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ABSTRACT.  Picture fuzzy sets are extensions of the fuzzy sets and the intuitonistic fuzzy sets which consist
of membership, a neutral membership and a non-membership degrees. In this paper, we define the picture fuzzy
proximity relations which are extension of picture fuzzy sets and fuzzy proximity relations, and give some examples.
Also, we give the definition of picture fuzzy spatial and descriptive Lodato proximity space.
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1. INTRODUCTION

Proximity spaces were defined by Efremovic¢ [5]. The set U, together with the proximity relation that M is
near(proximal) N for subsets M and N of any set U, was known as proximity space. Readers can easily access
many resources about proximity spaces. Naimpally and Warrack wrote a wonderful book about proximity space and
presented it to their readers [11]. There is a more visual form of proximity called descriptive proximity, which is used
in a number of applications. A general descriptive proximity is an Efremovi¢ proximity.

Peters defined (U, Rs) relator space for a type of proximity spaces relations Rs on U [17]. To understand easily, he
used two proximity relations like the Efremovi¢ proximity and the descriptive proximity de in defining Rs, [14,16,18].

A non-empty R of binary relations on a non-empty set U is known as a relator on U, (U, R) is known as a relator
space which is a generalized uniform space lacking all the conditions of uniform space except the reflexivity of the
corresponding relations [20]. By using proximity relations Rs on U, Peters presented a proximal relator space (U, Rs)
[18]. To be clear, it can be considered only three proximity relations, namely the Lodato proximity [8, 9] (denoted
by 0), the descriptive Lodato proximity ¢ [18] (denoted by d¢), an extension of the Lodato proximity, the descriptive
Lodato fuzzy proximity [18] (denoted by 75,), and also a fuzzy proximal relator [12] (denoted by R, is defined by
Re;y = 10,00, 75, 1)

Zadeh introduced the fuzzy sets (FS) which are characterized by a membership function which associates with each
point a real number in the interval [0, 1] [25]. We can see fuzzy set theory various areas such as decision making,
health science and so on. However, there may be instabilities in real life, such as hesitation or uncertain decisions get
involved, and the fuzzy sets are not available to process some information with fuzziness and uncertainty. Therefore,
to handle such problems, Atanassov generalized fuzzy sets to intuitionistic fuzzy sets (IFS) [1] that can deal with some
information with fuzziness and uncertainty in many fields.

Researchers still have problems in some situations which is non-identifiable by intuitionistic fuzzy sets such as
voting problems. In the voting problems, voters have four options: vote for, vote against, abstain and refuse. To solve
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such problems like voting, picture fuzzy sets (PFSs) have been introduced by Cuong and Kreinovich [3]. The picture
fuzzy set (PFS) is a direct generalization of FS and IFS. Fundamentally, we see PFSs mostly real-life situtations such as
person thoughts including mostly answers kinds: yes, neutral, no, and refuse. Besides, it is also used to solve practical
dilemmas as image processing, medical diagnosing and so on.

Coung studied a lot of operation as distance measure of PFSs, convex combination of PFSs, interval-valued PFSs,
PF relations, picture fuzzy soft set (PFSS), and also he applied PFSs to a simple decision making problems [4]. By
investigating PFS, researchers defined a new parameter which is the neutral function. It solves the complex problems in
a better way. Using PFSs is vital to modeling a number of real-life decision-making problems alligning with similarity
measure and distance measures. Many researchers have been studied the problems by using the PFSs environment,
such as Li et al. [7], Kumar et al. [6], Luo and Li [10], Singh and Ganie [19], Verma et al [24].

Oztiirk et al presented fuzzy proximal relator spaces [12], L-fuzzy proximity [21] and complex fuzzy proximity [22].
Afterward, Tekin defined spherical and Pythagorean fuzzy proximity relations by using fuzzy relations via relator
spaces [23]. Besides, Oztiirk carried fuzzy proximities to intuitionistic fuzzy environments [13].

The picture fuzzy proximity relations are an effective tool to determine proximity of different groups that have
similar or different. In the existing fuzzy proximity relations, it is composed of just a membership function [12,21,22].
However, we defined a picture fuzzy proximity relation which combines a membership function, a neutral membership
function and a non-membership function. When we compare proposed and existing fuzzy proximity relation, it shows
that the picture fuzzy proximity relation is an important tool to evaluate the degree of proximity between different
objects by three sides which are membership function, a neutral membership function and a non-membership function.

