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ABSTRACT This paper employs a piecewise constant approximation to discretize a fractional order Holling
type Il predator-prey model with harvesting in both populations. The dynamics of the resulting discrete-time
model are then investigated. First, the conditions for fixed points’ existence and stability are established. It is
also demonstrated that the proposed discrete-time model can undergo either flip bifurcation or Neimark-Sacker
bifurcation. The existence and direction of both bifurcations have been identified using the center manifold
theorem. The appearance of these bifurcations results in the emergence of chaotic dynamics. To stabilize
chaos at the fixed point of unstable trajectories, we provide two types of control chaos: hybrid control and
state feedback control. By selecting appropriate control settings, it is shown that both hybrid control and state
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feedback control eliminate chaotic orbits and make the fixed point asymptotically stable. Some numerical

simulations were used to verify all analytical conclusions.

INTRODUCTION

Predator-prey interaction is regarded as an essential component of
the food chain, making it one of the most extensively researched
concerns in ecology and mathematical biology (Brown et al. 2004).
Predator-prey interactions are investigated to get better under-
standing on their population dynamics and predict possible ex-
tinctions (Berryman 1992; Beretta and Kuang 1998). The study of
predator-prey systems is not only beneficial in developing scientific
theories, but it is also crucial to the establishment of a sustained
human society as well as environmental health (Guo et al. 2023).
Many scholars have recommended significant changes to the
system by incorporating ecological aspects such as functional re-
sponses (Holling 1965), Allee effect (Panigoro et al. 2023; Sahoo and
Sahoo 2024; Mandal et al. 2025), additional food (Ulfa et al. 2017;
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Mondal et al. 2024), cannibalism (Rayungsari et al. 2022; Shabbir
and Din 2022), harvesting (Suryanto et al. 2019; Guo et al. 2023;
Panigoro et al. 2023; Sarkar and Mondal 2023), and more. The func-
tional response in predator-prey interaction is a significant factor
because it specifies the amount of prey consumed per predator
per unit time, given the available prey (Uddin et al. 2024; Sarkar
and Mondal 2023). Holling developed three sorts of functional re-
sponses to describe mathematically predators’ prey consumption:
Holling types I, II, and III (Holling 1965, 1966). The Holling type
I functional response is appropriate for situations where preda-
tors have access to a large population of prey. Holling types II
and IIT are monotonic and exhibit a saturation effect when prey
population is large. In particular, the Holling type II functional
response reflects a reduction in intake levels due to limited prey.
This functional response involves two key parameters: handling
time and attack rate. The Holling type II functional response
has been frequently used in predator-prey models, as shown in
(Mukhopadhyay and Bhattacharyya 2016; Zhang et al. 2019).
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Harvesting of one or both species in a predator-prey system is
another critical aspect in predator-prey dynamics. Harvesting eco-
logical resources is typically done as part of integrated agriculture
pest management, fisheries, forestry, and wildlife management pro-
grams. Because of the long-term benefits to people, bio-economic
models have been developed for scientific management of renew-
able resources. Lee and Baek (2017) examined a predator-prey
model with a constant harvest rate. The research team investigated
the predator-prey model, which included linear harvesting of prey
and predators. Mukhopadhyay and Bhattacharyya (2016) exam-
ined a model with two predators fighting for the same prey and
investigated the implications of harvesting.

The predator-prey interaction models described above are ex-
pressed as first-order differential equations. In these models, the
population growth rate is only determined instantaneously. Nu-
merous researchers have recommended employing fractional order
derivatives to account for memory effects. For example, Hasan
et al. (2022) offered a fractional order Leslie-Gower model that
includes Allee effect and prey refuge. Rayungsari et al. (2023) in-
vestigated a fractional order predator-prey model that takes into
account the impacts of cannibalism and predator refuge. We have
also developed a number of fractional order predator-prey models
in the presence of pathogen infection, including (Panigoro ef al.
2019, 2021).

Recently, Sarkar and Mondal (2023) introduced a fractional
order predator-prey model with linear harvesting for both prey
and predator population, namely

g — g1 Sy T e
D*% = r%(1 K) et "
Dty =Y gy

1+ m# 2

where £ = £(7) and §J = 7(t) denote the prey and predator popu-
lation at time 7. In this case, 7, K, 0, B, m, and f are positive-valued
parameters which respectively indicate the intrinsic growth rate
of prey, the environmental carrying capacity of prey, the rate of
predation, the conversion rate of predation, the handling time to
catch and devour the prey population, and the natural death rate
of predators. kj and k; are respectively the harvesting rate of prey
and predator. D* represents the Caputo fractional derivative of
order « where « € (0, 1], which is defined as (Petras 2011)

« _ 1 T d(s)
Du(r)_r(l_m)/o g i %)

To simplify the analysis, we introduce the following transformation
K
£=Kx, 7= %y, and T =1t/r,

such that model (1) can be written as

“y _ Y
D =x(1—x) arx X

3)
bxy (
- —
Dy_a+x (c+9)x,
where
_ 1 _ B ko f _ 8
=k P P e panda=1

While fractional order models can represent memory effects in
predator-prey interactions, numerous scholars choose to explore
discrete-time models. Discrete models are thought to be better
suited for explaining many phenomena in biology and have more
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complex dynamics than continuous ones (Santra and Mahapa-
tra 2020; Alzabut et al. 2022; Panigoro et al. 2023). One method
for obtaining a discrete—time model is to discretize the continu-
ous one. For example, a discrete—time version of the first order
predator-prey model with Holling type II without harvesting has
been studied by Khan et al. (2019); Liu and Li (2021); Arias et al.
(2022). In this case, Liu and Li (2021) applied a semidiscretization
method, while Khan et al. (2019) implemented a nonstandard finite
difference scheme. In order to solve a system of fractional order or-
dinary differential equations (FODE), El-Sayed and Salman (2013)
proposed the piecewise constant approximation (PWCA) method.
Following that, several scholars adapted the PWCA method for
a variety of biological mechanisms. Selvam et al. (2020) and Mon-
dal et al. (2020) have independently implemented the PWCA ap-
proach for a fractional order predator-prey model with Holling
type II functional response and prey refuge, but no harvesting. Al-
Nassir (2021) has investigated a discrete model for fractional order
predator-prey model with harvesting obtained from the PWCA ap-
proach, although the functional response is Holling type IIL In this
study, we consider a discrete-time version of model (3), which is
derived using the PWCA approach. We recognize that the PWCA
approach relies on the fact that the exact solution of a FODE

