = 12;

(36) t = 8, 9 ‘= 3g2,3,3,3,3,6,6,6 — C1C2C3C4C5C6CT7CY with ll = 2, lg = lg = l4 = l5 =3 and
le = l7 = lg = 6, and move(g) = 14;

(37) t = 8, g ‘= 03,3,336,6,6,6 = C1C2C3C4C5C6CT7CY with ll = lg = l3 = l4 = 3 and
5 =lg = Iy = lg = 6, and move(g) = 16;

(38) t> 2, g = ggob = C1C2- - Ct with 1 = Iy =l3-~- :lt—l =2b for b > 3 and lt =8,
and move(g) = (t — 1)2°71 4+ 4;

(39) t>3,g:= 94420 = C1C2° " Cy with I =1l =13+ = l;_9 = 20 for b > 2 and
li_1 = l; = 4, and move(g) = (t — 2)2°~! 4 4;

(40) t > 5, g 1= ggoo99p = C1C2- ¢y With I} = lg = I3+ = ;4 = 2% for b > 1 and

li_g =li_o =1l;—1 =1, = 2, and move(g) = (t — 4)2071 4 4.
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Remark 1.1. For distinct positive integer a an a’, both g3.(t = 1) and g, (t = #})
represent elements with the form in (1). Similarly, we have the following symbols: g (t =
ta) and g5 (t = t5) in (1), gsp,(p = p2) and gy (p = o) in (2), gaaps(p = p3) and
9aap,(p = P5) In (5), gapyap,(p = pa) and guyy ap, (p = py) in (6), g2,2,2,2p5(p = p5) and
92,2,2,2p;, (p = p5) in (14), g2,2,2p,2ps (P = Ps) and 92,2,2p; 2p}; (p = p6) in (15), g2,2p7,2p7,2p7 (P =
p7) and g2,2p/7,2p’7,2p/7 (p/ = p7) in (16)7 92ps,2ps,2ps,2ps (p = pB) and gZpé,Qpé,Zpé,Qpé (p = p,8) in
(17), ggovi (t = t3) and 9, (t = t3) in (38), Gy490 (t = t4) and 9, ot (t = t,) in (39),

/
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92222903 (t = t5) and 9,509 5% (t = t5) in (40), respectively.

For two groups K and P, we use K:P to denote a semidirect product of K by P. For a
prime p, Z, denotes a cyclic group of order p. Given a real number r, |r| is the greatest
integer less than or equal to r.

Next, we apply Theorem 1.1 to characterize transitive permutation group G with
move(G) = m and |G| # 2¢ for any positive integer e, but in which every non-identity
element which has the movement m or m—4, and there is at least one non-identity element
which has the movement m — 4. The main result is the following.

Theorem 1.2. Let G be a transitive permutaion group on a set ) of size n, with no fixed
point in 2, and let move(G) = m for some positive integer m > 4 and |G| # 2¢ for any
positive integer e. Suppose that every non-identity element g in G has the movement m
or m — 4, and there is at least one non-identity element which has the movement m — 4.
Let p be the least odd prime dividing |G|. Then one of the following holds:

(IH)m =17 pe€ {3,7}, 14 < n < 20 and g € {g5(t1 = 3),95(t2 = 3),95(t2 =
1),93339,95(t1 = 7)};

(2) m =38, pec {3517} 16 <n <23 and g € {g5(t1 = 4),95(t1=2),95(t1 =
1), g3 (t2 =4), g5 (t2=2), 955,85 94,4555 93,3,3,3,8, 93,3,3,3,5,5, 93,3,3,3,4,45 92,2,2,2,3,3,3,3,
9222255, 95 (t1 = 8), 952 (t1=4), 933 (t1=2), 934 (t1=1), g3 (t2=4), gi7 (t2=1), 92,22 10,
94,12, 92,2,6,6, 94,4,23(t4=3), 92,222 22 (t5 = 6), 9229 2.93(t5 = 5) };

(3) m=10,p € {3,5,7,11,13}, 20 < n < 29 and g € {g5(t1 = 6), 952 (t1 = 3),g5(t2 =
6),95(t2 = 3), 97(t2 = 2), 913(f2 = 1), 92,2,2.6 92.2,2.2.22(t5 = 5), 93,399, 92,2,2,3,3,3,3,65
g3(t1 = 10), g52(t1 = 5), g5 (t2 = 5), 971 (t2 = 2), 92,2.2,14, 92,6,6,6, 92.2.2.2.22(t5 = 7) };

(4) m=11,p € {3)23}7 22 <n <32 and g€ {93,3,3,9).9}2‘((751 = 7)79§(t2 = 7)795“1 =
11), g35(t2 = 1) };

(5) m=12,p € {3,5,7,13,17},24 <n < 35and g € {g5,5,8,94,4,5,5: 93,3,3,3,8: 93,3,3,3,5,5
03,3,3,3.4,4,92,2,2.2.5,5 92,2,2.2,3,3,3.3, 95 (t1 = 8), 952 (t1=4), 953 (t11=2), g54 (11 = 1), g3 (t2
=8),95(t2 = 4), 917(t2 = 1), 94,12, 92,2.2,10, 92,2,6,6, 944,23 (ta = 3), 922,22 22 (t5=6),
92,2,2,2.23(ts = 5),93,3,3,5,15, 92,2,2,5,5,10, 93,3,3,3,4,12, 92,2,3,3,3,3,6,6: 95 (11 = 12), g5z (t1 =
6), 953 (t1 = 3), 95(t2 = 6), g7 (t2 = 4), gi5(t2 = 2), g24, 91,20, 912,12, 92,2,10,10, 96,6,6,6
98,24 (t3=2), ga423(ta = 4), ga421(ta = 3), 9222222 (t5=8), 922 2 223 (£5=6), g2 9 2.2 24
(ts = 5)};

(6) m =13, p € {3777 19}7 26 <n < 38and g € {g;(tl = 9)>g§(t2 = 9),9;(152 =
3),919(t2 = 1), 93.9.0,9,95(t1 = 13)};

(7) m =14, p € {3,5,7,11,29}, 28 < n < 41 and g € {933,9,9,92,2,2,3,3,3.3,6,95(t1 =
10), g52(t1 = 5), g3(t2 = 10), g5(t2 = 5), 971 (t2 = 2),92,2,2,14, 92,6,6,6, 92,2,2,2,22 (t5 =
7), 95,25, 92,3,3,3,3,6,6,6, 95 (t1 = 14), 95 (t1 = 7), g5 (t2=7), 959 (t2=1), g2,2.2,22, 922,22 22
(ts = 9)};

(8) m=16,p € {3,5,7,13,17},32 <n <47 and g € {93,3,3,5,15, 92,2,2,5,5,10, 93,3,3,3,4,12,
922,333,366 95(t1 = 12), 952 (t1 = 6), 35 (t1 = 3), g5 (t2 = 12), g5 (t2 = 6), g7 (ta=4),
gi3(t2 = 2), 924, 94,20, 92,2,10,10, g8 24 (t3=2), 1. 4 23 (ta = 4), gu 424 (ts = 3), 92,2.2.2.22
(ts = 8),922,2,223(t5 = 6), 9222224 (t5 = 5), 999,99, 93,3,15,15, 94,5,5,20, 92,2,5,5,10,105

YLy Ly Ly YLy Ly Ly
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93,3,3,3,24, 93,3,3,3,12,12, 93,3,3,3,6,6,6,6, 95 (11 = 16), 95> (t1 = 8), 933 (t1 = 4), 954 (t1=2),
G35 (t1 = 1), g5 (t2 = 8), 917(t2=2), 94,28, 92,2,2,26, 92,2,14,14, §2,10,10,10, 94,4,23 (t4=5),
92,2,2,2 22(ts = 10), 9292223 (t5 = 7)};