When we would like to make more understandable our paper with an example, PFPR could be used for classification
some objects like computers. They possess similar or different properties like ram capacity, memory, operating systems
and so on. We can choose 3 groups of computers like 3 sets, but they must have intersection. Thus, we can find out
the proximity of them by determining a membership function, a neutral membership function and a non-membership
function.

Furthermore, we investigate a picture fuzzy spatial proximity relation and a picture fuzzy spatial Lodato proximity
relation based on the proposed picture fuzzy proximity relation. We use picture fuzzy proximity relation to figure out
practical problems that have different objects spatially far but descriptively near to each other. It is essential to find the
proximity and difference between objects. The picture fuzzy proximity relations are useful tools to find out the level
of connection and difference between three or more sets. Thus, our main aim in this paper is to create a theoretical
infrastructure for subsequent studies.

2. PRELIMINARIES

In this section, it will be given briefly the basic definition, operation of picture fuzzy set and proximal relator spaces.

Definition 2.1. In the following section, some information is generally reproduced verbatim from [23] because the
same information is used in the both of articles.

Let U be a nonempty set. A basic proximity ¢ is a relation on the power set of a nonempty set U, the collection of
all subsets of U, which satisfies the following axioms for all subsets M,N,Q of U:

(B)MSN—>M+o,N+ @

(B1) M 6 N implies N 6 M.

(B) MN'N # @ implies M 6 N.

(B3)(MUN) Q<<= Md6QorN6 Q.

Further, d is called Lodato proximity if it satisfies (By)-(B3) and the following axioms:

(B4) (M6Nand n6Q for eachn € N) - Mé6Q.

Furthermore, ¢ is called separated proximity if it satisfies (By)-(Bs) and the following axioms:

(Bs) ném — n = m.

If ¢ is a basic proximity and holds the condition (Bg) below, then it is known as an Efremovi¢ proximity on U.

(Bg) If, forany M,\N c U, M p N, there exists Q,P c U, QUP =Usuchthat M g Nand N p P.

The pair (U, 9) is called a basic (Lodato, Efremovi¢) proximity space. When we write M 6N, we read M is near to
N, while when we write M 6 N, we read M is far from N.
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2.1. Spatially Near. [15] Let U be a nonempty set of points and # (U) be the power set of U. The closure of a subset
M € P (U) defined by cIM = u € U : udSM. The closure of a subset M is the set of all points u in U that are near M.

Let ¢ be a spatial nearness (proximity) relation on a nonempty U. MON means M is spatially near N, if M NN # @,
in the other words, the intersection of M and N is not empty (c/M and cIN have at least on point in common). The
spatial proximity (nearness) relation ¢ is defined as for M, N € P (U).

O0={(M,N) e P(U)xP ) :cIMNcIN + 2}.

2.2. Descriptively Near. [15] Let U be a nonempty set endowed with a descriptive proximity relation d¢, x € U and
M,N € P(U). Also, ® = {1, ¢, , ¢} is a set of probe functions such that ¢; : U — R represent features of each x,
where ¢;(x) equals a feature value of x. Let ®(x) denote a feature vector for the object x, i.e, a vector of feature values
that describe x, where

O(x) = {¢1(x), $2(x), -+, ()} .
A feature vector gives a description of an object. Q(M) and Q (N) indicate sets of descriptions of points in M, N,
respectively.

QM) ={D(a) :a e M}.
M is descriptively near N (denoted by M d¢N). The descriptive proximity of M and N is defined by
MéogN © QM)NQ(N) + @.

Similarly, M p¢N reads M is descriptively far from N. The descriptive remoteness of M and N given by

M poN © QM)NQN) = @.
The pair (U, d¢) is called a descriptive proximity space [2].

Definition 2.2 ( [15]). Let U be a nonempty set. A descriptive EF-proximity d¢ is defined on P(U) which satisfies the
following axioms for all subsets M, N, P of P (U):

(Do) M 8¢ N implies M # @, N # @

(D) M 69 N implies N 6p M (descriptive symmetry).