Dfu(t) = f(t,u(t)), u(0) = uo, )

can be written as
- /Ot(t — 01 f(ru(t))dr. )

If the function f (¢, u(t)) is assumed to be constant for T € [0, ),

ie., f(t,u(t)) = f, then the solution (5) leads to

) =u0) g [0 i
=u(0) + ﬁ /Ot(f —1)" ldr 6)
=u(0)+ lf(t:).

To discretize system (3), we suppose that the time domain is
divided into a finite number of sub-intervals t,, 1 < t < t;,, m =
1,2,...,N. The solution is determined by applying equation (5)
and assuming that the solution is constant in each sub-interval,
namely u(f) = 1 = u(ty—1) for t € [ty;—1, tm). In this way, we
obtain a PWCA scheme for model (3) as follows

X
Xpy1 = Xn + 0 {(1 — Xp)Xp — nyn pxn}
a—+xy %
bx
Yn+1 =Yn+0 {ﬁ - (C+q)yn} :
where § = ' and  is the time step size of numerical integration.
al (a)

Notice that when the order of fractional derivative is « = 1 then
scheme (7) is the forward Euler scheme for the model (3).

This work examines the dynamics of the discrete-time model
(7). To accomplish this, we first study the existence and stability of
all possible fixed points, then proceed to bifurcation analysis (flip
and Neimark-Sacker bifurcations). We may predict the occurrence
of chaos in our discrete system, just as we have in other discrete
systems. As consequently, we provide two distinct types of chaos
control: hybrid control and state feedback control. The hybrid
control has been successfully applied by Panigoro et al. (2023)
and Ruan and Li (2024) to eliminate the occurrence of the chaotic
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solution. The effective implementation of the state feedback control
to prevent chaotic behavior has been demonstrated (Ruan and Li
2024; Khan ef al. 2024; Li et al. 2024). Finally, numerical simulations
are used to validate and elucidate the theoretical results.

FIXED POINTS AND THEIR STABILITY PROPERTIES

Existence of Fixed Points

The fixed points of the discrete system (7) can be determined by
solving the following system of algebraic equations

41,_4x

=x4+46|1—x—
xx+[xa+x

bx
y:y+‘5[m*(c+ﬂl)} v

It can be shown that system (7) has three fixed points, that are

Ey=1(0,0), E;=(1-p0), E"=(x"y") )

where
oot g ab((1-p)(b— (et q) —aletq))
b—(c+q) (b—(c+9q))? '

It is clear that the extinction of both population fixed point (Eg)
always exists. Furthermore, the extinction of predator fixed point
(Ep) exists if p < 1, while the interior fixed-point E* exists if all
following conditions are satisfied

1. p<1,
2. b>c+gq,and

. a(c+q)
3. (1-p)> ()
Stability of Fixed Points
In this part we study the stability properties of all fixed-points by
observing system (7) around each fixed point. The Jacobian matrix
of system (7) evaluated at a fixed point E = (&, 7) is

P L e
o] 146 [ — (c+0)]

(10)

If A1 and A, are eigenvalues of the Jacobian matrix (10), then the
fixed point E is asymptotically stable if [A1,| < 1. If [Aq] = 1
or [A;| = 1, then E is a non-hyperbolic fixed point. We now
investigate the stability properties of each fixed point.

It is easy to check that the Jacobian matrix at Eg = (0,0) is

14+6(1— 0
J(Eo) = | TO ) , a1)

0 1—-6(c+gq)
where its eigenvalues are
M=14+61-p), A=1-5(c+qg).
It is directly observed that A; > 1if p < 1. For p > 1, |Aq] < 1if

and only if § < % Sh<y %j?) = hj. Similarly, we have that
A <1e 6 < % S h<y 2025_(;) = hy. By observing those

eigenvalues using the same method, we can prove the following
results. The fixed point Ey is
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1. asinkif p > 1and 0 < h < min {hy, hp}.
2. asource if one of the following conditions holds

(@ p<landh > hy,
(b) p>1land h > max{hy, hy}.

3. asaddle if one of the following conditions holds

(@ p<land 0 <h < hy,
(b) p>1land min{hy, hy} < h < max{hy, hp}.

4. anon-hyperbolic if one of the following conditions holds

@ p=1,
(b) p>1and h = hq,
(C) h:hz.

If the fixed point E; = (1 — p, 0) is substituted into the Jacobian
matrix (10), then we obtain

1-5(1-p) -
J(E1) = bfﬂlw .12
0 146 (202 — (c+9))

The eigenvalues of the Jacobian matrix J(E;) are

/\121—(5(1—p), )\221-'!‘(5(%—@4'17))

If Eq exists, i.e. when p < 1, then Ay < 1. We also observe that if

(1—p) > L* where L* = buffjf;) then A, > 1. By evaluating the

values of Ay and A, in similar way, we conclude the following
results regarding the topology of the fixed point E;.