=17,p=3,34 <n <50and g € {g39,99,95(t1 = 13), g5 (t2 = 13), g5(t1 = 17) };
m=18,p € {3, 5,7,11,13,19,29, 37}, 36 <n < 53and g€{g5,25,9273,373,376,676,93(251
= 14),g5.(t1 = 7),95(t2 = 14),g5(t2 = 7),g59(t2 = 1),922222,9222222(t5 =
9)795(“ - 18)7952(t1 = 9)7g§(t2 - 9)79;@2 - 6)7g>1k3(t2 = 3)79?9@2 = 2)7g§7(t2 -
1), 9222222 (ts = 11)};
m =20, p € {3,5,7,11,13,17,41}, 40 < n < 59 and g € {g9,9,9,9, 93,3,15,15> 94,5,5,20
93,3,3,3,24, 92,2,5,5,10,105 93,3,3,3,12,12, §3,3,3,3,6,6,6,6: 95 (11 = 16),95:(t1 = 8),953(t1 =
4),954(t1 = 2), 955 (t1 = 1), g3(t2 = 16), g5(t2=8), 917 (t2 = 2), 94,28, 92,2,2.26, 92,2,14,14;
92,10,10,105 94,423 (ta = 5),922.22.92(t5 = 10),9929293(t5 = 7), 92,55,10,10,10, 95 (t1 =
20), g52(t1 = 10), g35 (t1 = 5), g5 (t2 = 10), 971 (t2 = 4), g4 (t2 = 1), 940, 920,20, 92,2,2,34
910,10,10,10; 98 24 (t3 = 3),gg25(t3 = 2),94423(t4 = 6),94421(ts = 4),94425(ts =
3),92,2.2.2.22(ts = 12), 9229993 (l5 = 8),9292224(t5 = 6),92.22225(t5 = 5) };
m = 24, pe{3,5,7,11,13,17,41}, 48<n<71 and g € {g2,55,10,10,10, 95 (t1=20), g5 (1
=10), g55(t1 = 5), g3 (t2 = 20), g5(t2 = 10), 911 (t2=4), gi1 (t2=1), 910, 920,20, 92,2,2,34,
910,10,10,10; 98 24 (t3 = 3),9825(t3 = 2),94423(ta = 6),94421(ts = 4),94425(ts =
3): 92,2,2,2,02 (t5=12), 2.2 2,223 (t5=8), g2,2.2,2 24 (t5=6), 2,22 2,25 (t5 = 5), 925,25, 955,40,
95,5,20,20, 95,5,10,10,10,10, 95 (t1 = 24), g5 (t1 = 12),93:(t1 = 6),95.(t1 = 3),95(t2 =
12), g7 (t2 = 8), g73(t2 = 4), 9i7(t2 = 3), ga,44, 92,222, 22, 94,4,23 (ta =17), 92,2,22,22(ts =
14), 9292223 (t5 = 9) };
m =28, pe€{3,57,11,13,17,29}, 56 <n <83 and g € {925725,9575740,9575,20720,
95,5,10,10,10,10, 95 (t1 = 24), g5>(t1 = 12), 933 (t1 = 6), g54(t1 = 3), g5 (t2 = 24), g5(t2 =
12), g5 (t2 = 8), gi3(ta = 4), gi7(t2 = 3), 91,44, 92,2,22,22, 914,23 (t4=T), 92,2 2.2 22 (t5=14),
92,2.2,2,23(t5 = 9), 95 (81=28), g5, (t1=14), 955 (t1=7), g5 (t2 = 14), g3 (t2 = 2), g56, ga,52,
928,28 2,2,26,26, 914,14,14,14, 9g 24 (t3 = 4), 914,23 (t4 = 8), gya.24(t4 = 5), 9222222 (t5 =
16), 92,222,038 (t5 = 10), g2 02204 (t5 = 7) };

=121 pe {p1,pz,p3,p4,p5,p6,pmps,p’l,pz,pg,p4,p5,p2;,p7,pg} 2% <n <
291527 | =1 and g € {g}, (#/27 "' +4 = 1,2°71), g7 (1) ”1 Lid =¢y20-0), 9sp,, (4ph+
4 = 11297 )794,4})3 (6 + 2p3 = 11297 )>g4p4,4p4(4p4 + 4= t12a )192,2,2,2};5 (7 +p5 =
t12a71)a g2,2,2p%,2pé (2]?% +6= t12a71)7 g2,2p/7,2p’7,2p/7 (3]9/7 +5= t12a71) 92p8,2p8,2p8,2p8
(4pk +4 = 012971, g ((t — D271 +8 = 012971, (8 — 2)2%7" 4+
8=t12""1), g, 2222 o, ((t5— 4)2%7148=112971) gh., g (t2 Bt = 412971), gsy, (dpa =
12071, g4,4p3(2 +2p3 = £12°71), Gap, aps (4ps = 112°71), g2.2.2.9p5 (3 + p5 = £12°71),
92,2,2p6,206 (26 + 2 = 112°71), 92,27 27 27 (3p7 + 1 = t12“_1)792p8,2p8,2p8,2p8 (4ps =
£12971), 98,201 ((t3=1)2" 144 = 4,201, 94,4252 ((ta=2)2% " 4+4 = 1,297, g, 2,2,2,203
((t5 — 4)2%71 +4 = ;207 1)},

pt PE{Pl,P2,P3,p4,P5,p67P7,P87pﬁapé,PéaP4=P57P67P7,Pé} ta(pr — 1) <

n < [ta(p1—1);%]—1and ge{g;, (12 al_1+4_t2p1_1) 9y (75/ pl 4= t2p12 ), 98y,
(4PI2+4 = pl_l) 94 4p3(6+2p3_t2p1_ ), 9y, 4p4(4p4+4 =toPl— ) 9o 2,2,2p5(7+p5
=t o= b, 9222p6,2p6(2p6 + 6=t P15— 1), 92 2p7,2p7,2p7(3p7+5 =toPlo— L), 92pl,,2p/, 20,29},
(4 +4 = 12850) g (85— D21 48 = taB5) g ((ty 221 5 =

ta p1‘1)922222f3((t’ — )25 8 = 02T g5 gsp (b2 = 0P, gaapy (2 +

2p3 = taP— 2 L), Gapyaps (4ps = to2P—= ) 92,2 22p5(3 + ps = taP— b, 9222p6,2p5(2p6 +
1 1
2=t p1 ) 92,2p7,2p7,2p7 (3pr+1 = t2 2 )s 92ps,2ps,2ps,2ps (4ps = t2 P15~ 2 )798,2*?1 ((ts—
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12071 44 = 5222, gy g oo (4= 2)20 71 44 = 092252, gy 5 9 9 g (15 — 4)2537 1 +
1= ppsh),

m = 4p2, peE {pz,pg,p47p5,p6,p7,ps,pl,pg,pg,m,ps,,pﬁ,p?,pg} 8p2<n<|[8p2;ty |
—land g € {g;, (t;2 T4 =4py),g (t/ pl L p4 = dpy), 9p, (4P5+4 = 4p2), g4 4y,
(6+2p5 = 4p2), Gap) ap), (4P} +4 = 41?2) 92,2,2,2p5(7+p5 = 4p2), 92,2,2p6,2p6(2p6 +6 =
4Ap2), 92,201, 2t 29, (307 +5 = AD2), Gap, 2pt, 21, 2t (4P5 +4 = 4po2), 9g 2% ((t—1)2" 1+
8 =4pa), 9y4.2% ((t = 2)2%27" + 8 = 4py), 92.2.2.2.2% ((t5 = 9)2%7" + 8 = 4p2), gsp,
94,4p3 (2 + 2p3=4D2), Gapy,ap, (P4 = P2); 92,2,2,.2p5 (3 + D5 = 4D2), 92.2,2p6,2p6 (206 + 2 =
4p2), 92,2p7,2p7,2p7 (307 + 1 = 4P2), G2ps 2ps,2ps,20s (P8 = P2), 9g,2b1 (b3 =1)2" '+ 4=
4p2), Gy 4,902 ((ta — 2)201 44 = dpy), 92,222,903 ((t5 — 4)2% 71 4 = 4po)};

m = 2+ 2p3, p € {P3, P4, D5, D6, D7, P8, D1, Py Py Py Py P P75 P} d4+4ps < n <
[(4+4ps)32r] — 1 and g € {g5, (1127 7" +4 = 2+ 2pg), g5 (th2— +4 = 2+
2p3)7g8p’2 (4]7/2 +4 =2+ 2p3)7g4,4pg (6 + 2pé =2+ 2p3)7g4pﬁl,4pﬁ1 (4]721 +4 =2+
2p3), 92,2,2,2;7’5(7 + p% =2+ 2]73)7 92,2,2pg,2p’6(2p% +6=2+ 2p3), g2,2p’7,2p’7,2p'7(3p’/7 +
5 = 2+ 2p3), gopy, 2l 2p,2p, (4P5 +4 = 2+ 2p3), 9 o, (85 — 1)2%~1 4+ 8 =
2P3),9, 4 % ((#3—2)27271 48 = 2+2py), 9999.9.2% ((t5—4)2% 71 +8 = 242p3), ga 4ps,
Gapaaps(4p4 = 2+ 2p3),02222p5(3 + P5 = 2 + 2p3),02,2.2p6,2p5(206 + 2 = 2 +
2p3), 92,2p7,2p7,2p: (3P7 + 1 = 2 + 2p3), Gopg 2 2ps,2ps (4Ps = 2 + 2p3), gg on ((t3 —
120171 44 = 24-2p3), g, 4 900 (Ea—2)22 71 +4 = 24-2p3), g5 5 9 9 90 (5 —4)2%3 71 +
4=2+2p3)};

m = 4p4, p € {p4ap5ap6yp77p8apllap/27p£37p£1apgvp%ap/77p/8}a 8ps <n < L8p4p%1J -1
and g € {g;,, (12" +4 = 4p4), g5, (th 25 +4 = 4pa). gy, (4Ph+4 = 4pa). g4y, (6+
2py = 4p4), Gap!, ap), (4p) +4 = 4174):92,2,2,217’5(7 +p5 = 4p4)’g2’2:27’6’21’6(2p% t6 =
Apa), 92,21, 201, 291, (307 +5 = 4pa), Gopy, 2t 2t 29, (4P5 +4 = 4pa), g 9g o y (t5=1)20 "+
8 =4p1), 9, , % ((th—2)2% 148 = 4py), 9n.9.9..2% ((t5—4)2% 7148 = 4py), Gap, apa
92,2,2,2p5 (3 + D5 = 4p4), 92,2,2p6.,2p6 (206 + 2 = 4p4), 92.2p7 2p7,2p7 (307 + 1 = 4p4),
92ps,2ps,2ps,2ps (P8 = Pa); Gg 201 ((t3 — 120144 = 4p4), gy 4,902 ((ta — 2)2021 44 =
4p4), 9,2,9,2,25s ((t5 — 4)2%71 + 4 = 4py)};

m =3+ ps p € {p5,psapnps,p’l,p’g,péapippé,pa,pv,ps} 6+2p; <n < [(6+
2ps5) ;7] —1and g € {g;, (t12" ' +4 = 3+ps5), gy (5 125 44 = 34 ps), 9sp,, (4po+
4= 3+P5)794,4pg(6+2pé = 3+p5)7g4p21,4p21(4p21+4 = 3+P5)792,2,2,2p5(7+175 =3+
P5): 92,220 2p1, (206 +6 = 3+ D5), 92,251 2pr 2, (307 +5 = 3+D5), Gapy, 2py 201, 21, (4P5 +