(D) MN N # @ implies M 6¢ N.

(D3) (MUN) 69 P = M 6¢ Por N ¢ P.

(Dy) If, for any M,N c U, M /fo¢ N, there exists P,Q ¢ U,PU Q = U suchthat M /5 Pand N /fo¢p Q. The
structure (U, d¢) is celled a descriptive EF-proximity space.

Definition 2.3 ( [12]). Let (U, R) be a proximal relator space,

" PU)X PU) —[0,1]
(M,N) +— 7 (M, N)

be a fuzzy relation and M, N C U; then
R={(M,N), 7 (M,N))|(M,N) e P(U)xPU)}

is defined as a fuzzy proximity relation M, N, P €  (U), if it holds the following conditions:
D re (M, @) =0.
2) TR (M,N) = TR (N, M)
3) 7@ (M,N) # 0 implies M R N.
HtegM,(NUP) #0=>1(M,N)#0and M RN or tg (M,P) # O and M R P.

Definition 2.4 ( [3]). Let U be nonempty set, a Picture fuzzy set (PFS) is presented as:

M = {(u, fu@), gy (), hu(w),) | Yu € U}.
fu : U — [0, 1] represents the grade of membership, iy, : U — [0, 1] represents the grade of uncertainty, and gy, :
U — [0, 1] represents the grade of non-membership of the element u € U to the set M, if 0 < f;(u)+gpr(u) +hp () < 1
and 1 — (fy(u) + gu(we) + hy(w)) is called refusal grade of u in M.
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3. Picture Fuzzy PROXIMAL RELATOR SPACES

Definition 3.1. Let (U, R) be a proximal relator space, £ (U) be power set of U. A picture fuzzy proximity relation on
P (U) is given a set below.

RP = {((M’ N) ’fR(M’ N)’g'R(M’N)’ h‘R(M’N)) | (M’ N) € P(U) X P(l])}

If it satisfies the following axioms for all M, N, Q € P (U):

PF1)IfM =@ or N = @, then fr(M,N) = gr(M,N) = hg(M,N) = 0.

PF2) fr(M,N) = fr(N, M) and gg(M,N) = gr(N, M) and hg(M, N) = hg(N, M).

PF3) frR(M,N) # 0 or hg(M, N) # 0 or hg(M, N) # 0 implies MRpN.

PF4) fa(M,N U Q) # 0 and gr(M,N U Q) # 0 and hg(M,N U Q) # 0 imply fr(M,N) # 0, gr(M,N) # 0 and
hgr(M,N) # 0; MRpN or fr(M, Q) # 0, gr(M, Q) # 0 and hg(M, Q) #+ 0; MRpQ,
where the values of fr(M, N), gr(M, N) and hgr(M, N) are form [0, 1] and O < fr(M, N) + gr(M, N) + hg(M,N) < 1 for
all (M,N) e P (U).

Furthermore, the set of all picture fuzzy proximity relations on P (U) x P (U) is represented by PFR(? (U)). The
triplet (fg, gr, hg) is known as picture fuzzy proximity number (PFPN). In this case, for all (M, N) € P (U) x P (U),
fr(M, N) symbolizes picture fuzzy proximity membership degree, gr(M, N) symbolizes picture fuzzy proximity absti-
nence degree, and hg(M, N) symbolizes picture fuzzy proximity non-membership degree. It is also presented with the
t X t relational matrix:

Ny N,
M, (fr (M1,N1), gr (M1,N1),hg (M1,N1)) -+ (fr (M1,Ny), gr (M1, Ny) , hg (M1, N;)

"= ; z
M, (fr (M, N1), gr (M;, N1) , hg (M;, N1)) (fr (M, Ny), gR (M;, Ny) , hg (M;, Ny))

Moreover, fgr(M,N) + gr(M,N) + hg(M, N) is called picture fuzzy proximity measure. PFP measure gives us the level
of two sets how proximal(near) each other for different properties. Then, we give the definition of the complementary
relation of Rp as

R = {(M,N) , hg(M, N), gr(M, N), fr(M,N)) | (M,N) € P (U) x P (U)}.
Besides, Rp(M,N) =1 — (frR(M,N) + gr(M, N) + hg(M, N)) is called picture fuzzy proximity far measure.