. Then, the

/24T (a) _ o« 20T () (a+(1—p))
Lethy = {/5=," and hy = \/ @ra—p)(crq)b(1-p)
fixed point E; is
1. asinkif (1 —p) < L* and h < min {h3, hy}.
2. asource if one of the following conditions holds
(@ 1—p>L*and h > k3,
(b) 1—p < L*and h > max {hsz, hy}.
3. asaddle if one of the following conditions holds
(@ 1—p>L*and0 < h < h3,
(b) 1—p < L* and min {h3, hy} < h < max{hs, hy}.

4. anon-hyperbolic if one of the following conditions holds

(@ 1-p=Lr,
b) 1—p<Landh =hy,
(C) h:]’l3

The Jacobian matrix (10) evaluated at E* := (x*,y*) is

B 1+6j11 Iz
)= | e (13)

djo1 1
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where
i = g e (= PO (e ) —alb e+ ),
J12 = *% <0,

jm=00-p)(b—(c+q))—alc+q).

The characteristics equation of the Jacobian matrix J(E*) is given
by

F(A) = A2 = Tr(J(E*))A + Det(J(E*)) = 0 (14)
where
Tr(J(E*)) = 2+ ¥4,
Det(J(E*)) = 1+ Y18+ ¥20%,
and
1= i = et (1= p) b= (e ) —alb+c-+),

¥ = ~join = (@ )b~ (e +9) —ale+q)).

According to Liu and Xiao (2007), if A1 and A, are characteristics
roots of (14) and if F(1) > 0, then the following results hold.

1. [A¢q] < 1 and |Ap| < 1 if and only if F(—1) > 0 and
Det(J(E*)) < 1.

2. |A1] <Tand |Az] > 1or|A] > 1and |Ay] < 1if and only if
F(-1) <o.

3. |A&q] > 1 and |A;] > 1 if and only if F(—1) > 0 and
Det(J(E*)) > 1.

4 A = —1and |A;] # 1 if and only ifF(—1) = 0 and
Tr(J(E*)) # 0,2.

5. A1 and A; are a pair of conjugate complex roots with |A1]| =
|A2] = 1 if and only if Tr(J(E*))? — 4Det(J(E*)) < 0 and
Det(J(E*)) = 1.

From the characteristics equation (14), we can show that
1. F(0) =14 Y16 + ¥,02,
2. F(1) = ¥,42,
3. F(=1) = 4+2¥6 + ¥,5°.

It is seen that if E* exists then j,; > 0 and therefore ¥, > 0.

Consequently, F(1) > 0 and we can apply the above rules to
evaluate the properties of A; and A;. By analysing the values
of F(0) = Det(J(E*)) and F(—1), and then implementing those
above rules, the fixed point E* has the following properties. Let
A = Y% —4Y; and

. . - —\/X o —‘Fl-i—\/Z
oo=-Y/¥Y, 0j=———, Op= ———.
0 1/Y2, o1 ¥y, 2 7,

If E*existsand 1 — p < L* + #bﬂ)’ then E* is:

1. asink if one of the following conditions holds

(@) A <0and 0 < h < hy, where hy = {/al' ()&,
(b) A>0and 0 < h < hy, where h; = {/aT (x)dy;
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2. asource if one of the following conditions holds

(@) A > 0and h > hy, where Ity = {/al(x)é,

(b) A <O0andh > hy;
3. asaddleif A > O0and Iy < h < Inp;
4. anon-hyperbolic if one of the following conditions holds

(@) A>0,h=hy,and Tr(J(E*)) =2+ %10 #0,-2,
(b) A>0,hh=hy,and Tr(J(E*)) =2+ ¥16 #0, -2,
() A< Oandh = hy.

BIFURCATION ANALYSIS

This section examines the flip and Neimark-Sacker (NS) bifurca-

tions at the fixed point E* = (x*,y*) of the model (7), utilizing

the parameter & as a bifurcation parameter. Since h = {/aI'(«)é, 6

can also be viewed as the bifurcation parameter. In this part, we
ab

also assume that1 — p < L* + =(cTa) and the order of fractional

derivativeis a € (0,1).

Flip Bifurcation

We first define a set of parameter (); = {(u, b,c,p,q,6,a) | A >

0,6 =3, 2+ ¥16 ;AO,—Z;},]': 1,2. Remark that § = &; & h =

h i j = 1,2. Based on the previous analysis, the Jacobian matrix
J(E*) with (a,b,¢,p,q,6,a) € Q,j = 1,2 has eigenvalues A; = —1
and Ay # =£1; indicating that a flip (period-doubling) bifurca-
tion may occur from the fixed point E* whenever (a,b,c¢, p, 4,6, )
crosses region (), j = 1,2. Here we perform a flip bifurcation anal-
ysis around ;. The flip bifurcation around (2, can be analyzed
analogously and is thus omitted. The flip bifurcation analysis
is started by introducing a small perturbation 4, |§| < 1 around
5 = 67 such that model (7) becomes

P X
X1 =Xn + (61 +9) {(1 — Xp)Xp — nn__ pxn]
a+ xy
, (15)
~ o [ bx
Yni1 =Yn + (61 +0) {ﬁ —(c+ q)yn} :

We translate the fixed point E* = (x*,y*) into the origin by using
up = xy — x* and v, = y, — y*. The resulting system leads to,
after Taylor expansion,

u a a u Uy, Un, 0
wt1| _ |01 012 am f1(un, 04, 9) (16)

(2 ay  axp] |on 2 (1, vp, 6)

where

5 2 3 2
f1(un, vn, 0) =aqzuy + a14unvy + 1505 4 a16Uyvn
+(bytty + byvy + bau? + byv?)d
5 2 3 2
fo(un, vn, 0) =aozuy + apaunvy + ax50; 4 a6Uyvn