4 =34 p5) gy g ((ts =127 +8 = 3+ ps5).g, o ((F —2)2%7" +8 =3+

ps), 999.9.99% ((t5 — 4)2%71 +8 =3 + D5)5 92.2.2,.2p55 92.2.2p6.26 (2P6 + 2 = 3+ 3),

92,2p7,2p7,2p7 (307 +1 = 34 D5), 92ps 2ps,2ps.2ps (4ps = 3+p5)798,2b1 ((ts— 1)21)171 +4 =
3+ p5) Ggaome (ts —2)2%2 7 +4 =34 p5), 0y 99990 (15 — 4)2271 +4 =3+ ps)};
m = 2ps+2, p € {pa,pnps,p’pp’27pé,pipp’5,p67p7,pg} 4pe +4 < n < [(4ps +
4);25] —1and g € {g,, (112971 +4 = 2ps+2), g7, (th 2 +4 = 2p+2), gy, (4P +
4 = 2p6 +2), 9,4, (6 + 205 = 2p6 +2), Gup, ap;, (44 +4 = 2p6 +2), 92,22 2, (T+ D5 =

2p6+2), 922,25, 2 ’6(2176 +6 = 2ps+2), go 2p7,2p7,2p7(3p7+5 = 2p6+2), 92p8,2p8,2p8,2p8
(4pk + 4 =2ps + 2), g, ((t5 — )20~ + 8 = 2ps + 2), 19, 4.0% (¢ —2)2"% ' +8 =
206 +2):95 5.5.5.9% (( 4)2%71 48 = 2p6 + 2)., 922,295,206 92.2p7,207,207 (307 + 1 =
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2ps+2), 92ps,2ps;2ps,2ps (4ps = 2ps+2), 98,2b1 ((t3*1)2b1_1+4 = 2p6+2),g47472b2 ((ta—
2)2%71 + 4 = 2p6 +2), g 9 90,90 ((t5 — 4)2% 7" + 4 = 2ps + 2)};
m = 3pr+1, p € {p7, ps, P, 5, P, Ply, P5, D, P7- Pk}, 6p7+2 < < [(6pr+2) 25 -1
and p € {g3,, (12771 +4 = 3pr + 1), % (257 + 4 = 3pr + 1), gy (4ph + 4 =
3p7+1), 9a.ap, (64+2p5 = 3p7+1), gup, ap, (4P +4 = 3]97‘1‘1)792,2,2,2;;’5(74‘17% = 3p7+
1), 92.2,2p; 29, (206+6 = 3p7+1), 9o 9pt 2t 2 (307 +5 = 3p7+1), Gopy 21, 29t 2, (4P5 +
= 3pr + 1.9, (5 = D2 48 = 3pr +1),g, o (ty —22%7" +8 =
pr+1).9 93,222 2”% ((t5 - 4)2b 571+ 8 = 3p7 + 1), 92,207,2p7,2p7 205,25 2ps 205 (4D =
3pr + 1),98721,1(@3 — 12" 4 = 3pr 4 1), 95400 ((ta — 2)2271 + 4 = 3pr +
1), 95 ,2,2,2,2b3 ((ts — 4)2b3_1 +4=3pr+1)};
m = dps, p € {ps,pl,pz,pg,p4,p5,p6,p7,p8} 8ps < n < [8ps;Py] —1and p €
{g5. (t12¢ Tlia= 4ps), g, (t/ pl L4 = 4py), py, (4P5 + 4 = 4ps),ga 4y, (6 + 2p5 =
4ps), Gap/, ap), (4py+a= 4]08) 92,2, ,2p5(7+p5 4p8)792,2,2p6,2p6(2p6+6 = 4ps), 92,201 21, 20,
(307 +5 = 4ps), 9oy, 2y 20 20, (405 +4 = Aps), g (t5—1)207 1 +8 = dpg). g, 1%
((t4—2)2027148 = 4pg), 9y.99.9.9% ((t5—4)2% 148 = 4pg), Gaps 2ps,208.2ps> I 201 ((t3—
1)2°0 71 4 = dpg), gy g 000 ((ta — 2)27271 + 4 = 4ps), 9o 50900 (15 — 4)27 71 +4 =
4ps) };
m = (ts — 2"~ + 4, p € {p1ph, b, 1y 15 06, 7o P} (3 — 1)2 +8 < m <
[((ts=1)2" +8) 327 | =L and p € {g},, (#1277 +4 = (t3— 1)2" 1 +4), g7 (th 25~ +
4= (t3 — 12"+ 4), gy (4P +4 = (t3 — 1)27" 4+ 4), 94,40, (6 + 25 = (t3 —
1)20171 4+ 4), gl ap, 4Py +4 = (t3 — 120171 4 4), 92.2,2,2p, (T+p5 = (t3 — 1)2011 4
4), 92,2,2p6,2p6(2p6 +6 = (tg — )21 + 4), 92,2p1 2pt 20, (307 + 5 = (t3 — 1)20r—1 4
). (4 4 = (3 = D2 00 (0~ 124 48 = (1 -
1)2b1_1+4),g4 o (£ —2)2%27 148 = (t3—1)20~ 1+4) 9y 500" b ((t5—4)2%71 48 =
(t3—1>2b171+4)798,2b1794,4,2b2((t4—2)2b271+4 = (t3—1)2b1 14‘4))792,2,2,2,2173(@5—
D2t 44— (1 — 12074 4))
m = (ts = 2)27" + 4, p € {p,ph, b, 1y, 5, D6, PP} (ta — 222 +8 < n <
[((ta—2)2" +8) 27| =1 and p € {g},, (291 44 = (t4—2)2b2’1—|—4),g;,1 (tgplgl +
4 = (ta —2)227 + 4), ggp, (4ph + 4 = (ta — 2)2271 +4), g4 40, (6 + 2p = (ta —
2)2771 4+ 4), gty (404 +4 = (ta = 2)2771 +4), gy 099 (T+ 1k = (£ —2)2% 7 +
)s 922,29 29, (206 + 6 = (ta — 2)227 1+ 4), gy 01 91 2 (3D +5 = (ta — 2)2771 +
) Gap, 2t 200 20, (4P +4 = (£4—=2)2%7 1 44), g e (85 -1)2 7148 = (t4—2)2% 7"+
4),9442b/2((t4 —2)2071 48 = (ty — 2)20 ’ + 4) 9y 500" o, (85 — 4)2b5~1 48 =
(ta — 2)2b2 ' 4 4), a0+ 92,222,203 (5 — 4)27 1 4 = (t3 — 1)2" 1 +4))
( 4)2b3 ! + 47 p € {plap27p37p47p/57p%7p{77pé}7 (t5 - 4)2b3 + 8 Sln S
[((ts —4)2%4+8) 227 | =1 and p € {g, (#;27 " +4 = (t5—4)2% "1 +4), g%, (425~ +
4= (ts — 4)277 1+ 4), gy (4ph + 4 = (t5 — 4)2557 +4), g4 40, (6 + 25 = (t5 —
4)2571 4 4), gl ap, 4Py +4 = (5 — 4)25571 - 4), 9599 29t (T4 p5 = (t5 — 4)2%71
4), 922,291 29, (206 + 6 = (t5 — 4)2771 +4), g5 91 91 2 (307 +5 = (t5 — 4)271 +
4), Gopl, 2l 20 2p), (APs+4 = (t5—4)2b371+4)79&2b’1((té—l)zbifl‘f‘g = (ts—4)2" 71+

=

4
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4).9, (#2257 18 = (15 — 92571 4 4). g (th — 42571 18 =

(ts — 4)2% 1 +4), 92.2,2,2,203 1

(26) m =2"Yp—1),n=2%p with1 <2° <pandp>5, and G = K : P with K a
2-group and P = Z, is fixed point free on 2; K has p-orbit of length 2¢, and each
element of K moves at most 2°(p — 1) point of Q;

(27) G is a 3-group of exponent 3.

/
2,2,2,2,2%

2. Proof of Theorem 1.1

Let G be a permutation group on a set 2, and let 1 # g € G and g = c1co---¢; as a
product of disjoint cycles of lengths Iy, 1, - - ,l;, where ¢; = (a1 aia...ay,) for 1 <i <t
Let

A(g) = {a12,a14, -+, Q1p,, 22, G24, -+, A2y *++ , Qe2, Qtd, 5 Gty §
where k; = [; if ; is even, and k; = [; — 1 if [; is odd. Then |A(g)? \ A(g)| = |A(g)| =
i3]

The next lemma gives an upper bound for |A9 \ A| for an arbitrary subest A of Q, see
([6, Lemma 2.1]).