Example 3.2. LetU = {m,n,o,p, ros, L, W’y’Z}' AlSO, M= {m’n’pa r, S»q}’ N = {0,nap’ r, S,W}, P= {0,”;[79 v, S’q}
and Q = {m,n, p,r, s,y} are subsets of U.

fr: PU)YxPU) —[0,1]

(M, N) — fr (M, N) = e,

gr: PU)XPWU) —[0,1]

(M, N) +— gg (M, N) = fadl

and
hg: PU)xPWU) — [0,1]

(M, N) — hg (M,N) = .

(U, 6) forms a basic proximity space with §. Since all sets satisfy the basic proximity conditions such that M § N :&
M N N # 2. Similarly, other sets can be seen. Then, we find fr, gr, hig Which are shown below.
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fR(MM)—l%m:% =1 =05
fr(M,N) = ool =& =0333
fr(M,P) = 0l = 5 = 0416
fr(M,Q) = 88 =5 =0416
fr(N,M) = il = & =0333
feW.N) =y =y =3 =05
fr (N, P) = ‘mj;" =2 =0416
fR(N,Q) = i8 =5 =0416
fr(P,M) = |'11;|2|M'\ =3 =0416
JR(PN) = ol =5 =0416
fr(PP) =0l =3 =1 =05
fr(P,Q) = 8 =35 =0.333
fr(Q,M) = &l =5 =0416
fR(Q,N) = S5 =3 =0416
fr(Q,P)= &80 =& =0416
R(Q,Q) =52 =% =1 =05,
gr(M, M) =100 — 8 -9 =0
gx (M, N) = % 2 =0333
gr(M,P) =" =1 =0.166
gr(M,Q) =20 =1 =0.166
gr(N, M) =l =2 =0.333
gr(N,N) =l == =9 =0
gR(NP)—Z\Tllv L =0.166
gr(N,0) =91 =2 =0333
gr(P,M) =230 =1 =0.166
gr(P,B) = % =1 =0.166
gr(PP)=15 =F=2 =0
gr(PO) =" =2 =0333
gr(Q, M) =52 =1 =0.166
g (O,N) = % =2 =0333
gr(Q,P) =1 =2 =0333
gr(QQ =64 —B-0 -0
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and

hg (M, M) = ||11ll/I/IL\JAA//[I|\ = % = % =0
hg (M,N) = it =% =025
hg (M, P) = BROL =1 =142
hg (M, Q) = Wg% I =0.142
hg (N, M) = [b =3 =025
B = AT = K= =0
hg (N, P) = l'jvvﬂl I =0142
hg (N, Q) = {8 =2 =025
hg (P,M) = {550 =4 =0.142
hg (P,N) = 0% =4 =0.142
hg (P,Q) = 1559 =2 =025
hg (Q, M) = {840 =4 =0.142
hg(Q,N) = &8 =2 =025
hg(Q,P)= &0 =% =025

he(Q.0) =159 =5 =2 =0,

where they satisfy the condition O < fr(M, N) + gr(M, N) + hg(M,N) < 1.

SRM, M) + gr(M, M) + hg(M, M) =

05+0+0=05<1,

JrR(M,N) + gr(M,N) + hg(M,N) = 0.333 + 0.333 + 0.25 = 0916 < 1,

Jr(M, P) + gr(M, P) + hg(M, P) =
JrRM, Q) + gr(M, Q) + hg(M, Q) =

0.416 +0.166 + 0.142 = 0.726 < 1,
0.416 +0.166 + 0.142 = 0.726 < 1,

fr(N, M) + gg(N, M) + hg(N, M) = 0.333 + 0.333 + 0.25 = 0.916 < 1,

JRN,N) + gr(N,N) + hg(N,N) =

05+0+0=05<1,

JR(N, P) + gr(N, P) + hg(N, P) = 0.416 + 0.166 + 0.142 = 0.726 < 1,
JrR(N, Q) + gr(N, Q) + hg(N, Q) =0.416 + 0333 +0.25=1<1,