+(cqttn + c20p + c3U3 + c4v%)3
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b1:(1fx*fp)c+7qfx*

412 = o5 by = *,H{%

1 = i b = =Y

a5 = — (uﬁzi)g i = (H‘)i;)z( - #)
an = 281 - 2n) o= 21— )
ap =1 =0

i = — 2 (1- ) &3 =~ (1 )
g = alf}c* (1- %) o= L0- )

*6 bé; *

425 = Gy 926 = Taray (are — -
The eigenvalues of the linearized system of (1A6) are Ap = —1
and Ay = 3+ ¥141. Ay is neither —1 nor 1 if &1 # —2/¥; or

8 # —4/¥,. By taking

Un| a12 a12 M,

Un —1—ay1 Ay—an] | Na

system (16) becomes

Mn+1 -1 0 M, 81 (unrvnrg)

N}’l+1 0 )\2 NVI gZ(MHIUnIS)

where

Ay —ay
app(A2 +1)
1+a1
app(A2 +1)

fl(”nzvnré_) fz(un,vn,S)

_ 1
81(un,vn,0) = - m

_ _ 1 _
82(7/1;1/011/(5) = fl(unxvnxd) + mfz(unlvnzfs)

with
Uy = a1p(Mn+ Ny), vp=—(14+a11)My+ (Ay —a11) Ny,
If the center manifold is supposed to have the form
¢(My,8) = M, +vaMué + O((IMu] +18))%),  (17)

then function ¢(My, d) needs to fulfill

—g2(My, 9(My,8),6) = 0.

When we solve equation (18), we get

:“%2 ((a11 +1)agz + arpazs) — arp(an + 1) ((a11 + 1)ary + ar2a24)

4
ap2(1—A3)

by = M2 ((a11 4+ 1)by + agper) + (ag1 +1)%b;
2 a12(Az +1)? '

(19)
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The system (17) restricted in the center manifold can then be
written as
G(My,8) = — My + 91 M5 + 92M0d + 93 M50 + 94 M, 5>

i (20)
+osM;, + O((|Ma| +13])*)

where
_ap(an +1) (A2 — a11)a1g — apa4)
B ap(A2 +1)
_anp(an +1) (A2 — a11)a1s — a10a04)
a12(A2 +1)
_ap (M2 —a11)by —apper) — bp(Ap —agg) (a1 +1)
B app(A2 +1)
 20pa%,(Ay — agpans — A12023)
3T app(A2 +1)
n vpa1p(Aa — 2a11 — 1) (A2 — a11)a14 — arpany)
app(A2 +1)
Lu (a12((A2 — a11)by — a1ac1) + (A2 — a11)2by)
app(A2 +1)
n a3, ((Ay — a11)bs — agpc3)
app(A2 +1)
_app(a1n + 1) (A2 — a11)bs — a1pcq)
app(A2 +1)
_ wapp((A2 —ag1)by — agcq)
e app(A2 +1)
vp(Az —a11) (A2 — a11)by — a1ac)
ap(A2 +1)
 2u3a3,((Ap — a11)a13 — a12a23)
> app(A2 +1)
n via12(A2 — 2a11 — 1)((A2 — a11)a14 — 31224)
app(A2 +1)
%, ((Ag — a11)ar5 — a12a25)
(/\2 + 1)

91

P2

+

—+

To achieve flip bifurcation, both discriminatory quantities (; and
X2) must be nonzero, where

’G 109G 9%g
X =\ M0 295 oM =
n n/ 1(0,0)
X2 = 6 E)M% 2 (—)M% 00) = ¢17T ¢s5.

When the parameter § varies slightly around ¢}, the system
(7) undergoes a flip bifurcation at the fixed point E* = (x*,y*)
provided that x, # 0. Additionally, the period-two orbits that
emerge from the fixed point are stable if y, > 0 and unstable if
x2 <O0.

Neimark-Sacker Bifurcation

From the stability analysis of the fixed point E¥, it is known that
for all parameters in )3, where

O3 = {(a,a,b,c,p,q,é) |A<0,6= 5})},

the Jacobian matrix (13) has two eigenvalues A1, € C with |A1 5| =
1. This fact indicates that the discrete system (7) may experience a
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NS bifurcation if the parameters experience small perturbations
around 3. In this article, the bifurcation will be investigated by
introducing a small perturbation § < 1 on the parameter & around
8 = 4y so that the system (7) can be written as

Xpi1 = Xn + (8o +90) [(1 — Xp) Xy — nfn pxn}
a—+xy
b 22)
Y1 = Yn + (0 +9) Lj:x’; - (C+q)yn} :

By noticing that § = o & h = hy, the perturbation of é around
8 = &) can also be interpreted as a perturbatlon of haround it = .
We now take a translation u, = x, —x* and v, = vy, — y* such
that the discrete system (22) can be written as

+ (80 +8) [(1 = (un +x7)) (un +x%)]
(un +x*)(vn +y7)
a+ (uy +x*)
b(un + x*) (on +y*)
a+ (uy + x*)

Up1 =Un

7(50+5){

+plan+ 1)

(et q)(on +y*>} ,
(23)

Upt+1 =0Un + (5}) + 5) |:

and the fixed point E* is shifted to the origin (0,0). It can be
shown that the Jacobian matrix of system (23) around the origin
has a characteristics equation

A+ p(6)A +¢(0) = (24)
where
p(8) = —2— (6 +6)¥1,
$(8) =1+ (8 + 5)¥1 + (do + 6)*¥a.