Lemma 2.1. Let G be a permutation group on a set §2 and suppose that A C Q. Then
for each g € G, |AY\ A| < 3! |4, with equality if A = A(g), where [; is the length
of the i*" cycle of g, and t is the number of nontrivial cycles of ¢ in its disjoint cycle

representation.

The following result is crucial to the proof of Theorem 1.1.

Lemma 2.2. Let G be a permutation group on a set 2. Let g be a cycle of length pk for

some odd prime p and positive integer k& > 1. Then move(g) — move(g*) = [£].

Proof. Since p is an odd prime, we see that ¢* is k cycles of length p. If k is odd, then
k =2t + 1 for some positve integer t. It follows that

kp,  (2t+1)p
PRI

—1

move(g) = | 5

and .
move(g*) = k[gj = (2t + 1)]% = move(g) — t.

Thus move(g) — move(g¥) = #51L.

If k£ is even, then k = 2t for some positive integer ¢, and so

move(g) = | ') = |22 =1y

and

move(g¥) = kLgJ = (2t)p%1 = move(g) — t.

IS

Therefore move(g) — move(g¥) = 1

Let G be a permutation group on a set 2 and move(G) = m, in which every non-
identity element has the movement m or m — 4. Then we can characterize the structures
of elements in G.

Proof of Theorem 1.1. Let 1 # g € G, and g = cico - - ¢ as a product of disjoint
cycles of lengths I1,lz,--- ,l;. Let h = g for 1 <i < t. Then by Lemma 2.1, move(g) =

i=111i/2] and move(h) < 7;;11;/2] < 37i_; |li/2] = move(g).
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Case 1. move(g) = m — 4.

In this case, h = g5 = 1 for 1 < i < t as move(h) < move(g). It follows that
l:=1; =1l =--- = l;. Assume that [ # 2" for any positive integer n. Then | = pk
for some odd prime p and positive integer k. Note that move(g) = move(g¥). Then by
Lemma 2.2 we have

It follows that £ = 1 and thus [ = p. Therefore (1) holds.
Case 2. move(g) = m.

In this case, move(h) = move(gt) = m — 4 or h = g% = 1, for some 1 < i < ¢, since
move(h) < move(g).

Subcase 2.1. move(h) = move(g') = m — 4.

o ’ ! ’ ’ l l
lLet h :lclc2---ct. Then o(c;) = o(cy) = -+ = o(¢,) = o= may = =
i— i l . A ’
(li—lylli) = (li+-‘1—7lli) =...= 7(lt7tli) by Case 1. It follows that either {c;} C {c;, o, , ¢} or
{e;} N {cy, ¢y, e} = ¢ for each 1 < j < t. Without loss of generality, we assume that
{c), ¢y, e} ={c1 ¢, e}, where n < t and n+1 < i < t. Then

move(g) — move(h) = Z L%J

It follows that 1 <t —n < 4.

Ift=n+41, then [; = [; = 8 or 9. It follows that g is either a product of four cycles
of length 3 and one cycle of length 8, or two cycles of length 5 and one cycle of length 8.
Thus (8) and (21) hold.

If t = n+2, then either [; =6 or 7, and [; = 2 or 3, wheren+1 <i# j <n+2,orl; =4
or 5, and [; = 4 or 5 where n +1 < ¢ # j < n + 2. For the former, it is straightforward
to verify that no such g exists. For the letter, then g is either a product of four cycles of
length 3 and two cycles of length 4, four cycles of length 3 and two cycles of length 5, four
cycles of length 2 and two cycles of length 5, or two cycles of length 4 and two cycles of
length 5. Thus (9), (24), (25) and (26) hold.

Ift =n+3,thenl; =4o0r5,l; =2or3,and [, = 2or 3 wheren+1 < i # j#k <n+3.
It is straightforward to verify that no such g exists.
Ift =n+4,thenl; =2o0r 3,1 =2o0r3, 1 =2or 3, and I, = 2 or 3 where

n+1<i+#j#k+#2z<n+4. It follows that g is a product of four cycles of length 2
and four cycles of length 3. Thus (33) holds.

Subcase 2.2. h = g} =1 for some 1 < i < t. We may assume that i = 1.

In this case, [;]l; for all 1 < j < t. First we suppose that {1 is not a power of 2. Then
l1 = pk with an odd prime p and positive integer k£ > 1. If kK = 1, then g is a product of ¢
cycles of length p. Thus we may assume that k& > 1. Suppose taht p|k. Then 1 # g* and
move(g) — move(g¥) = 0 or 4. Hence move(c;) — move(cf) = | 5] < 4.

If L%J =4, then k = 8 or 9. Tt follows that p = 3. By simple calculation, there is no g
satisfying the assumption.

If LgJ = 3, then k = 6 or 7. It follows that p = 3 or 7. By simple calculation, there is
no g satisfying the assumption.

If L%J = 2, then k = 4 or 5. It follows that p = 5. So ¢ is a product of one cycle of
length 5 and one cycle of length 25, or g is two cycles of 25. Thus (3) and (4) hold.
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If L%J =1, then k& = 2 or 3. It follows that p = 3. So g is a product of three cycles of
length 3 and one cycle of length 9, two cycles of length 3 and two cycles of length 9, one
cycle of length 3 and three cycles of length 9, or four cycles of length 9. Thus (10), (11),
(12) and (13) hold.

Next we suppose that p 1 k, and ¢ has a cycles of length k, b cycles of length p,
and d cycles of length dividing k. Then g has t — a — b — d cycles of length pk. Since

move(c;) — move(cf) = | 5], we have | 5] =1,2,3 or 4.

If L%J =1, then k = 2 or 3 and d = 0. It follows that t —a — b = 1,2,3 or 4. Let
k=2 Ift—a—0b=1, then move(g) — move(¢¥) = a + 1 = 4, and so we have a = 3. If
move(g) — move(gP) = 4, then p =3 and b = 4, or p = 5 and b = 2. Thus g is either a
product of three cycles of length 2, four cycles of length 3 and one cycle of length 6, or a
product of three cycles of length 2, two cycles of length 5 and one cycle of length 10. If
move(g) — move(gP) = 0, then b = 0, and so g is a product of three cycles of length 2 and
one cycle of length 2p. Thus (14), (27) and (34) hold.

If t —a — b = 2, then move(g) — move(g¥) = a + 2 = 4, and so we have a = 2. If
move(g) — move(gP) = 4, then p =3 and b =4, or p = 5 and b = 2. Thus g is either a
product of two cycles of length 2, four cycles of length 3 and two cycles of length 6, or a
product of two cycles of length 2, two cycles of length 5 and two cycles of length 10. If
move(g) — move(gP) = 0, then b = 0, and so g is a product of two cycles of length 2 and
two cycles of length 2p. Thus (15), (28) and (35) hold.

If t —a —b = 3, then move(g) — move(g*) = a + 3 = 4, and so we have a = 1. If
move(g) — move(gP) = 4, then p =3 and b = 4, or p =5 and b = 2. Thus g is either a
product of one cycle of length 2, four cycles of length 3 and three cycles of length 6, or a
product of one cycle of length 2, two cycles of length 5 and three cycles of length 10. If
move(g) — move(gP) = 0, then b = 0, and so g is a product of one cycle of length 2 and
three cycles of length 2p. Thus (16), (29) and (36) hold.

If t —a—b = 4, then move(g) — move(¢¥) = a +4 = 4, and so we have a = 0. If
move(g) — move(gP) = 4, then we see that p =3 and b =4, or p =5 and b = 2. Thus g is
either a product of four cycles of length 3 and four cycles of length 6, or a product of two
cycles of length 5 and four cycles of length 10. If move(g) — move(gP) = 0, then b = 0,
and so g is a product of four cycles of length 2p. Thus (17), (30) and (37) hold.

Let k= 3. If t —a —b = 1, then move(g) — move(g¥) = a+1 = 4, and so we have a = 3.
Since move(g) — move(gP) = 4, we see that p =5 and b = 1. Thus g is a product of three
cycles of length 3, one cycle of length 5 and one cycle of length 15. Thus (22) holds.

If t —a — b = 2, then move(g) — move(g¥) = a + 2 = 4, and so we have a = 2. Since
move(g) — move(gP) = 4, we see that p =5 and b = 0. Thus g is a product of two cycles
of length 3 and two cycles of length 15. Thus (18) holds.

If t —a — b= 3, then move(g) — move(¢¥) = a + 3 = 4, and so we have a = 1. Since
move(g) — move(gP) = 4, we see that p = 3 and b = 1, a contradiction.

If t —a — b = 4, then move(g) — move(g¥) = a + 4 = 4, and so we have a = 0. Since
move(g) — move(gP) = 4, we see that p = 3 and b = 1, a contradiction.