JR(P,M) + gr(P, M) + hg(P, M) =

JR(P,N) + gr(P,N) + h(P,N) =

0.416 +0.166 + 0.142 = 0.726 < 1,
0.416 +0.166 + 0.142 = 0.726 < 1,

Jr(P,P) + gr(P,P)+ hg(P,P)=05+0+0=05<1,

Jr(P, Q) + gr(P, Q) + hr(P, Q) =

JR(Q, M) + gr(Q, M) + hg(Q, M) =

0.333 +0.333+0.25=0916 < 1,
0.416 + 0.166 + 0.142 = 0.726 < 1,

fR(O,N) + gr(O, N) + hg(Q,N) = 0.416 + 0333 + 025 = 1 < I,

Jr(Q, P) + gr(Q, P) + hg(Q, P) =
Jr(Q, Q) + gr(Q, Q) + hr(Q, Q) =

From here, Ryp satisfies the axioms (PF1) — (PF4). Thus, we say Ry is a picture fuzzy proximity relation. It is shown

that

0.333 +0.333+0.25=0916< 1,
054+0+0=05<1.

M is (0.333,0.333,0.25) picture fuzzy proximal to N (M R0333,0.333.025N),

M is (0.416,0.166,0.142) picture fl.lZZy proximal to P (M R(O.416,0.166,0.142)P)’
M is (0416, 0166, 0. 142) picture fllZZy proximal to Q (M R(0.416,O.166,0.142) Q),
N is (0416, 0166, 0142) picture fllZZy proximal to P (N R(0'416’0.1()6’0'|42)P),

N 1is(0.416,0.333,0.25) picture fuzzy proximal to Q (N R.416,0.333.0250)
P is(0.333,0.333,0.25) picture fuzzy proximal to Q (P R0.333,0333.0.25)Q)-

Picture fuzzy far measures are
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M is 0.084 picture fuzzy farto N (M R os4 N),
M is 0.274 picture fuzzy farto P (M [Ro274 P),
M is 0.274 picture fuzzy far to Q (M Roy274 Q),
N is 0.274 picture fuzzy farto P (N Ro274 P),
N is 0 picture fuzzy far to Q (N Ry Q),

P is 0.084 picture fuzzy farto Q (P Roos4 Q).

The relational matrix is given below:

M N P 0
M (0.5,0,0) (0.333,0.333,0.25)  (0.416,0.166,0.142)  (0.416,0.166,0.142)

g~ N | (0333,0333,025) (0.5,0,0) (0.416,0.166,0.142)  (0.416,0.333,0.25)

= P | (0.416,0.166,0.142) (0.416,0.166,0.142) (0.5,0,0) (0.333,0.333,0.25)
0 | (0.416,0.166,0.142)  (0.416,0.333,0.25)  (0.333,0.333,0.25) (0.5,0,0)

Definition 3.3. Let U # @ and Ry be a picture fuzzy proximity relation on # (U). In this case, (U, Rp) is called a
picture fuzzy proximal space.

Definition 3.4. Suppose that (U, R) be a proximal relator space. If Ry is a picture fuzzy proximity relation on P (U),
(U, R, Rp) is called a picture fuzzy proximal relator space.

When we take in consideration Example 3.2, (U, Rp) is a picture fuzzy proximal space. Because of the fact that
(U, 6) is a proximal relator space with basic proximity, and so (U, d, p) is a picture fuzzy proximal relator space.

Definition 3.5. Suppose that (U, 6) be a proximity space and dp be a picture fuzzy proximity relation. If dp satisfies
the following conditions (PFd1)-(PFd4), it is known to be a picture fuzzy spatial proximity relation.

PFS1) fs(M,2) =0 or hs(M,2) = 0; gs(M, @) = 0.

PFS?2) fs(M,N) = fs(N,M) and gs(M,N) = gs(N, M) and hs(M,N) = hs(N, M).

PFS3) fs(M,N) # 0 or gs(M, N) # 0 or hs(M,N) # 0 imply MopN.

PFS4) fs(M,NUP) # 0 and gs(M,N U P) # 0 and hs(M,N U P) # 0 imply f;(M,N) # 0, gs(M,N) # 0 and
hs(M,N) # 0; MépN or f5(M, P) # 0, gs(M, P) # 0 and hs(M, P) # 0; MépP.