The characteristics roots of equation (24) are

1 ~ < <
Ma =5(=p(0) £1/p(0)* — 4¢(9))
=5 (=p(8) +i\/49(3) —p(6)?).
It can be shown that those characteristics roots satisfy

q Ml d[Az] ¥

S |50 = i3 |50 = - >0
Clearly that if 5 = 0 then Alm,Z #1, m = 1,2,3,4 is equivalent
to condition p(0) # —2, 0, 1, 2. From the previous anal}isis, it
was identified that, for all (a,b,¢,p,q,0) € Q, ¢(0) = 1+ 6971 +
(SAOZ‘FZ = 1, and therefore p(0)2 — 4¢(0) < 0 or p(0)? < 4¢(0) =
Consequently that p(0) # £2. Furthermore, we can also prove
that

Aol =1/¢(d), a

. ¥, 2
= 2-6¥ 1 =-2—(-o¥ -2 :
p(0) %01 ( ¥, 1) +‘{f2

Thus, p(0) # 0,1 is achieved whenever ¥3 /¥, # 2,3.
By denoting it = Re()\4 2|5 o) and 7y =

— 2
w0yt WZMZ%M,

We now form a normal form of system (23). Using a transformation

Il’l’l )\12}0 0/

Un a1z 0 My,

Un H—an —v Ny
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system (23) is transformed to

My H o= M, gl(Mn/ Nn)
= + , (25)
Ny Y M Nj $2(Mpn, Ny)
where

g 1 2 2
$1(My, Ny) = <a13un + a14unvy + Lzl5uf”1 + a16unvn>
12

O((IMu] + [Nu|)*),
1

gZ(Mnr Nn) =— ((}l — an)alg, — ‘112‘123) u%
a2y
1
oy (= A1) = a1224) 10 (26)
+L(( —a11)a15 — 4104 )u3
1127 K —a11)a15 — A12825) Uy
1
+ —— (1 — a11)a16 — A12826) U0n
a7y

+O((|Mu] + [Nul)*),
with
On = (g — a11) My + YNy.
ajj, Vi, j in equations (26) are the same as in (16), except that &, =

Uy = a;pMy,

8 + 8. From equations (26), we have that

41
M2 =2(a1pa13 + (¢ — a11)a14),
n
P ~a P
M, 0N, WoooN2 T
3¢
ﬁ :(‘1%2”15 +apais(p —a1)),
n
’$
—2—— = — 24124157,
IM2IN, 124167
_Pa Pg _
OM,ON2  oNZ
2g 2
ﬁ =5 [a12((p — ay1)a13 — a12a23)]
n
2
+ b (1 —a11)((p — a11)a1a — a12a04)],
%
—2=— = — (u—aq1)a14 + a10a04,
IM.ON, (4 — a11)a14 + a4
3 ~
0 g2 :0,
ONZ
#5 6
ﬁ = [“%2((?’ —ay1)a5 — ﬂlzllzs)}
n
6
+ P [a12((pr — a11)a16 — a12a26)]
a3g2
—2-  =—2 — a11)a1g — Aqoa P
IM2IN,, 12 [(( — a11)a16 — a12a26)]
P PH

OM,ON2  9N3

The discrete system 7 will experiences a NS bifurcation if the quan-
tity x* is nonzero, i.e.,

= _Re ((1 —21)A2

1 511520) - *|§11|2 |G02|* +Re(Ap1) #0,
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where

25 25 2 5 2
o=t 26T, P e Pe, R ),
8 [oM2 9ON2  "OMuON, 9M2 9NZ = “OM,oN,
1[o* &G . 3%  PDH
tn =g ,aM,% T2 PG Tane )} ’
5 2 5 2 5. 2 5 2 o
fo0 == |2 g; a—g;JrZ I8 +i(ag§ gg 2&}
8 [oM2 ON2  “OM,ON, oMZ 9N2 ~OM,oN,
@:W%+ﬁ@+ﬁ@+%}
oM3  OM,0N? OM29N, oN3
oM3 8MnaN2 OM20N, oN3

Moreover, the NS bifurcation is supercritical (subcritical) if x* <
0(x* > 0).

CHAOS CONTROL

A system with optimal performance and no chaos is always desired
in dynamic systems. The process of applying small perturbations
to a specific system in order to stabilize periodic orbits is known
as controlling chaos. The goal of chaos control strategies is to
stabilize and predict chaotic activity. There are numerous methods
for managing chaos in the discrete time model. Two forms of chaos
control — hybrid control and state feedback control — will be
implemented in this study.

Hybrid control strategy

By assuming that the model (7) experiences a flip or NS bifurcation
at a fixed point E*, we follow (Panigoro et al. 2023; Ruan and Li
2024) to implement a hybrid control to the system (7) such that we
get

XnYn
a+ x,

Xpy1 =0 <xn +6 ((1 — Xp)Xp —

bx
Ynt1 :0<yn+5(ﬁ -

—pﬁ))+a—ann

e+l ) )+ (1=l

27)
with control parameter o € (0,1). It is easily verified that model
(27) has exactly the same fixed points as uncontrol model (7). The
Jacobian matrix of system (27) at the fixed point E* is

1+ (S(lel (50’j12

Je(E*) = / (28)
oojn 1
where
i = g el (= p)b— () —alo+c ),
j12 = —Hb—q <0,
jn =1 =p)(b—(c+q))—alc+q).

