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Abstract − This study introduces the structure of |Sσ
R|-σ-semiprime ring, |Sσ

R|-σ-prime ring,
and source of σ-primeness, which have not been previously explored, and presents new results.
We define a subset

PRσ =
⋂

a∈R

Sa
Rσ

of ring R as Sa
Rσ

= {b ∈ R | aRσ(b) = aRb = (0)}, where σ is an involution is referred to as
the source of σ-primeness of R. Additionally, we have established some relationships between
the prime radical β(R) and Sσ

R.

Subject Classification (2020): 16N60, 16W10

1. Introduction

In [1], McCoy extensively studied the condition under which a ring R is isomorphic to a subdirect
sum of prime rings, specifically when the prime radical β(R) of R is trivial, i.e., β(R) = (0). Recently,
there have been numerous studies focused on prime rings and prime radicals. Since every prime ring
is a semiprime, semiprime rings play a crucial role in more general results. Building on research
in this field over the past few decades, several authors have explored commutativity theorems for
prime and semiprime rings [2–9]. Posner [10] introduced a result stating that if a prime ring has a
nontrivial derivation that centralizes the entire ring, then the ring must be commutative. In [11], the
same conclusion was established for a prime ring with a nontrivial centralizing automorphism. Other
researchers have generalized these results by considering mappings that centralize on specific ideals of
the ring.

Inspired by these developments, [12] introduced the concept of the source of semiprimeness for a
nonempty subset A of ring R, denoted SR(A) = {a ∈ R|aAa = (0)}. SR refers to SR(R). This study
builds upon these findings by generalizing some of the results in the literature, utilizing the involution
σ and the concept of the source of semiprimeness and primeness in rings. In the sequel, defined and
some results given in [12] and [13] are generalized for Sσ

R-σ-prime and Sσ
R-σ-semiprime ring. Lastly,

the source of σ-primeness is defined, and some of their results are studied.
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2. Preliminaries

An additive mapping x → σ(x) on a ring R is said to be an involution if σ(xy) = σ(y)σ(x) and
σ(σ(x)) = x hold for all x, y ∈ R [2]. The term ring with involution or σ-ring refers to a ring equipped
with an involution. A ring R with an involution is called σ-prime if xRy = xRσ(y) = 0 implies that
x = 0 or y = 0 for x, y ∈ R. The ring R is said to be σ-semiprime if xRx = xRσ(x) = 0 implies that
x = 0 for x ∈ R. Generally, we know every prime ring with an involution is σ-prime, but the converse
need not hold. In [14], Oukhtite and Salhi demonstrate that σ(x, y) = (y, x) is involution on ring
R × R and R × R is σ-prime, but not prime. Their foundational work has become a key to studying
σ-prime rings which form an overarching class of prime rings. Let I be an ideal of ring R. If σ(I) ⊆ I,
then I is said to be a σ-ideal of R [15]. In [16], the further example analyzes that an ideal I of R may
not be a σ-ideal. Let R = Z × Z and σ : R → R defined by σ(a, b) = (b, a) for all a, b ∈ R. For an
ideal I = Z × {0} of R, I is not a σ-ideal of R since σ(I) = {0} × Z. Let R be a ring and I be an ideal
of R. The prime radical of the ideal I is

√
I = {r ∈ R : For every m − system M containing r, M ∩ I ̸= ∅}

The prime radical of the ring R is also defined as
√

(0) = β(R) [1]. A ring R is called a |SR|-prime ring
if aRb ⊆ SR implies that a ∈ SR or b ∈ SR, and R is called a |SR|-semiprime ring if aRa ⊆ SR implies
that a ∈ SR [12]. Additionally in [17], the authors defined the set LR(A) = {a ∈ R | aRa ⊆ A} where
A is a nonempty subset of ring R and it is observed that LR(0) = SR. In [13], the source of primeness
of the nonempty subset A in ring R is defined as follows:

PR(A) =
⋂

a∈R

Sa
R(A)

where
Sa

R(A) = {b ∈ R | aAb = (0)}.

Theorem 2.1. [1] If S is an ideal in the ring R, then the prime radical of the ring S is β(R) ∩ S.