Furthermore, (U, 6, 6p) is called picture fuzzy spatial proximity space.

Definition 3.6. Suppose that (U, d) be a proximity space and dp be a picture fuzzy proximity relation. If dp satisfies
the conditions (PFS 1)-(PFS4) and the following axiom (PFS5), it is known to be as a picture fuzzy spatial Lodato
proximity relation. Furthermore, (U, d, p) is known to be as a picture fuzzy spatial Lodato proximity space.

PFS5S) fs(M,N) # 0 and f5(n,P) # 0; gs (M,N) # 0 and g5 (n, P) # 0; hs (M, N) # 0 and hs (n, P) # O for all for
all n € N implies f5 (M, P) # 0, gs (M, P) # 0, hs (M, P) # 0 and MopP.

Definition 3.7. Assume that (U, 6¢) be a descriptive proximity space and dgp be a picture fuzzy proximity relation.
(U, 69, 0pp) is known to be picture fuzzy descriptive Lodato proximity space, if dpp holds the following conditions:

PFD1) f5,(M,2) =0 or hs,(M, ) = 0; g5,(M, @) = 0.

PFD2) f5,(M,N) = f5,(N, M) and gs,(M,N) = gs,(N, M) and hs,(M, N) = hs,(N, M).

PFD3) fs5,(M,N) # 0 or g5,(M,N) # 0 or hs,(M,N) # 0 imply MéopN.

PFDA4) f5,(M,N U P) # 0 and g5,(M,N U P) # 0 and hs, (M, N U P) # 0 imply f5,(M,N) # 0, gs,(M,N) # 0 and
hgm(M, N) * 0; M(Sq:.pN or flSq)(M’ P) * O, ggm(M, Q) # 0 and I’lgd)(M, P) * O; Mé(ppp.

PFD5S) fs5, (M,N) # 0 and f;, (n, P) # 0; gs, (M,N) # 0 and g5, (n, P) # 0; hs, (M,N) # 0 and hs, (n, P) # O for
all n € N implies f5, (M, P) # 0, gs, (M, P) # 0, hs, (M, P) # 0 and MdoppP.

Definition 3.8. For a picture fuzzy proximity relation Rp on P(U) x P(U), it is given that 7{;,1 on P(U) is inverse
relation of Rp and defined as

Ry = (N, M), fr(N, M), gr(N, M), hg(N, M)) | (M, N) € P (U) X P (U)}.

7{;,1 is the transpose of picture fuzzy relational matrix, that is, fg-1(N, M) = fr(M, N), gg-1(N, M) = gr(M, N) and

g (N, M) = hg(M, N).

Theorem 3.9. Let Rp be a picture fuzzy proximity relation. Then, R;l is also a picture fuzzy proximity relation.
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Proof. The proof is clear from the definition of R;)l. O

Example 3.10. By using Example 3.2, we can easily find R;,l

(0.5,0,0) (0.333,0.333,0.25)  (0.416,0.166,0.142) (0.416,0.166,0.142)

S| (0.333,0.333,0.25) (0.5,0,0) (0.416,0.166,0.142)  (0.416,0.333,0.25)

R =1 (0416,0.166,0.142) (0.416,0.166,0.142) (0.5,0,0) (0.333,0.333,0.25)
(0.416,0.166,0.142)  (0.416,0.333,0.25)  (0.333,0.333,0.25) (0.5,0,0)

Hence, R;)l satisfies the axioms (PFR1) — (PFR4) and so 73,;1 is a picture fuzzy proximity relation. Also, for
R = {6}, (X, o, 6731) is a picture fuzzy proximal relator space.

Theorem 3.11. Let Rp,, Rp, and Rp be picture fuzzy proximity relations. The following properties hold:
1) Rp, < Rp, implies R;} < R;i.