The eigenvalues of Jacobian matrix (28) can be analyzed using
the same method as that of Jacobian matrix (13) since those two
matrices are very similar. In this way, we can show thatif 1 — p <
L* + 4= (
of the following conditions holds:

) then the fixed point E* is asymptotically stable if one

1. A< 0and 0 < h < hy, where hiy = 5705 = “r([j)‘s";or
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It can be seen that the fixed point E* of the system with hybrid
control (27) has a wider stability region compared to the uncontrol
system (7). Without hybrid control, the fixed point E* of model (7)
loses its stability when h passes hy (for the case of A < 0) or Ky (for
the case of A > 0). On the other hand, the appearance of a hybrid
control in the system with control parameter ¢ leads to a shifting
of the critical value of /. Indeed, the fixed point E* of the control

(for the case of A < 0)

2. A>0and 0 < h < hy, where h; =

system (27) is asymtotically stable if h < \h}

the flxed pomt E* of model (7) w1th a specific time step his unstable
and the system experiences chaotic behaviour then the chaos can
be controlled by implementing a hybrid control to the system with

control parameter o € (O — h(th> (oro € (O, 7%14;@))
ifA<O0(orA >0).

State Feedback Control

By following (Ruan and Li 2024; Khan et al. 2024; Li et al. 2024),
a state feedback control will be employed in this part to stabilize
chaotic orbits at a fixed point E* of unstable systems (7). With this
state feedback control, model (7) becomes

Xpg1 = Xn + 0 ((1 — X)Xy — XnYn pxn) +z,

, a—+ xp (29)
X

Y1 =Yn +0 (ﬁ ool (C+q)yn),

where z;, = —wq(xn — x*) — wa(yn — y*) denotes the strength of

the feedback control, while wj and w, denote the feedback gain. It
is evident that the fixed points of the uncontrolled model (7) and
the (29) model are identical. At the fixed point E*, the Jacobian
matrix of system (29) is

1+ 6711 — 071 —
Ipp(E) = +0j11 —w1 djiz —ws , (30)

dj21 1
where 11, j12 and jp1 are exactly the same as in matrix (13).

The eigenvalues of the Jacobian matrix (30) can be determined
by solving the following characteristics equation

A = Tr(J5(E*))A + Det(J g (E*)) = 0 @31)
where
Tr(Js(E")) =2+ ¥16 — wy,
Det(Jp(E*)) = 14 Y16 + ¥20% — w1 + wydjn,
and

Y1 =ju1 and ¥ = —jiofo1-

Let A1 and A, are the eigenvalues of matrix (30). Then,
M+A=24+Y10—wy,

1 21 ‘ 32)

/\1/\2 =1 +‘F1(5 +T25 — W1 + (AJ2(5]21.

It is necessary to solve equations A = £1and AqA, = 1in order to
determine the marginal stability lines of the fixed E*. The purpose
of this constraint is to guarantee that [A1 5] < 1. Assuming A1A; =
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1, the second part of equation (32) gives the first stability boundary
line as follows

L1 = wi — wybjnr = Y16+ ¥26°. (33)

Next, the second stability boundary line can be generated by taking
A1 = 1, which together with equation (32), yields

£2 = Wwp = 5]'12. (34)
Finally we suppose that A; = —1. Then, by equation (32) we get
L3 = 2w — wadjpy = 4+ 2¥10 + Y482 (35)

We remark that if wq and wj lie in the triangular region bounded
by lines £1, £, and L3, then the fixed point E* of the system (29)
is asymptotically stable.

NUMERICAL SIMULATIONS

In this section, we present several numerical simulations to demon-
strate and validate the earlier analytical findings. It should be
mentioned that since the real-life parameter values are unavailable,
we utilize the hypothetical ones. As an illustration, we initially
select the following parameters.

«#=07a=2b=1c=02,p=0149=0.1, (36)

and vary the parameter h € [2.5,4.8]. The initial condition for
this simulation is x(0) = 0.2,(0) = 0.1. In this particular case,
E*(0.8571, 0.1224) is the interior fixed point of the system (7). Our
calculations outcomes show that A = 0.6768 > 0, 51 = 2.3996,
and h; = 3.0451. Thus, in the present situation, the parameter
(a,a,b,d,p,q) € O leads to a flip (period-doubling) bifurcation.
More specifically, if h < hy then the fixed point E*(0.8571, 0.1224)
is asymptotically stable; while if i exceeds i then stability is lost.

The discriminatory quantities 1 = —0.8335 and ), = —0.6074
are non-zero which indicate the occurrence of flip bifurcation. The
flip bifurcation is unstable since x» < 0. The bifurcation diagram
in the (h, x*)-plane, shown in Figure 1.(a-b), provides a vivid il-
lustration of this bifurcation phenomena. Figure 1.(a) depicts that
after the bifurcation parameter (/1) crosses the value of /1;, there
occurs a period-doubling cascade in orbits of period-2, 4, 8, and 16
as well quasi-periodic and even chaotic orbits for the solution x;,.
However, such phenomenon is not observed in (h, y*)-plane due to
yn always converges to 0 for i > hy, see Figure 1.(b). The presence
of converging orbit (E* is asymptotically stable), period-doubling
orbits, chaotic regions is confirmed by the maximal Lyapunov ex-
ponents corresponding to Figure 1.(a-b) shown in Figure 1.(c). It
is seen that the maximum value of Lyapunov exponent are posi-
tive for some intervals of /i, which characterizes the occurrence of
chaos. Figure 2 illustrates this point by displaying many temporal
solutions of x, for a range of h values. For h < lfl, it is seen that
the x; converges to x*; however, for 1 > h], x may converge to the
orbits of period-2,-3,-4, -5, etc., or it may behave chaotically.