Theorem 2.2. [1] If β(R) is a prime radical of the ring R, then β(Rn) = (β(R))n.

Theorem 2.3. [1] If β(R) is a prime radical of the ring R, then β(R) is a semiprime ideal which is
contained in every semiprime ideal in R.

Proposition 2.4. [18] Let R be a ring, σ : R → R be an involution, and Tn(R) be a ring of all n × n

diagonal matrices over R. Then,

γ : Tn(R) → Tn(R), [γ(A)]ij =
{

σ(aij), i = j

0, i ̸= j

is an involution on Tn(R). Thus,

i. Sγ
Tn(R) ⊂ Tn(Sσ

R)

ii. If Sσ
R is a principal ideal of R, then Sγ

Tn(R) = Tn(Sσ
R).

3. Results

The next part of the work will present the results that generalize the consequences about |SR|-prime
ring, |SR|-semiprime ring and, source of σ-semiprimeness of R. Unless otherwise stated, σ will represent
an involution on the ring R. Begin with the following definition:
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Definition 3.1. Let σ be an involution on a ring R.

i. R is said to be a |Sσ
R|-σ-prime ring provided for a, b ∈ R, aRb ⊆ Sσ

R and aRσ(b) ⊆ Sσ
R implies a ∈ Sσ

R

or b ∈ Sσ
R.

ii. R is called a |Sσ
R|-σ-semiprime ring if for a ∈ R, aRa ⊆ Sσ

R and aRσ(a) ⊆ Sσ
R, then a ∈ Sσ

R.

Following is an immediate result of the above definition:

Remark 3.2. If Sσ
R is a σ-prime ideal of ring R (resp. σ-semiprime ideal), then R is a |Sσ

R|-σ-prime
ring (resp. |Sσ

R|-σ-semiprime ring).

Note that using the definition of σ-prime ring and σ-semiprime ring yields the following basic result:

Remark 3.3. Let R be a ring. Then,

i. If R is a σ-prime ring, then Sσ
R = {0}.

ii. R is a σ-semiprime ring iff Sσ
R = {0}.

Besides every σ-prime (σ-semiprime) ring is a prime (semiprime) ring. But the opposite is not always
true, as seen in the following examples:

Example 3.4. Let R = M2(Z4) and take the involution σ : M2(Z4) → M2(Z4), σ(A) = At. Since
SZ4 = {0, 2} = (2), S2

Z4
= {0}. Moreover, SR = SM2(Z4) = M2(SZ4) and Sσ

R = SR. However, R is not
σ-prime or σ-semiprime because of(

2 0
0 0

)(
x y

z t

)(
2 0
0 0

)
=
(

0 0
0 0

)

Thus, R = M2(Z4) is a
∣∣∣SM2(Z4)

∣∣∣-semiprime ring. Furthermore, if ARA ⊆ Sσ
R and ARσ(A) ⊆ Sσ

R, for
A ∈ R, then A ∈ SR = Sσ

R. Therefore, R is a |Sσ
R|-σ-semiprime ring.

Example 3.5. Let R =
{(

a b

0 c

)∣∣∣∣∣ a, b, c ∈ Z
}

and the involution σ is defined as

σ

(
a b

0 c

)
=
(

c −b

0 a

)
Thus,

Sσ
R = SR =

{(
0 b

0 0

)∣∣∣∣∣ b ∈ Z
}

In this case, R is not a σ-prime or a σ-semiprime but R is a |Sσ
R|-σ-semiprime ring.

The following present the results that generalize the results about the adapted of the set LR(A). Let R

be a ring, A be a nonempty subset of R, and σ be an involution of R. Let the set {a ∈ R | aRa ⊆ A

and aRσ(a) ⊆ A } be denoted as Lσ
R(A).

Theorem 3.6. Let A and B be nonempty subsets of R. Then,

i. If A ⊆ B, then Lσ
R(A) ⊆ Lσ

R(B).

ii. Lσ
R({0}) = Sσ

R.