If |5 =2 thenk=4or5 andt—a—-b—d<2 Letk=4. Ift—a—b—d=1,
then move(g) — move(¢g¥) =2a+d+2=4,andsoa=1andd=0,0or a =0 and d = 2.
Assume that a = 1 and d = 0. If move(g) — move(¢P) =4, thenp=3 and b=4,0orp=>5
and b = 2. Thus g is a product of one cycle of 4, four cycles of length of 3 and one cycle
of length of 12, or a product of one cycle of length 4, two cycles of length 5 and one cycle
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of length 20. If move(g) — move(gP) = 0, then b = 0, and so g is a product of one cycle of
length 4 and one cycle of length 4p. Thus (5), (19) and (31) hold.

Assume that a« = 0 and d = 2. If move(g) —move(¢gP) =4, thenp =3 andb=4,orp=>5
and b = 2. Thus g is a product of four cycles of length 3, two cycles of length 2 and one
cycle of length 12, or a product of two cycles of length 5, two cycles of length 2 and one cycle
of length 20. But move(g) — move(g?) = 2, a contradiction. If move(g) — move(g?) = 0,
then b = 0, and so ¢ is a product of two cycles of length 2 and one cycle of length 4p. But
move(g) — move(g?) = 2, a contradiction.

Ift—a—b—d=2, then move(g) — move(g*) =2a +d+4 =4, and so a = d = 0. If
move(g) — move(gP) = 4, then p =3 and b =4, or p = 5 and b = 2. Thus g is either a
product of four cycles of length 3 and two cycles of length 12, or a product of two cycles
of length 5 and two cycles of length 20. If move(g) — move(g”) = 0, then b = 0, and so g
is a product of two cycles of length 4p. Thus(6), (20) and (32) hold.

Let k=5, then d = 0. If t —a — b = 1, then move(g) — move(g¥) = 2a + 2 = 4, and so
we have a = 1. Since move(g) — move(gP) = 4, we see that p =3 and b= 3, and so g is a

product of one cycle of length 5, three cycles of length 3 and one cycle of length 15. Thus
(22) holds.

If t —a — b = 2, then move(g) — move(g*) = 2a + 4 = 4, and so we have a = 0. Since
move(g) — move(g”) = 4, we conclude that p = 3 and b = 2, and so g is a product of two
cycles of length 3 and two cycles of length 15. Thus (18) holds.

If |5] =3, thenk =6 0or 7, and t—a—b—d = 1. Let k = 6. Then move(g) —move(g*) =
4>3a+3,and so a =0 and d = 1. If move(g) — move(gP) =4, then p=>5and b=2. It
follows that g is either a product of two cycles of length 5, one cycle of length 2 and one
cycle of length 30, or a product of two cycles of length 5, one cycle of length 3 and one cycle
of length 30. But move(g) —move(g?) = 1 or 2, a contradiction. If move(g) —move(g?) = 0,
then b = 0. It follows that g is either a product of one cycle of length 2 and one cycle
of length 6p, or a product of one cycle of length 3 and one cycle of length 6p. But
move(g) — move(g?) = 1 or 2, a contradiction. Let k = 7. Then d = 0. It follows that
move(g) — move(g¥) = 3a + 3 = 4, and so a = %, a contradiction.

If Lg] =4,thenk =8or9,andt—a—b—d = 1. Let k = 8. Then move(g) —move(g¥) =
4> 4a+ 3, and so a = d = 0. If move(g) — move(g’) =4, thenp=3andb=4orp=>5
and b = 2. Thus g is either a product of four cycles of length 3 and one cycle of 24, or a
product of two cycles of length 5 and one cycle of length 40. If move(g) — move(g?) = 0,
then b = 0, and so ¢ is a cycle of length 8p. Thus (2), (7) and (23) hold.

Let k = 9. Then a = d = 0. Since move(g) — move(¢g?) = 4, we have p = 5 and
b = 1. Thus g is a product of one cycle of length 5 and one cycle of length 45. But
move(g) — move(g®) = 9, a contradiction.

Now we suppose that I; = 2° for some positive integer b. Then [; = 2% with b; < b for
2 <i<t Ifb =0bfor2<i<t, then g is a product of ¢ cycles of length 2°. Thus (1)
hold. If b; < b for some i, then g2bi # 1land 1 <b; < 3. It follows that ¢ is a product of
(t — 4)-cycles of length a power of 2° and four cycles of length 2 for ¢ > 5, (t — 2)-cycles
of length a power of 2° and two cycles of length 4 for ¢ > 3, or (¢ — 1)-cycles of length a
power of 2° and one cycle of length 8 for ¢ > 2. Thus (38), (39) and (40) hold. 1

3. Proof of Theorem 1.2

Let G be a transitive permutation group on a set €2 with bounded movement m. Suppose
that G is not a 2-group. Then the upper bound of || is given in [9, Lemma 2.2].
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Lemma 3.1. Let G be a permutation group on €2 which has no fixed points on 2. Suppose
that G is not a 2-group and move(G) = m with a positive integer m. Aussme that p is
the least odd prime dividing |G|. Then || < L%J.

Now we can give a characterization for all transitive permutation groups G satisfying
the hypotheses of Theorem 1.2.
Proof of Theorem 1.2. Suppose that p is the least odd prime dividing |G|. Then by
Lemma 3.1, n := |Q] < L%j. Suppose that n = L%j. If p = 3, then n = 3m. By
[8, Theorem], G is a 3-group of exponenet 3, or G is one of S3, Ay or Aj of degree 3, 6
and 6, respectively. Note that move(S3) = 1 and move(A4) = move(As) = 2. Thus G is a
3-group of exponent 3. If p > 5, then by [3, Theorem 1.1] and [6, Theorem 1.2], n = 2°p,
m=2"1(p—1),1<2¥<p, and G =K : P with K a 2-group and P = Z, is fixed point
free on §2; K has p-orbit of length 2% and each element of K moves at most 2%(p — 1)
points of €.

Next we suppose that n < L]%mf’fj. Let 1 # g € G. Then by Theorem 1.1, g €

{93a, g;Sl » 98p2 5 95,25, 925,255 94,4p3 5 94pa,4pas 95,5,405 95,5,8, 94,4,5.55 93,3,3,9, 93,3,9,9, 93,9,9,95, 99,9,9,9
92,2,22p5 5 92,2.2p6,2p6 » 92,2p7,2p7,2p7 5 92p8,2p8,2p8,2p8 » 93,3,15,155 94,5,5,205 95,5,20,205 93,3,3,3,85 93,3,3,5,15
93,3,3,3,24, 93,3,3,3,5,5, 93,3,3,3,4,45, 92,2,2,2,5,5, §2,2,2,5,5,10, 92,2,5,5,10,105 92,5,5,10,10,10, 95,5,10,10,10,10
93,3,3,3,4,12, 93,3,3,3,12,12, 92,2,2,2,3,3,3,3, §2,2,2,3,3,3,3,6, 92,2,3,3,3,3,6,6, 92,3,3,3,3,6,6,6» 93,3,3,3,6,6,6,6 s I8 261 5
9442259922903 - 1t follows that m € {7,8,10,12,13,14, 16, 20, 24, 12071 t2p1;1 ,4pa, 2+
2p3, 4pa, 3+ 5, 2p6 + 2, 3p7 + 1, 4ps, (t3 — 1)27 71 4, (ta — 2)2%7 1 + 4, (t5 — 4)2% 7 + 4}

If m = 7, then at least one of ¢5(t1 = 3), ¢5(t2 = 3) and g;(t2 = 1) belongs to G, and
at least one of g3339, g5(t1 = 7) and g5(t2 = 7) belongs to G. By Lemma 3.1, we have
14 <n < 20. Thus we can exclude g5(t2 = 7).

If m = 8, then at least one of g3(t1 = 4), g5 (t1 = 2), g5:(t1 = 1), g3(t2 = 4) and
g5(t2 = 2) belongs to G, and at least one of g5 55, 914,55, 93,3,3,3,8: 93,3,335,5 93,3,3,34,4;
9222255 922223333 95(t1 = 8), gp(ti = 4), g35(t1 = 2), gou(ts = 1), g5(t2 = 8),
g5tz = 4), giz(t2 = 1), ga12, 922.2,10, 92,2,6,6, Jaa23(ta = 3), gao0222(t5 = 6) and
92.222928(ts = 5) belongs to G. By Lemma 3.1, we have 16 < n < 23. Thus we can
exclude g3 (t2 = 8).

If m = 10, then at least one of g5(t1 = 6), g5.(t1 = 3), g3(t2 = 6), gi(t2 = 3),
g7(t2 = 2), gi3(ta = 1), g2226 and g0 2902(t5s = 5) belongs to G, and at least one of
933,99, 92,2,2.33,3.3,6, 95(t1 = 10), g52(t1 = 5), g5(t2 = 10), g5 (t2 = 5), 911(t2a = 2), 92,2214,
92,6,6,6, and go 9 99 92(t5 = 7) belongs to G. By Lemma 3.1, we have 20 < n < 29. Thus
we can exclude gj(t2 = 10).