It is evident from Figures 1 and 2 that chaos may occur in the
model (7) with parameters (36). The model (7) can be subjected to
a hybrid control in attempt to control chaotic events. For instance,
Figure 3.(a-b) demonstrates that the fixed point E*(0.8571, 0.1224)
of model (7) with h = 3.96 is unstable. In this case, a chaotic
orbit for x, is generated, while x; is convergent to 0. On the
other hand, if a hybrid control is applied as in the model (27),
then the eigenvalues of the Jacobian matrix (28) are in the stability
region (JA1,] < 1) if ¢ € (0, 0.832). The graphs of x, and y; of
the controlled model (27) with ¢ = 0.8 and initial value x(0) =
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Figure 1 Bifurcation diagrams in (a) (i, x*)-plane, (b) (h,y*)-
plane, and (c) the corresponding maximum Lyapunov exponent
(MLE) of system (7) witha =0.7,a =2,b=1,c=02,p=0.1,9 =
0.1,and i € [2.5,4.8].
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Figure 2 Temporal solution of x, for system (7) witha = 0.7,2 =
2,b=1,c=02,p=0.1,and g = 0.1 around ¢ = 6000, for different
valus of h: (a) h = 2.8, (b) h = 3.5, (c) h = 3.75, (d) h = 3.96, (e)
h=4.03,(f)h=42,(g)h =428 (h)h=45,{) h=438.

0.2,y(0) = 0.8 are displayed in Figure 3.(c-d). It is clearly evident
that the fixed point E* is now asymptotically stable.

If the model (3) with parameters (36) is subjected to a state
feedback control as in the system (29), we obtain three boundary
lines for the stability region, namely

L1 = —wq +0.0865w;, = 2.3601,

£2 wy = —0.8659,
L3 = —2wq + 0.0865w, = 0.7950.

Figure 4 displays the stable triangular area in the (wq, wy)—plane
for the controlled system (29) that is bounded by the marginal
lines £1, £, and L3. We have included a numerical simulation to
show how the feedback method operates and controls chaos in
unstable states. As in previous example, we take parameters (36)
and I = 3.96. The feedback gains are w; = —0.75 and w, = —0.7,
with the initial value being (x(0),y(0)) = (0.2,0.8). The chaotic
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trajectory is now stabilized at the fixed point E*(0.8571, 0.1224),
as shown in Figure 3.(e-f).

(b)

x(1)
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t

Figure 3 Temporal solution for system (7) with « = 0.7,a =
2,b =1,c =02,p = 01,9 = 01,h = 3.96; and initial value
(x(0),y(0)) = (0.2,0.8). The first column depicts the solution
of x,,, while the second column shows the solution of y,: (a-b)
without control, (c-d) with hybrid control where o = 0.8, and (e-f)
with state feedback control where w; = —0.75 and w, = —0.7.

stable region

o,

Figure 4 Stability region for system with state feedback control (29)
withae =07,a=2,b=1,c=02,p=0.1,4=0.1,and h = 3.96.

For the subsequent simulation, the following parameter values
are used:

x«=09a=1b=1c=02,p=03,4=0.05 (37)

and h € [3.4,5.2]. It is evident that the simulation’s parameters
fall into Q3, where 8y = 3.5151 and A = —0.2166 < 0. We also
observe that i = hy is equivalent to § = dy. Here, the fixed point
E*(0.3333,0.4889) of the system (7) is stable if i < hy = 3.8707.
When the system (7) is linearized around a fixed point E*, the
eigenvalues of the resulting Jacobian matrix are A1, = p £ i
and |A1p| = 1, with u = 0.57525 and ¢ = 0.81798. In addition,
it is found that p(0) = —1.1505 # £1 and x* = —1.3642 < 0.
Therefore, the system (7) experiences a stable Neimark-Sacker bi-
furcation around E* when h passes h = hy. This is indicated by
the appearance of closed invariant curves when h > hy. This
phenomenon is clearly seen in the bifurcation diagrams in (k, x*)-
plane and (h, y*), see Figure 5.(a-b), as well as in the phase-portrait
in Figure 6. The system also experiences the chaos phenomena, as
evidenced by the positive value of the maximal Lyapunov expo-
nent shown in Figure 5.(c).
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Figure 5 Bifurcation diagrams in (a) (&, x*)-plane, (b) (h,y*)-
plane, and (c) the corresponding maximum Lyapunov exponent
(MLE) of system (7) witha = 09,4 =1,b=1,c=02,p=0.3,9 =
0.05,and h € [3.4,5.2].
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Figure 6 Phase portrait for system (7) witha = 09,2 = 1,b =
1l,c = 02,p = 03,9 = 0.05, and (a) h = 3.6, (b) h = 3.93, ()
h=42,(d)h=444,(e)h =45 (h=46,(g) h =493, (h)h =5,
(i) h = 5.1.

It can be seen in Figures 5 and 6 that the model (7) with param-
eters (37) may lead to chaotic behavior. Similar to the previous
example, feedback control or hybrid control can be used to manage
this chaotic phenomenon. For instance, when i = 5.1, the model
(7) produces a chaotic orbit, see Figure 7).(a-b). If a hybrid control
is now implemented to the system (7), the fixed point E* will cer-
tainly be asymptotically stable if ¢ € (0, 0.78). To illustrate this,
Figures 7.(c-d) depict the trajectories of x,; and y, which converge
to the fixed point E* when ¢ = 0.75 is utilized. Alternatively, by
applying a state feedback control to the model (7) with parameters
(37) and h = 5.1 results in a triangle-stability region for the fixed
point E*, see Figure 8. The marginal lines for the stability region
are as follows

L1 = —wq 4+ 1.2390w, = —0.3068,
Lo = wy = —1.1264,
L3 = —2wq + 1.2390w, = —3.2179.
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Figure 7 Temporal solution for system (7) with « = 09,4 =
1,b = 1,c = 02,p = 03,9 = 0.05h = 5.1; and initial value
(x(0),y(0)) = (0.2,0.8). The first column depicts the solution
of x;,, while the second column shows the solution of y,: (a-b)
without control, (c-d) with hybrid control where o = 0.75, and (e-f)
with state feedback control where w7 = 1 and w, = 0.1.