Proof. i. Suppose that a ∈ Lσ
R(A). Hence, aRa ⊆ A ⊆ B and aRσ(a) ⊆ A ⊆ B. Thus, a ∈ Lσ

R(B).
Consequently, Lσ

R(A) ⊆ Lσ
R(B).

ii. The definition of Sσ
R yields that Lσ

R({0}) = {a ∈ R | aRa = aRσ(a) = {0}} = Sσ
R.
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Remark 3.7. Let A be a nonempty subset of R. Then, Lσ
R(A) ⊆ LR(A).

Note that the unity map is an involution of the commutative ring R. Thence, Lσ
R(A) = LR(A).

Consequently, Lσ
R(A) is may not be additive [12].

Proposition 3.8. Let I be a semigroup right ideal (semigroup ideal) of multiplicative semigroup R.

Then, the following conditions hold:

i. I ⊆ Lσ
R(I).

ii. Lσ
R(I) is a semigroup right ideal (semigroup ideal) of R.

iii. If I is a left or right ideal, then Sσ
R ⊆ Lσ

R(I).

Proof. i. Assume that a ∈ I. Since I is a semigroup right ideal, aRa ⊆ Ia ⊆ I and aRσ(a) ⊆
Iσ(a) ⊆ I. Therefore, a ∈ Lσ

R(I). As a result, I ⊆ Lσ
R(I).

ii. Let a ∈ Lσ
R(I). Hence, arRar ⊆ (aRa)r ⊆ Ir ⊆ I and arRσ(ar) ⊆ aRσ(r)σ(a) ⊆ aRσ(a) ⊆ I

yields that ar ∈ Lσ
R(I), for r ∈ R. Thus, Lσ

R(I) is a semigroup right ideal.

iii. Suppose a ∈ Sσ
R. Then, aRa = (0) ⊆ I and aRσ(a) = (0) ⊆ I yields that a ∈ Lσ

R(I). Hence,
Sσ

R ⊆ Lσ
R(I).

Remark 3.9. Let I be a σ-ideal of R. Then, γ : R/I → R/I defined by γ(a + I) = σ(a) + I is an
involution on residue class ring R/I.

Proof. γ((a + I) + (b + I)) = (σ(a) + I) + (σ(b) + I) = γ(a + I) + γ(b + I), for a + I, b + I ∈ R/I.
Therefore, γ is an additive mapping. Moreover, from the equations

γ((a + I)(b + I)) = (σ(b) + I)(σ(a) + I) = γ(b + I) + γ(a + I)

and
γ2(a + I) = σ2(a) + I = a + I

γ is an involution on residue class ring R/I.

Under these circumstances, it is seen that

Sγ
R/I = {(a + I) ∈ R/I | a ∈ Lσ

R(I)} = Lσ
R(I) + I (3.1)

This relation yields the following result:

Proposition 3.10. Let I be a σ-ideal of R and π : R → R/I, π(r) = r + I be a natural epimorphism.
Then,

π(Lσ
R(I)) = Sγ

R/I = Lγ
R/I(0)

and
π−1(Sγ

R/I) = π−1(Lγ
R/I(0)) = Lσ

R(I)

Proof. From (3.1) and Theorem 3.6. ii,

π(Lσ
R(I)) = {(a + I) ∈ R/I | aRa ⊆ I and aRσ(a) ⊆ I} = Sγ

R/I = Lγ
R/I(0)

and
π−1(Sγ

R/I) = π−1(Lγ
R/I(0)) = {a ∈ R| aRa ⊆ I and aRσ(a) ⊆ I} = Lσ

R(I)
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Proposition 3.11. If I is a σ-semiprime ideal of R, then I = Lσ
R(I).

Proof. From the Proposition 3.8. i, I ⊆ Lσ
R(I). Suppose a ∈ Lσ

R(I). Then, aRa ⊆ I and aRσ(a) ⊆ I.
Since I is a σ-semiprime ideal of R, a ∈ I. This means that Lσ

R(I) ⊆ I.

Proposition 3.12. R is a |Sσ
R|- σ-semiprime ring if and only if Lσ

R(Sσ
R) = Sσ

R.

Proof. Let R be a |Sσ
R|- σ-semiprime ring and a ∈ Lσ

R(Sσ
R). Then, aRa ⊆ Sσ

R and aRσ(a) ⊆ Sσ
R.