If m = 12, then at least one of g558, 94455, 933,338, 93,333,555 0333344, §222255,
922223333, 95(t1 = 8), g52(t1 = 4), 935(t1 = 2), gou(t1 = 1), g5(t2 = 8), gi(t2 = 4),
Giz(ta = 1), 9112, 922,210, 92,266, Gaa,23(ta = 3), G222.222(t5 = 6) and ga 929 93(t5 = 5)
belongs to G, and at least one of g3335,15, 92,2.2,5,5,10, 93,3,3,3.4,12, 92.2,3,3,3,3,6,6, 95 (11 = 12),
9y (t1 = 6), gzs(ti = 3), g3(t2 = 12), gi(ta = 6), g7(t2 = 4), gis(t2 = 2), goa, ga20,
912,12, 92,210,105 96,6,6,6, 9g24(ts = 2), gaa3(ta = 4), gaaoi(ta = 3), go22222(t5 = 8),
92.22.228(ts = 6) and g 5 2 9 94(t5 = 5) belongs to G. By Lemma 3.1, we have 24 < n < 35.
Thus we can exclude g5 (ty = 12).

If m = 13, then at least one of g5(t1 = 9), gi(t2 = 9), g3 (t2 = 3) and ¢ (t2 = 1) belongs
to G, and at least one of g3999, g5(t1 = 13) and g¢5(t2 = 13) belongs to G. By Lemma
3.1, we have 26 < n < 38. Thus we can exclude g;(t2 = 13).

If m = 14, then at least one of g339.9, 92,2,2,3,3,3,3,6, 95 (t1 = 10), g;(tl =5), g3(t2 = 10),

144y

g5(t2 = 5), 911(t2 = 2), 92,22,14, 92,6,6,6, and gop2092(t5 = 7) belongs to G, and at least
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one of 95,25, 92,3,3,3,3,6,6,6) gg(tl = 14)7 952@1 = 7)’ 9§(t2 = 14)7 gg(tQ = 7)7 959(752 = 1)7
922,222 and go 999 92(t5 = 9) belongs to G. By Lemma 3.1, we have 28 < n < 41. Thus
we can exclude g3 (t2 = 14).

If m = 16, then at least one of g333515, 92,2,2,5,5,105 93,3,3,3,4,12, 92,2,3,3,3,3,6,6, 95 (t1 = 12),
g52(t1 = 6), g33(t1 = 3), g3(t2 = 12), gi(t2 = 6), g7(ta = 4), gi3(t2 = 2), 924, 94,20,
912,12, 92,210,105 96,6,6,65 Js2t(t3 = 2), gaaos(ts = 4), gaaos(ts = 3), goo2222(ts = 8),
92.22228(ts = 6) and gg 5 9994(t5 = 5) belongs to G, and at least one of g9 999, 93,3,15,15,
945,520, 93,3,3,3,24, §2,2,5,5,10,105 93,3,3,3,12,12, §3,3,3,3,6,6,6,6, 95(t1 = 16), g5»(t1 = 8), g5s(t1 =
4), g5u(t1 = 2), g5 (t1 = 1), g5(t2 = 16), g5(t2 = 8), gi7(t2 = 2), ga 28, 92,2226, 92,2,14,14,
92,10,10,10, 94,423 (t4 = 5), 929,22 92(t5 = 10) and gy 5 9 2 93(t5 = 7) belongs to G. By Lemma
3.1, we have 32 < n < 47. Thus we can exclude g;(t2 = 16).

If m = 20, then at least one of g9 9.9.9, 93,3,15,15, 94,5,5,20, 93,3,3,3,24> 92,2,5,5,10,10, 93,3,3,3,12,125
03,3.3,3,6.6,6,6, 95(t1 = 16), gha(t1 = 8), ghs(t1 = 4), gha(t1 = 2), g55(t1 = 1), g5(t2 = 16),
g5(t2 = 8), gi7(t2 = 2), ga,28, 92,2,2,265 92,2,14,14, §2,10,10,10, G4,4.23(ta = 5), ga.22.922(t5 = 10)
and g 999 .93(t5 = 7) belongs to G, and at least one of g255,10,10,10, 95(t1 = 20), g52(t1 =
10), g5s(t1 = 5), g3(t2 = 20), g5(t2 = 10), g7\ (t2 = 4), gis(t2 = 1), ga0, 920,20, 92,2,2,34,
910,10,10,10, gg24(ts = 3), ggos(ts = 2), gya3(ts = 6), gagos(ta = 4), gaa25(ts = 3),
922,222 (t5 = 12), g222293(t5 = 8), g22.2221(ts = 6) and g 299 25(t5 = 5) belongs to G.
By Lemma 3.1, we have 40 < n < 59. Thus we can exclude gj(t2 = 20).

If m = 24, then at least one of g25510,10,10, 95(t1 = 20), g5 (t1 = 10), g33(t1 =
5), g5(ta = 20), gi(t2 = 10), gi1(t2 = 4), gi1(t2 = 1), ga0, 920,20, 92,2,2,34, 910,10,10,10;
gs21(t3 = 3), gg 25 (t3 = 2), ga4.93(ta = 6), gya01(ta = 4), gaa25(ta = 3), go222.92(t5 = 12),
92.22223(t5 = 8), g222294(ts = 6) and g 5 99 95(t5 = 5) belongs to G, and at least one of
925,25, 95,540, 95,5,20,20, 95,5,10,10,10,10, 95 (t1 = 24), g5 (t1 = 12), g3s(t1 = 6), g5u(t1 = 3),
g5(ta = 24), g5(t2 = 12), g7(t2 = 8), gi5(ta = 4), g9i7(t2 = 3), ga.44, 9222222, Ga 4 23(t4 = 7),
92.22.222(ts = 14) and g 5 9 2 23(t5 = 9) belongs to G. By Lemma 3.1, we have 48 < n < 71.
Thus we can exclude g3 (ty = 24).

Assume that m = ;297! and m ¢ {7,8,10,12,13,14,16,20,24}. If m —4 = 7, then
m = 11. It follows that at least one of g3 339, g5(t1 = 7) and g3(t2 = 7) belongs to G, and
at least one of ¢g5(t1 = 11), ¢g5(t2 = 11) and g35(t2 = 1) belongs to G. By Lemma 3.1, we
have 22 < n < 32. Thus we can exclude g;(t2 = 11).

If m —4 = 13, then m = 17. It follows that at least one of g3999, g5(t1 = 13) and
g5(t2 = 13) belongs to G, and at least one of g5(t; = 17) and g5(t2 = 17) belongs to G.
By Lemma 3.1, we have 34 < n < 50. Thus we can exclude gj(t2 = 17).

If m—4 = 14, then m = 18. It follows that at least one of g5 25, 92,3,3,3,3.6,6,6, 95 (t1 = 14),
g5a(t1 = 7), gi(ta = 14), g5(ta = 7), g3g(t2 = 1), g2,22,22 and gy 99292(t5 = 9) belongs
to G, and at least one of g5(t1 = 18), g5.(t1 = 9), g53(t2 = 18), g5(t2 = 9), g7(t2 = 6),
gi3(ta = 3), gig(t2 = 2), g37(t2 = 1) and g 999 92(t5 = 11) belongs to G. By Lemma 3.1,
we have 36 < n < 53. Thus we can exclude g;(t2 = 18).

If m —4 = 24, then m = 28. It follows that at least one of ga525, 95540, 955,20,20,
95,5,10,10,10,10, 95 (t1 = 24), g3 (t1 = 12), g3s(t1 = 6), g54(t1 = 3), g53(t2 = 24), g5 (t2 = 12),
g7(t2 = 8), gis(ta = 4), gi7(t2 = 3), gaa4, 9222292, Gaa23(ta = 7), g2,22292(t5 = 14) and
92.2,2.2.23(ts = 9) belongs to G, and at least one of g3(t1 = 28), g5, (t1 = 14), g5 (t1 = 7),
g5(t2 = 28), g5(t2 = 14), g59(t2 = 2), g56, 94,52, 928,28, 92,2,26,26, J14,14,14,14, Js 24 (t3 = 4),
Gaa,28(ts = 8), gaa04(ta = 5), goo2992(ts = 16), ga92993(ts = 10) and gy 999 94(t5 = 7)
belongs to G. By Lemma 3.1, we have 56 < n < 83. Thus we can exclude g3 (t2 = 28).