310,

stable region

Figure 8 Stability region for system with state feedback control
(29) witha = 09,4 = 1,b = 1,c = 0.2,p = 0.3,9 = 0.05, and
h=5.1.

Hence, if w; and w, are chosen in the stability region, then the
fixed point E* is guaranteed to be asymptotically stable. As an
illustration, we plot in Figure 7.(e-f) the temporal solution of x;
and y, under the state feedback control with w; = 1and w, = 0.1.
It is observed that the solution converges to E*, confirming the
fixed point E* is asymptotically stable.

To see the influence of harvesting rate of prey population on
the dynamics of the model (7), a simulation was carried out by
taking fixed parameters « = 0.9,a = 1,c = 0.2,9 = 0.05,h = 4,
and varying b € [0.8,1.2] for different value of p. We can clearly
observe in Figure 9 that p has a substantial effect on the dynamics
of predator-prey populations. The bifurcation diagrams illustrated
in Figure 9.(a-d) indicate that the predator-prey system experiences

a Neimark-Sacker bifurcation. It is important to note that p = %
where B represents the conversion rate of predation,  denotes the
intrinsic growth rate of prey, and m signifies the handling time
required to capture and consume the prey population.

A greater value of p can be achieved by increasing the value
of B or reducing the values of r or m. Aslongas0 < p < 1, an
increase in p will cause the bifurcation threshold to move to a
higher critical value of b. With r and m held constant, this suggests
that raising the rate of prey harvesting will enhance the system’s
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Figure 9 Bifurcation diagram in (b, x*)—plane when (a) p = 0.2,
(b) p =03, (c) p = 04, (d) p = 0.5; and (e-h) the correspond-
ing maximum Lyapunov exponent (MLE) of system (7) with
«=09a=1c=024=005andh =4

stability and help avoid chaotic dynamics. This dynamic behavior
can also be observed in the graph of the maximum Lyapunov
exponent associated with the bifurcation diagram, see Figure 9. (e-
h). However, based on the existence and stability of the fixed
points described in the previous section, both prey and predator
populations will become extinct if p > 1.

We have shown analytically and numerically that our proposed
discrete model (7) has complex dynamics. In this scenario, the
proposed model could reveal flip bifurcation, Neimark-Sacker bi-
furcation or chaotic behavior. Since the corresponding continuous
model, as demonstrated by Sarkar and Mondal (2023), does not
exhibit flip bifurcation or chaotic characteristics, this illustrates that
the discrete model possesses more complex dynamics compared
to its continuous counterpart. Consequently, the discrete model
may effectively capture ecological phenomena with a wider range
of applicability.

The fact that the discrete model can undergo flip bifurcation
suggests that the system can experience period-doubling or even
chaotic behavior, as shown in Figures 1 and 2. As mentioned by
Eskandari et al. (2024), period-doubling bifurcation can cause an
increase in the magnitude of population cycles, resulting in more
significant fluctuations in population numbers. This can have a
major impact on the balance of ecosystems, as increasing changes
in population size can increase competition for resources, increase
predation rates, and alter various ecological interactions. Apart
from that, the occurrence of a flip bifurcation can cause chaos in
the dynamics of the population cycle. Such unpredictable behavior
can trigger sudden transformations in ecosystems, hindering the
development of effective conservation and management strate-
gies. Besides that, the presence of chaos in this context signifies
that the predator-prey interaction represented by (7) is unstable.
Specifically, as shown by Figure 2, if the prey population falls into
a period-doubling state or a chaotic state, the predator species will
ultimately face extinction.

The predator-prey discrete model (7) demonstrates the presence
of the Neimark-Sacker bifurcation, which signifies the shift from a
stable interior point to behaviors that are periodic, quasi-periodic,
and even chaotic. Periodic behavior has significant ecological
consequences, particularly in terms of recurring population fluc-
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tuations between predators and prey about a certain level. Quasi-
periodic behavior reflects more intricate, non-repetitive ecological
cycles. In both scenarios, predators and prey can coexist while
sustaining their individual population densities. The pattern of
recurring population cycles simplifies the task of predicting and
managing their population dynamics. Conversely, non-repeating
population cycles, especially chaotic ones, can complicate predic-
tions of population size changes, thereby hindering the formula-
tion of effective conservation and management strategies.

CONCLUSION

We investigated the complex dynamics of a discrete-time predator-
prey model involving harvesting in both prey and predator popu-
lations that is constructed from the PWCA approach. The obtained
discrete-time model has three fixed points: the extinction of both
populations (Ey), the extinction of the predator population (E;),
and the interior point (E*). Every fixed point is under certain
conditions. Our investigation reveals that the discrete-time model
experiences flip bifurcation and Neimark-Sacker bifurcation, which
are determined by the step size of numerical integration (k). When
a flip bifurcation occurs, a period-doubling cascade emerges in or-
bits with periods of 2, 4, 8, and 16, as well as chaotic orbits around
the fixed point E* after the value of /1 crosses the critical value.
However, for the case of Neimark-Sacker bifurcation, periodic or
quasi-periodic orbits as well as chaotic orbits will present when h
is larger than the critical value. We showed that the hybrid control
or the state feedback control effectively suppresses the chaotic or
unstable behaviors. Several computer simulations have confirmed
those analytical findings. It is important to mention that the sim-
ulations conducted in this article rely on hypothetical parameter
values. For future research, it is advisable to examine the proposed
discrete model utilizing actual data from chosen ecological cases.
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