Hence, a ∈ Sσ
R. Consequently, Lσ

R(Sσ
R) ⊆ Sσ

R. Besides, since Lσ
R({0}) = Sσ

R and (0) is an ideal of R,
Lσ

R({0}) is a semigroup right ideal of R. Therefore, Sσ
R ⊆ Lσ

R(Sσ
R). As a consequence, Lσ

R(Sσ
R) = Sσ

R.
Conversely, let aRa ⊆ Sσ

R and aRσ(a) ⊆ Sσ
R. Thus, a ∈ Lσ

R(Sσ
R) = Sσ

R. From here, a ∈ Sσ
R. Thence, R

is a |Sσ
R|- σ-semiprime ring.

Proposition 3.13. Let I be a σ-ideal of R and π : R → R/I, π(r) = r + I be a natural epimorphism.
If Sγ

R/I is a γ-prime ideal of ring R/I, then π−1(Sγ
R/I) = Lσ

R(I) is a σ-prime ideal of R.

Proposition 3.14. The following conditions hold:

i. Sσ
R is a σ-semiprime ideal of R if and only if β(R) = Sσ

R.

ii. If β(R) = Sσ
R, then R is a |Sσ

R|-σ-semiprime ring.

Proof. i. Since Sσ
R is a semiprime ideal of R, R is a |Sσ

R|-σ-semiprime ring. Here, Sσ
R ⊆ β(R). Besides,

since Sσ
R is a semiprime ideal of R, β(R) ⊆ Sσ

R. The converse is explicit.

ii. It is seen that from Remark 3.2.

In view of Theorem 2.1 and Proposition 3.14. i, the following result is obtained:

Proposition 3.15. Let Sσ
R be a semiprime ideal of R. If I is an ideal of R and β(I) is a prime radical

of I, then β(I) = I ∩ Sσ
R.

Theorem 3.16. Let γ : Tn(R) → Tn(R) be an involution. If Sσ
R is a principal and σ-semiprime ideal

of R, then Tn(R) is a |Sγ
Tn(R)|-γ-semiprime ring and |Sγ

Tn(R)| = |Sσ
R|n2

.

Proof. Since Sσ
R be a σ-semiprime ideal of R, β(R) = Sσ

R utilizing Proposition 3.14 .i. Moreover, in
view of the Theorem 2.2,

β(Tn(R)) = Tn(β(R)) = Tn(Sσ
R) = Sγ

Tn(R)

From the Theorem 2.3, Sγ
Tn(R) is a semiprime ideal of Tn(R) since β(Tn(R)) is a semiprime ideal.

Hence, Tn(R) is a |Sγ
Tn(R)|-γ-semiprime ring. Applying Proposition 2.4, Sγ

Tn(R) = Tn(Sσ
R). Hence,

|Sγ
Tn(R)| = |Sσ

R|n2
.

Lemma 3.17. Let {Ii}i∈Λ be a family of ideals of R. Then, Lσ
R

⋂
i∈Λ

Ii

 =
⋂
i∈Λ

Lσ
R(Ii).

Proof. Let a ∈ Lσ
R

(⋂
Ii

)
. Then, aRa ⊆

⋂
Ii and aRσ(a) ⊆

⋂
Ii. Therefore, aRa ⊆ Ii and

aRσ(a) ⊆ Ii, for all i ∈ Λ. Thus, a ∈ Lσ
R(Ii), for all i ∈ Λ. Hence, a ∈

⋂
i∈Λ

Lσ
R(Ii). Similarly,

⋂
i∈Λ

Lσ
R(Ii) ⊆ Lσ

R

⋂
i∈Λ

Ii

.
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Lemma 3.18. Let I be a σ-ideal of R. If I is a σ-semiprime ideal of R, then Lσ
R(I2) = I.

Proof. Let I be a σ-semiprime ideal of R. Since I2 ⊆ I, adopting the Theorem 3.6. i. and Proposition
3.11, Lσ

R(I2) ⊆ Lσ
R(I) = I. Conversely, assume that a ∈ I. Since I is a σ-ideal of R, aRa ⊆ I2 and

aRσ(a) ⊆ I2. Thus, a ∈ Lσ
R(I2).