—1 -1
2) (R5!) = Re.
3) (Rp, A Rp,) " = Ryl AR
4) (Rp, vV Rp,)™' = Ryl v R
Proof. Let Rp,, Rp, and Rp be picture fuzzy proximity relations.
1) If Rp, < Rp,, then
fR;ll (N, M) = fry,, (M,N) < fg, (M,N) = fqz;lz (N, M)
for all (M,N) € P(U) x P (V). Similarly,
g‘R;,l1 (NvM) = g'Rgol (M9N) S ngz (M’N) = g‘R;lz (Ns M)
and
hR;] (N, M) = hg, (M,N) = hg,, (N,M) = h&; (N, M).
Hence, we have that R;: < R;,i.
2)
f(R;l)‘l (M’ N) = fR;)' (N’ M) = qu» (M’ N)
for all (M,N) € P(U) X P (U). In a similar way,

8(r:y (Mo N) = g1 (N, M) = gr,, (M, N)

h(R;I)q (M,N) = I’l(R;)l (N,M) = hg, (M,N).

3)
Swpn, ) MM = S(p, ) Mo N) = frp, (M, N) A fg, (M,N)
= fip 1 (NS M) A fry, A (NS M) = fis s (N, M.
Likewise,
g(Rl,,Asz)"(N’ M) = 8(Rp, ARp, ) (M, N) = 8Rp, (M, N) A gg,,, (M, N)
= 8rp, (N, M) A g, 1(N, M) = 8R;)! /\'R;,lz(Na M).
The proof for

h(R”I Asz)fl(N, M) = hRPfl/\'RP[](N’ M)

is done in a similar way.
4) It can be made similar to the proof of (3).
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Definition 3.12. Let Rp,, Rp, € PFR(P (U)). Then,

1) Rp, < Rp, provided that fr, (M,N) < fg, (M,N), gr, (M,N) < g, (M, N) and hg, (M, N) > hg, (M, N).

2) Rp, A Rp, = {((M,N), fr, (M,N) A fr, (M,N), gg, (M,N) A gg, (M,N), hg, (M,N) V hg, (M,N)) | (M,N) €
PU)xPU)}.

3) Rp, V Rp, = {(M,N), fr, (M,N) V fg, (M,N), gg, (M,N) A gg, (M,N), hg, (M,N) A hg, (M,N)) | (M,N) €
PU)x P U)}.
Theorem 3.13. Let Rp, Rp, and Ry, be picture fuzzy proximity relations. The following properties hold:

1) Rp A (Rpl \% R{pz) = (ﬂp A Ry)]) \ (Rgo A sz).

2) Ry V (Rpl A sz) = (R¢> \% Rp]) A (Rp \% sz).

3) Rp, A Rp, < Rep,.

4) Rpl A sz < sz.

5) Rp, < Rp and Rp, < Rp implies that Rp, V Rp, < Re.

6) Rp < Rp, and Rp < Rp, implies that Rp < Rp, A Rp,.
Proof. Let Rp, Rp, and Rp, be picture fuzzy proximity relations.

1)We use that the operators A and V satisfy the distributive law when they are applied to elements of [0, 1].

Fron(Ro vRp) Mo N) =i (M, N) A { fiy, (M, N)V fiz,, (M, N}
={fip (M. N) A fiy, (M N}V {ficy (M N) A firy, (M. N
=fRprRp, (M, N) V fRorgp, (M, N)
=f(7<7m7a,>l )v(RpAvapz)(Mv N).
Similarly,
R (Rp, vr, ) M N) =8, (M, N) A, (M, N) V gy, (M, N))
={gro (M, N) A ggy, (M, N)} V {gr, (M, N) A gg,, (M, N)}
=8RpnRp, (M, N) V gRorRp, (M, N)
Z8(Rp AR, )V(Rq»/\sz)(M’ N).
The proof is similar to the previous one, in case of
th/\(Rpl v'sz)(M’ N) = h(&,/\(/e,:,)v(kp/\vzpz)(M’ N).
The rest of results can be proved in a similar way to the previous one. O

Definition 3.14. Let Rp, € PFR(P (U) X P(V)) and Rp, € PFR(P (V) X P(W)) be two picture fuzzy proximity
relations such that

Rp, = {(M,N), fr,(M,N), gr,(M,N), hg,(M,N)) | (M,N) € P(U) x P (V)}
and
Rp, = {((N, P), fr,(N, P), gr,(N, P), hg,(N, P)) | (N, P) € P (V) x P (W)}.