Now we assume that m —4 ¢ {7,8,10,12,13, 14, 16,20,24}. Then at least one of Gyt

r_ _ « 1 _ _
(2771 + 4 =12070), gy (15 P5— + 4 = 112771), gy (4ph + 4 = 612771), g4 (6 + 2ph =
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812%71), Gapt ap, (404 +4 = 112°71), go.0.9.9p1 (T + PE=112°71), go.2,9p0 2y, (20 + 6=112°71),
92,291,204 201, (307 + 5 = 112°71), ot oy ot 2y (405 + 4 =11271), g (15 = 1)20 71 + 8 =
627, g, 4 (1 = 2)2%71 +8 = 1,;2°7") and g, 2o (B = 42571+ 8 = 207
belongs to G, and at least one of g3, g;, (t2p12 = 112971, gsp, (4p2 = 11297Y), gaaps (2 +
2p3 = 112°7Y), Gapsaps(4pa = 12°71), 9222255 (3 + 15 = 112°71), g2.2,9p6,2p6 (26 + 2 =
t12°71), 92,297 2pr2pr (307 + 1 = 112°71), Gaps 2ps 2ps 295 (4P = 012°71), gy o (k3 — 1)2b1_1 +
4 = 012°7Y), gyaonm((fa — 2)2271 +4 = $2°7Y) and gypqq0m((ts — 4)2871 + 4 =
t12%71) belongs to G. By Lemma 3.1, we have 2%; < n < L2“t1 L. | — 1, where
p € {p1,p2, 13, P4, P5, D6, D7, P8, P P, 3> Py P, Pl 7> P -

Assume that m = tg%. We may let m ¢ {7,8,10,12,13, 14, 16,20, 24,£,2%" '} and
m—4 ¢ {7 8,10,12,13,14,16,20,24}. Then at least one of g, (¢} 201 44 = ¢ pl_l)
gy (15 pl S pd = 2t Gsp, (Aph+4 = tyBI1), 944p3(6+2p3—752 ) G, (4P +4 =
t2 ) 9 222, (7T + P = t2 1), 92122p6,2p6(2p6 + 6 —bt21 5, 92,2}77,3;1)7,2]77(3]77 +5 =
tzp b, Gopl, 2l 20,20, (4P5 + 4 = taP=), 9g 2% ((t5 —1)27" + 8 = o), 944" o, () —
2)2%-1 4+ 8 = t2p1—21) and g o ((th — 4)2%71 + 8 = o271 L) belongs to G, and at

222223
least one of g , 98p2(4p2 a1, gaaps (2 + 2p3 = 2251, gupyapy(dps = 2250,
92,2,2.2p5 (3 + p5 = taPo— ) 92,2,2p6,2p6 (206 + 2 = taPl—= ) 92,2p7,2p7,2p7 (307 + 1 = to P ),
92ps,2ps,2ps,2ps (4Ps = ta 5= )7 9g 201 ((ts — 1)2b1 ! +4 = 171) 94,4, ob ((ta — 2)2b2 +4=
tg%) and gy 999 903 ((t5 — 4)2b3=1 44 = tz%) belongs to G. By Lemma 3.1, we have
ta(pr—1) < n < [ta(pr—1) ;57 ] -1, where p € {p1, p2, p3, 4, 5, P6, P7, P8, P, Ps D3, s P D
PPk}

Assume that m = 4py. We may let m ¢ {7,8,10,12, 13,14, 16,20, 24,127 ", 2p1;1},
and m — 4 ¢ {7,8,10,12,13,14,16,20,24}. Then at least one of g7, (#2901 + 4 = 4dpy),

9y (5 Bl b d = 4dpa), gy (4ph + 4 = 4pa), 9aap, (6 + 2p5 = 4p2), Gup ap, (4P + 4 =
4292) 92,2,2,2p5(7 + P05 = 4p2), 922,292, (206 T 6 = 4Ap2), G221 2pr 2. (37 + 5 = 4dp2),
o), 20l 2 2m, (405 +4 = 4p2), g v (=102 48 = dpa), gy (1) —2)2%7" +8 = dpy)

5 9.9.9.9% ((t5—4)2%~14-8 = 4py) belongs to G, and at least one of gy, , ga.4ps (24203 =

Ap2), Gapaps(Pa = D2), 92,2,2.205 (3 + Ps=4D2), 92,2,2p6,2p6 (26 + 2=4D2), 92,2p7,2p7,2p; (3P7 +
1=4ps), 92ps,2ps,2ps,2ps (ps = p2), gg,2t1 ((tz — 1)21)171 +4 = 4p9), 94,425 ((ta — 2)21’271 +4 =
4pe) and gy 999905 ((t5 — 4)23=1 4 4 = 4p,) belongs to G. By Lemma 3.1, we have
8p2 < n < |8p2;y ) — 1, where p € {p2,p3,p1,D5,P6, 7, D3, P, Pa. P, Pl s, D, D7, D }-

and g

Assume that m = 2 + 2p3. We may let m¢{7,8,10,12,13, 14, 16, 20, 24,t12a_1,t2p1;1,
4dps} and m — 4 ¢ {7 8,10,12,13,14,16,20,24}. Then at least one of g7, (t27 1 44 =
2 + 2p3), gy (t P+ 4 = 2+ 2p3), ey (40h +4 = 2+ 2p3), g4,401(6 + 2 = 2+ 2ps),
Gapap, (404 +4 = 2+ 2p3), go22.9p (T+ D5 = 2+ 2p3), 922,29, 29, (205 + 6 = 2 + 2p3),
92,2p’7,2p’7,2p’7 (3]7,7 +5=2+ 2])3) gZpé,Zpg,Zpéng (4]);3 +4=2+ 2]93), 9872b’1 ((tg - 1)2bl1_1 +8=
24 2p3), g, , ot (th = 2)2%71 + 8 =2+ 2ps) and g, , , , ,u ((t5 — 42471 +8 = 2+ 2py)
belongs to G, and at least one of g4 ap,, gap, ap, (402 = 24+ 2p3), G2,2,2,2p5 (3 +ps = 2+ 2p3),
92,2,2p6,2p6 (2p6+2 = 2+42p3), 92,2p7,2p7,2p7 (307 +1 = 2+ 2p3), Gapg 2ps,2ps,2ps (4Ps = 2+ 2p3),
gs.om ((t3 — 120171 44 = 2 4+ 2p3), Gy.4.202 ((ta — 2)202=1 4+ 4 = 24 2p3) and 92922905 ((t5 —
4)203=1 44 = 24-2p3) belongs to G. By Lemma 3.1, we have 44+4p3 < n < L(4—|—4p3)p%1j -1,
where p € {p3, pa, D5, D6, 7, D8, P> D, D'y Py D P> D7 D -
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Assume that m = 4p,. Wemay let m ¢ {7,8,10,12,13, 14, 16, 20, 24, 1,2% 1, t2p1;1 ,4pa,
24 2p3} and m —4 ¢ {7,8,10,12,13,14,16,20,24}. Then at least one Gar (t’12“/_1 +4 =

v (il
Apa), gy (1555~ +4 = 4pa), gsy, (4Ph + 4 = 4pa), 91,40, (6 + 2p5 = 4pa), Guyy 4y, (4P + 4 =
Apa), 92222p, (T + D5 = 4pa), Gao2p 29, (205 + 6 = 4pa), Goopr 2pr 2 (307 + 5 = 4pa),
g2p§3,2pé,2pg,2p£3 (4p,8+4 = 41)4)7 98 217’1 ((téi 1)2b1_1 +8 = 4])4), g ! ((tﬁli2)2b2_1+8 = 4p4)

4,4,2%
and g , ((th—4)2%~1+8 = 4p,) belongs to G, and at least one of gap, 4p, s 92.2.2.2ps (3+

2,2,2,2,2%
P5 = 4p4), 92,2.2p6,2p6 (206 + 2 = 4P4), 92,2p7.2p7,2p7 (307 + 1 = 4AP4), G2ps 2ps 2ps,2ps (P8 = Pa),
ggom ((t3— 102071 4 = dpy), gy 4 o0 (ta—2)2% 71 +4 = dpy) and gy 5 5 o 905 ((t5 —4)2% 1 +
4 = 4p4) belongs to G. By Lemma 3.1, we have 8ps < n < |8ps;P5] — 1, where p €
{4, P35, P6, P7, P8, P, P, P, Py, D5 Pl P P -

Assume that m = 3+ps. We may let m ¢ {7,8,10,12, 13,14, 16,20, 24, ;2% 1, t2p1;1,4p2,
2+2p3, 4ps} and m—4 ¢ {7,8,10,12,13,14,16,20,24}. Then at least one g7, (2% "1 +4 =
3+ ps), gzi(tlzp/lg_l +4 = 34ps5), gy, (4p5 +4 = 3+ ps5), gaap,(6+2p5 = 3+ ps),
Gapl,ap, (404 + 4 = 34+ D5), G222y (T+ D5 = 3+ P5), Goop 2, (205 +6 = 3+ ps),
92201, 2% 29, (307 + 5 = 3+ D5), Gopy 2! 29y 2p, (4P5 +4 = 3 + ps), 9g.9% ((th =121+ 8=
3+ps). 9, , 255((&—2)2(’/2*14-8 =3+ps)andg, 21,13((t'5—4)2bf’fl—i—8 = 3+ps) belongs to
G, and at least one of 92,2229 92.2,2p0.2p6 (206 +2 = 3+ 5), g2.2p7.2p7,2p7 (307 +1 = 3+ s),
92ps,2ps 2ps,2ps (4P8 = 3+ ps5), 98,261 ((t3 =1)2" 7' +4 =3+ ps), 94,4,252 ((ta—2)2%"" +4=
34 ps) and gy g 9990 ((t5 —4)2°371 + 4 = 3 + p5) belongs to G. By Lemma 3.1, we have

6+ 2ps <n < [(6+2ps);5] — 1, where p € {ps,ps, 7, s, D1, P2, P, Py, P, P, P7, Pk }-