Definition 3.19. Let R be a ring, ∅ ≠ A ⊆ R, and a ∈ R. We define Sa
Rσ

(A) as follows:

Sa
Rσ

(A) = {b ∈ R | aAσ(b) = aAb = (0)}

PRσ (A) =
⋂

a∈R Sa
Rσ

(A) is called the source of σ-primeness of the subset A in R. We write Sa
Rσ

instead
of Sa

Rσ
(R). In particular, we can similarly define the source of σ-primeness of the ring R as follows:

PRσ =
⋂

a∈R

Sa
Rσ

Evidently, Sa
Rσ

⊆ Sa
R for all a ∈ R. Hence, PRσ ⊆ PR. First, let mention some inferences which are

easy to see, but these will help understand the set.

i. aR0 = aRσ(0) = (0) for all a ∈ R. Hence PRσ =
⋂

a∈R Sa
Rσ

̸= ∅.

ii. S0
Rσ

(A) = R.

iii. Sa
Aσ

⊆ Sa
Rσ

(A). If b ∈ Sa
Aσ

, then b ∈ A such that aAb = aAσ(b) = (0). Since A ⊆ R, we have b ∈ R

and aAb = aAσ(b) = (0). This means that b ∈ Sa
Rσ

(A).

If x ∈ PRσ (A), then aAx = aAσ(x) = (0), for all a ∈ R. Hence, RAx = RAσ(x) = (0). Therefore,
PRσ (A) = {x ∈ R : RAx = RAσ(x) = (0)}.

Theorem 3.20. Let ∅ ≠ A, B ⊆ R. Then, P(R×R)σ
(A × B) = PRσ (A) × PRσ (B).

Proof. P(R×R)σ
(A × B) = {(x, y) ∈ R × R | (R × R)(A × B)(x, y) = (R × R)(A × B)σ(x, y) = (0, 0)}.

Assume that (x, y) ∈ P(R×R)σ
(A × B). Then, (R × R)(A × B)(x, y) = (R × R)(A × B)σ(x, y) = (0, 0).

Namely, RAx = RAσ(x) = (0), RBy = RBσ(y) = (0). Hence, x ∈ PRσ (A), y ∈ PRσ (B). Thus,
(x, y) ∈ PRσ (A) × PRσ (B). Similarly, the reverse is also seen.

Lemma 3.21. Let A and B are nonempty subsets of R. Then, the following conditions hold:

i. If A ⊆ B, then PRσ (B) ⊆ PRσ (A). In particular, PRσ ⊆ PRσ (A).

ii. If A is a subring of R, then A ∩ PRσ (A) ⊆ PAσ .

Proof. i. Let x ∈ PRσ (B). We have x ∈
⋂

a∈R Sa
Rσ

(B) and aBx = aBσ(x) = (0), for all a ∈ R. Since
A ⊆ B, we get aAx = aAσ(x) = (0) for all a ∈ R. This means that x ∈ Sa

Rσ
(A) for all a ∈ R. Hence,

we get x ∈
⋂

a∈R Sa
Rσ

(A) and x ∈ PRσ (A). This gives up PRσ (B) ⊆ PRσ (A). Specially, PRσ ⊆ PRσ (A)
is satisfied for A ⊆ R.

ii. Let x ∈ A ∩ PRσ (A). Then x ∈ A and x ∈ PRσ (A). Hence, we get x ∈ A and x ∈
⋂

a∈R Sa
Rσ

(A).
Using x ∈ A, x ∈ Sa

Aσ
for all a ∈ A. This expression gives us x ∈

⋂
a∈R Sa

Aσ
= PAσ . Thus,

A ∩ PRσ (A) ⊆ PAσ .

It is well known that every prime ring is a semiprime ring. Consider the relationship between the
source of σ-primeness and σ-semiprimeness.

Theorem 3.22. Let ∅ ≠ A ⊆ R. Then, PRσ (A) ⊆ SR
σ(A).
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Proof. If b ∈ PRσ (A), then b ∈
⋂

a∈R Sa
Rσ

(A). In particular, b ∈ Sb
Rσ

(A). Therefore, bAb = bAσ(b) =
(0). Hence, b ∈ SR

σ(A).