Max-min composed relation is defined as Rp, o Rp,
={((M, P), fr,or, (M, P), gg,0%,(M, P), hg,or,(M, P)) | (M, P) € P (U) X P (W)} where

Jrior, (M, P) =\A{ {(fr, (M, N) A f,(N, P))}
&R, o, (M, P) :{v\ {(gr, (M, N) A gg,(N, P))}
hRN’Rz(M’ P) :{V\ {(h’Rl (M’ N) \ I’le(M, P))}

Example 3.15. Let Rp be an picture fuzzy proximity relation given as Example 3.2. The max—min composition of Rep.

(0.5,0,0) (0.416,0,0.142) (0.416,0,0.142) (0.416,0,0.142)
(0.416,0,0.142) (0.5,0,0) (0.416,0,0.142)  (0.416,0,0.25)
(0.416,0,0.142) (0.416,0,0.142) (0.5,0,0) (0.416,0,0.142)
(0.416,0,0.142)  (0.416,0,0.25) (0.416,0,0.142) (0.5,0,0)

R =
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Ré) satisfies the axioms (PF1) — (PF4), and so Ré is a picture fuzzy proximity relation by Definition 3.1. Therefore,
(U, R, Ré) is a picture fuzzy proximity relator space.

Theorem 3.16. Let PFR(P (U)) be the family of all picture fuzzy proximity relations. The (max—min, min—max)
composition of picture fuzzy proximity relation on P (U) is associative.

Rp, © (Rp, o Rp,) = (Rp, © Rp,) o Rp,.
Proof. Let

Rp, = {((M,N), fr,(M,N), gg,(M, N), hg,(M,N)) | M,N € P (U)}
and

Rp, o Rp, = {((N, Q), max{min{fg,(N, P), fz,(P, 0)}}, min{min
{gw, (N, P), g»,(N, P)}}, min{max{hg,(N, P), hg,(P, O} | N, P, Q € P (U)}.

From here, we find the composition

Rp, © (Rp, o Rp,) = {((M, N), fir, (M, N), gg, (M, N), hg,(M,N)) | M,N € P (U)}
o ({(N, @), max{min{ fx,(N, P), fx, (P, Q)}}, min{min{g, (N, P), gz,(N, P)}},
min{max{hg, (N, P), hg,(P, O)}}) | N, P, Q € P (U)})
= {((M, Q), max{min{ fx, (M, N), max{min{fg, (N, P), fx,(P, Q)}}}}, min{min{gg, (M, N), min{max{g,(N, P), gz, (P O)}}}}
min{max{hg, (M, N), min{max{hg, (N, P), hg,(P, O)}}}})) | M,N, P, Q € P(U)}

and likewise, we obtain

(Rp, © Rp,) o Rp, = ({((M, P), max{min{fg, (M, N), fg,(N, P)}}, min{min{gg, (M, N), gz, (N, P)}},
min{max{hg, (M, N), hg,(N, P)}}}) | M, N, P € P (U)}) o {((P, Q) , fr,(P, Q), g»,(P, Q), h;(P, Q) | P, Q € P (U)}
= {((M, Q), max{min{max{min{fg, (M, N), f,(N, P)}}, fz,(P, O)}}, min{min{min{min{gg, (M, N), g», (N, P)}}, g=, (P, O)}},
min{max{min{max{hg, (M, N), hg,(N, P)}}, hg,(P, O)}}) | M,N, P, Q € P (U)}.

By using the feature of the operator max and min, we reach Rp, o (Rp, o Rp,) = (Rp, o Rp,) o Rp,. |

4. CONCLUSION

The picture fuzzy set is a recently developed tool to deal with uncertainty which is a direct extension of intuitionistic
fuzzy set. To study a new concept of picture fuzzy sets by using proximal relator spaces, it is defined some axioms that
have to be fulfilled by fuzzy proximity relations. After investigating some results concerning picture fuzzy proximity
relations, our study has focused on the relationship between Lodato proximity and picture fuzzy proximity. Therefore,
our main aim is to create a theoretical infrastructure for subsequent studies and to pioneer subsequent applied studies.
We are expecting that these structures will guide developing other extensions of fuzzy set. By utilizing these fuzzy sets
effectively for some applications, it will be give great advantages.
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