Assume that m = 2pg+2. We may let m ¢ {7,8,10,12, 13,14, 16, 20, 24,t12“*1,t2p12_1,4p2,
2+2p3,4ps, 3+ps} and m—4 ¢ {7,8,10,12, 13,14, 16, 20, 24}. Then at least one g, (t 29 1+
4 = 2pg +2), 9y, (t/2p/12—1 +4 = 2p6 +2), ggp, (495 +4 = 2p6 +2), 94,49, (6 + 2p5 = 2p6 + 2),
9ap/, 4p), (4py +4 = 2ps + 2), 92,2,2,2pg(7 + p5 = 2pe + 2), 92,2,2pg,2pg(2p/6 +6 = 2ps + 2),
92,200, 2% 20, (307 +5 = 26 +2), Gapt, 21, 2t 29, (4P5 +4 = 2p6 +2), 9g o ((t5—1)21 " +8 =
2p6+2), 9, , , ((£3-2)2%71+8 = 2ps+2) and g, v ((t5—4)2%71 48 = 2ps+2) belongs
to G, and at least one of 4226296 92,2p7.2pr.2p7 (307 + 1 = 206 + 2), G2ps 2pe.2ps,20s (495 =
2p6 + 2), ggot ((t3 — 1)22 71 + 4 = 2pg + 2), gy 490 ((ta — 2)2°271 + 4 = 2pg + 2) and
92922205 ((ts — 4)25~1 4+ 4 = 2pg + 2) belongs to G. By Lemma 3.1, we have 4pg + 4 <
n < [(dps +4);77] — 1, where p € {ps, 7, ps, P, Db, s, Py P Pss P Ps -

Assume that m = 3p; +1. We may let m ¢ {7,8,10,12,13, 14,16, 20, 24, 2%~ 1, tg%,

4p2,2 + 2p3,4p4, 3 + ps,2ps + 2} and m — 4 ¢ {7,8,10,12,13,14,16,20,24}. Then at
’_ « —1

least one g7, (2 V4 = 3p; +1), 9y (thP—= + 4 = 3pr + 1), apy (dpy + 4 = 3p7 +
1), Ga,ap,(6 + 205 = 3p7 + 1), Gup), ap, (4P +4 = 3pr + 1), ga209p (T +p5 = 3p7 + 1),
92.2.2p,,2p, (206 + 6 = 3p7 + 1), gaopr ot 21 (307 +5 = 3p7 + 1), gopy, 21, 2p 20, (4P + 4 =
3pr + 1), g (¢35 = 1)27 +8 = 3pr + 1), g (¢ —2)2%27" +8 = 3py + 1) and
9y 099 Qbé((tg — 4)2%~1 1 8 = 3p; + 1) belongs to G, and at least one of g9y 2p.2p7,
92ps 208 2ps.2ps (4D8 = 3p7+1), ggon ((t3 = 1)2 1 +4 = 3pr+1), g 4 vy ((ta —2)272 71 +4 =
3p7+1) and gy 5 99 95 ((t5 — 4)2b371 44 = 3p; + 1) belongs to G. By Lemma 3.1, we have

6p7 +2 <n < |(6p7 +2);57] — 1, where p € {p7, ps, P\, D5, P53, Py, P5. P, D7+ Pk }-
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Assume that m = 4pg. Wemay let m ¢ {7,8,10,12,13, 14, 16, 20, 24, ;2% 1, t2p1;1 ,4pa,
2+ 2p3, 4pa, 3 + ps, 2p6 + 2, 3p7 + 1} and m -4 ¢ {7,8,10,12,13,14, 16, 20,24}. Then at
least one g7, (t12° 4 =dpg), g 1(75’ Bl = 4Aps), gy, (4ph + 4 = 4ps), Gyap, (6 +
2p3 = 4pg), 9ap), 4p), (4p) + 4 = 4pg), 92,2,2,2;;5(7 + p5 = 4ps), 92,2,2pg,2pg(217/6 + 6 = 4ps),
g2,2p’7,2p’7,2p’7 (Sp,'? +5= 4p8)a ngg,Zp’g,Qpé,Qp’g (4]),8 +4 = 4178), 98721)’1 ((tg - 1)2b1_1 +8= 4p8))
9y42% ((t, —2)2%71 +8 = 4pg) and 959.9.22% ((th —4)2%~1 4+8 = 4pg) belongs to G, and at
least one of gapg 2ps 2ps,2ps» Js 201 ((E3 — 1)20171 4 4 = 4pg), Gy.4.902 ((ta — 2)2b2=1 4 4 = 4pg)
and gy 5 5 5 o5 ((ts — 4)2% 71 + 4 = 4pg) belongs to G. By Lemma 3.1, we have 8pg < n <
[8ps ;1] — 1, where p € {ps, P!, P, P3, Py, P5: PG, D7, Ps }-

Assume that m = (t3—1)2" "1 4+4. We may let m ¢ {7,8,10, 12,13, 14, 16,20, 24, ;291
t2p1;1,4p2,2+2p3,4p4,3+p5,2p6+2 3p7+1,4pg} and m—4 ¢ {7 8 10,12, 13,14, 16, 20, 24}.
Then at least one g;, (t12° Tlpd=(t3—1)2"144), ¢ (t’ p1 Lpa= (t3 —1)2r—1 1 4),
sy, (405 + 4 = (3 = 1)2 71 +4), g4, (6 + 205 = (13 — 1>2”1 Y 4), gap ap, (40 + 4 =
(t3—1)2" "1 +4), 92929 (T+P5 = (3= 1)2" 7" +4), g2.9.9p1 21 (206+6 = (t3—1)2" 71 +4),
.92,2p’7,2p'7,2p’7 (3p/7 +5 = (t3 - 1)2b171 + 4)’ 92p8,2p$,2p8,2p8 (4p/8 +4 = (t3 1)2b171 + 4)
gy (t5 =121 48 = (15 = 1)2" ' +-4), ¢ 9, 0% (F2 = 2)2%71 48 = (t3 — 1)20171 4 4)
and g, 222.2% v (5 —4)2% 1 48 = (t3—1)2"1~! +4) belongs to G, and at least one of s 201 5
Gy.4.202 ((ta— 2)2027 44 = (t3—1)2" 71 +4)) and 92,2,2,2,2173((t5—4)2b3_1+4 = (t3—1)2" 14
4)) belongs to G. By Lemma 3.1, we have (t3 —1)2" +8 < n < [((t3 —1)2% +8)51-1,
where p € {py, Py, P3; Py, P5. D6, D7 Pk}

Assume that m = (t,—2)2"27144. We may let m ¢ {7, 8,10, 12,13, 14, 16,20, 24, 21,
t2p1;174p2a2 + 2p374p473 + p572p6 + 2;3}07 + 174p87 (t3 - 1)21)171 =+ 4} and m — 4 g
{7,8,10, 12 13,14,16,20,24}. Then at least one g, (¢} 201 44 = (4 — 2)20271 4 4),
g (P + 4 = (ta = 2)2%271 4 4), gy (4Ph + 4 = (ta — 2227+ 4), g4y, (6 + 20 =
(t4 — 2)2b2 1 + 4)7 g4p474p4 (4]?4 + 4 = (t4 — 2)2b2 1 + 4), g2,2,2,2p5 (7 + p5 = (t4 — 2)2b2 1 +
4)7 92,2,2})25,2;72j (Qp% +6 = (t4 - 2)217271 + 4)7 g2,2p/7,2p’7,2p/7(3p/7 +5 = (t4 - 2)21)271 + 4)?
g2pg,2pg,2p’8,2pg (4pé +4 = (t4 - 2)2b271 + 4)7 98 2b’1 ((té - 1)2b171 +8 = (t4 - 2)21)271 + 4)?
94,4725,2((&1—2)2%*%8 = (t4—2)22714+4), and 9y 0.9" o, (15 —4)2%5- 148 = (t,—2)20 1 4
4) belongs to G, and at least one of gy 4 9, and gy 5 5 9 95 ((t5 —4)2b7 1 44 = (t3—1)20 1 4
4)) belongs to G. By Lemma 3.1, we have (t; —2)22 +8 < n < [((t4 —2)2% + 8) L)1,
where p € {p}, Py, P, Py, P5, PG, 7, P}

Assume that m = (t5—4)2% 1 4+4. We may let m ¢ {7,8,10, 12,13, 14, 16, 20, 24, #2071,

2251 Ao, 2+ 23, Apa, 3+ s, 206+ 2, 3p7 + L Aps. (3 — 1)21 1 +4, (£ —2)2~ + 4} and
m— 4 ¢ {7 8,10,12,13,14,16, 20,24}. Then at least one g, (t;2* g = (t5—4)20144),

5 (BT 4 = (t5 — 4)2871 1 4), gy (4ph +4 = (t5 — 4)2871 +4), g4, (6 + 20} =
(t5 — 4)2b3 1 + 4), g4p474p4 (4]?4 + 4 = (t5 — 4)2b3 1 + 4), 9272’2721)5 (7 + p5 = (t5 — 4)2b3 1 +
4), 922,000 2p, (206 + 6 = (t5 — 4)2%71 + 4), go ot ot o (305 +5 = (t5 — 4)271 4 4),
9ot ot 2pt 2p (AP + 4 = (t5 — 42571+ 4), g u (B — 125071 +8 = (85 — 4)2%71 +4),
9, 49% o (t—2)2%27 148 = (t5—4)2%~14+4) and 90,92 97% ((th—4)2% 148 = (t5—4)2%3714+4)
belongs to G, and gy 5 5 5 955 belongs to G. By Lemma 3.1, we have (t5 — 4)2% 48 <n <
[((ts — 4)2% + 8) ;27| — 1, where p € {p}, ph, P}, Ply, 15, PG, 97, Dk }- i
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In the future, we want to explore the constructions of these groups in Theorem 1.2.
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