Proposition 3.23. If I is a right ideal of R, then Sa
Rσ

(I) is a σ-ideal of R for all a ∈ R.

Proof. Let x, y ∈ Sa
Rσ

(I). Then, aIx = aIy = aIσ(x) = aIσ(y) = (0) for all a ∈ R. From here
aI(x−y) = aIx−aIy = (0) and aIσ(x−y) = aIσ(x)−aIσ(y) = (0). We obtain x−y ∈ Sa

Rσ
(I). Besides

that, we have aI(xr) = (aIx)r = (0), aI(rx) = a(Ir)x ⊆ aIx = (0), aIσ(rx) = aIσ(x)σ(r) = (0), and
aIσ(xr) = aIσ(r)σ(x) = a(Iσ(r))σ(x) ⊆ aIσ(x) = (0) for any r ∈ R. Thus, we get xr, rx ∈ Sa

Rσ
(I).

Hereby, Sa
Rσ

(I) is an ideal of R. Moreover, if σ(x) ∈ Sa
Rσ

(I), then aIσ(x) = aIx = (0). Hence,
x ∈ Sa

Rσ
(I).

Corollary 3.24. Let I be a right ideal of R. Then, PRσ (I) is a σ-ideal of R.

In the following Lemma, if R is a σ-prime ring, its relation for the set source of σ-primeness is examined.

Lemma 3.25. The following are provided:

i. If R is a σ-prime ring, then PRσ = {0}.

ii. The source of σ-primeness PRσ is contained by every σ-prime ideal of the R.

Proof. i. Let R be a σ-prime ring and x ∈ PRσ . From definition of the set PRσ , we have RRx =
RRσ(x) = (0). Since R is a σ-prime ring, we obtained x = 0. Namely, PRσ = {0}.

ii. Let P be a σ-prime ideal in R. If x ∈ PRσ , then RRx = RRσ(x) = (0) ⊆ P . Since P is a σ-prime
ideal of R, we get x ∈ P . Hence, we get PRσ ⊆ P .

4. Conclusion

In this paper, we stated the source of |Sσ
R|-σ-prime ring, the source of |Sσ

R|-σ-semiprime ring, and
source of σ-primeness of ring R where σ an involution on R. Below are the conclusions reached:

i. If Sσ
R is a semiprime ideal of ring R (resp. prime ideal ), then R is a |Sσ

R|-σ-semiprime ring (resp.
|Sσ

R|-σ-prime ring).

ii. If R is a σ-prime ring, then Sσ
R = {0}.

iii. R is a σ-semiprime ring iff Sσ
R = {0}.

iv. Let R be a ring and A and B be nonempty subsets of R. If A ⊆ B, then Lσ
R(A) ⊆ Lσ

R(B) and
Lσ

R({0}) = Sσ
R.

v. Let A be a nonempty subset of R. Then, Lσ
R(A) ⊆ LR(A).

vi. If I is a semiprime ideal of R, then I = Lσ
R(I).

vii. Let Sσ
R be a semiprime ideal of R. If I is an ideal of R and β(I) is a prime radical of I, then

β(I) = I ∩ Sσ
R.

viii. Sσ
R is a semiprime ideal if and only if β(R) = Sσ

R. Moreover, if β(R) = Sσ
R, then R is a

|Sσ
R|-σ-semiprime ring.

ix. Let A and B be nonempty subsets of R. Then the following conditions hold:

a. If A ⊆ B, then PRσ (B) ⊆ PRσ (A). In particular, PRσ ⊆ PRσ (A).
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b. If A is a subring of R, then A ∩ PRσ (A) ⊆ PAσ .

x. Let ∅ ≠ A ⊆ R. Then, PRσ (A) ⊆ SR
σ(A).

xi. Let a ∈ R. If I is a right ideal of R, then Sa
Rσ

(I) is a σ-ideal of R.

The generalizations obtained in this paper on prime and semiprime rings equipped with involution will
allow more general results to be acquired in future studies on derivations on prime and semiprime rings
with involution. Moreover, analyzing the source of σ-primeness, exploring its properties and theorems
while examining its connection to the prime radical is interesting yet practical, making it a potential
research subject for those interested.
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