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Abstract: In this work, almost contact B-metric manifolds and almost complex manifolds with Norden
metric are considered. Almost complex manifolds with a Norden metric are obtained by the product of
almost contact B-metric manifolds with R, where almost complex structure and metric on the product
manifold depend on two functions of R. The relations between two classes of almost contact manifolds
with B-metric (the classes F4 and Fs) and classes of almost complex manifolds with a Norden metric are

investigated.
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1. Introduction

Differentiable manifolds having special tensors are an object of interest in differential geometry.
There are several studies on this area, for example, see [2, 4-8, 10, 11, 13-16, 19-21]. Differ-
ential manifolds having special tensor structure have been classified by considering the covariant
derivative of their tensor structure [2, 4-8, 10, 11, 13, 21].

Manifolds with B-metric have been studied in the last 30 years by various researchers
[7, 9, 10, 16, 20]. Recently, many differential geometers and theoretical physicists have been
investigating Ricci solitons and 7-Ricci solitons on manifolds with special structures, such as
almost contact metric manifolds, almost paracontact metric manifolds, manifolds with B-metric,
Norden manifolds, etc. [1, 3, 12, 17, 18]. In this investigations, classes of almost contact B-metric
manifolds and almost complex manifolds with a Norden metric also gain importance.

In this study, we obtain an infinite number of Kaehlerian manifolds with a Norden metric
in Theorem 3.3 and complex manifolds with a Norden metric (the class W1 & Ws) in Thoerem 3.5.
In particular, we consider the classification of almost contact manifolds with B-metric and almost

complex manifolds with a Norden metric given by [6, 7], respectively. We generalize the metric and
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the complex structure on the product manifold given in [9] by considering two functions. In [9],
Sasaki-like manifolds which are subclasses of F; of almost contact B-metric manifolds are studied.
In this work, almost complex Norden metric manifolds are obtained from almost contact manifolds
with B-metric M with product of R and an almost complex structure and a metric are defined
on the product manifold M x R depending on two functions ¢ and g which are functions of t.
Some relations between classes of almost complex manifolds with a Norden metric and the classes

F4 and F5 of almost contact manifolds with B-metric are obtained.

2. Preliminaries

First, we introduce almost contact B-metric manifolds. A manifold M with odd dimension has an
almost contact structure (p,&,n), if it admits a vector field £, a map ¢, and a 1-form 7 satisifying

the following relations:
n(€) =1, ¢*=-I+ne¢ (1)
Here I is identity map. From (1),
p(£) =0, now=0 (2)

follow. In addition to an almost contact structure (p,&,n), if there is a metric tensor g satisfying

g(p(a),p(b)) = —g(a,b) +n(a)n(b) (3)

for all vector fields a,b, then M is said to be an almost contact manifold with B-metric. The
Equation (3) yields
9(a,&) =n(a), g (¢(a),b) = g (a, (b)) . (4)

Assume V is the Levi-Civita covariant derivative of g. We denote

T'(a,b,¢) =g ((Vap)b,c). (5)

T" has the following properties:

T(a,b,c) = T(a,c,b),
F(a’(p(b)vw(c)) = F(aa b7 C) —U(b)r(aaf,c) —W(C)F(aabaf)» (6)
I'(a,&,€) 0

for all a,b,c vector fields. The 1-forms 6, 8" and w related with I' are introduced as
0(a) = g"T(fi. fj.a),  67(a) = g"T(fi,o(f;).a), w(a)=T(£,& ). (7)

Here {f1,", fan,&} is a local frame, the inverse matrix of (g;;) is denoted by (¢*/) and a € x(M)

7).

Using properties (6), the space of Levi-Civita connections of the endomorphism ¢ are defined
as
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F = {F €®y : T'(a,b,c) I'(a,c,b)

I'(a, o(b), () +n(0)I'(a, €, ¢) + n(c)l(a,b,8)} .

The space F is decomposed as

F=F1& & F.
The subspaces F; are invariant and orthogonal with respect to the action of G x I, where

G =GL(n,C)nO(n,n), i.e., G is the group of real matrices ( _g Z ) which belong to O(n,n),

A and B are n xn matrices [7].
Any almost contact manifold with B-metric belongs to a subclass F;, @ ---@F;, for 1<i; <

- < <11 of F. The defining rules of classes we use are [7]:

Fu s T(ab,0) = =28 (n(0)g(e(), (6)) + n(da(i(@), £())). ®)

Fo + Dlasbe) == y)g(p(a).0) + n(ea(o(@). 1) ©)

An even-dimensional semi-Riemannian manifold N having an almost complex structure J
and a semi-Riemannian metric h such that h(J(a),J(b)) = —h(a,b) is called an almost complex
manifold with a Norden metric. G = GL(n,C) n O(n,n) is the structure group of N, where

GL(n,C)nO(n,n) is the group of real matrices

A B
-B A
which are in O(n,n) (A and B are n x n matrices) [6].

Almost complex manifolds with Norden metric are classified by considering the Levi-Civita

connection VJ of J. The following notation is used
Y(a,b,¢):=h((VaJ)b,c).
T satisfies
Y(a,b,c) = Y(a,c,b) and Y(a,J (), J(c)) = Y(a,b,c).

The 1-form O related with T is given by

O(a) = 7Y (fi, f;,a) (10)
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for all @ € x(N), where {fi, f2,-, fon} is a local frame on N and (h*) is the inverse matrix of
h. The tensor Y belongs to the space
W={TYe®] : T(a,bc)="(a,eb)="(a,J(b),J(c))},

which splits into a direct sum of three subspaces W;, i = 1,2,3 [5]. Defining relations of almost
complex manifolds with a Norden metric are:
1. Kaehlerian Norden metric manifolds: Y(a,b,c) =0 for all a,b,ce x(N).

2. Class W (Conformally Kaehlerian manifolds with a Norden metric):

T(a,b,c) = % (h(a,b)O(c) + h(a,c)O(d) (11)
+h(a, J(0))O(J(c)) + h(a,J(c))O(J(D))).
3. Class Wy (Special complex manifolds with a Norden metric):
Y(a,b,J(c)) +Y(b,c,J(a)) +Y(c,a,J (b)) =0, (12)
©=0. (13)
4. Class W3 (Quasi-Kaehlerian manifolds with a Norden metric):
Y(a,b,c)+Y(b,c,a)+Y(c,a,b) =0. (14)
5. Class W; @ Wy (Complex manifolds with a Norden metric):
Y(a,b,J(c)) +Y(b,ec,J(a))+Y(c,a,J(b)) =0.

6. Class Wy & W3

Y(a,b,c)+Y(b,c,a) +Y(c,a,b)

% (h(a,5)0(¢) + h(a,)O(b) (15)
b h(b,e)O(a) + h(a, J())O(J(c)
+  h(b,J(c))O(J(a)) +h(c, J(a))O(J(D)))

7. Class Wo ® W (Semi-Kaehlerian manifolds with a Norden metric):

0 =0.
8. Class W; @ Wy @ W5 (No relation):
Any YT e W can be written as T = Y1+ Yo + T3 € W, where T; € W;. The projections T;

are given below [6]:

Ti(abc) - %(h(a,b)@(c)+h(a,c)®(b) (16)

+h(a, J(0))0(J(¢)) + h(a, J(c))O(J(}))),
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Yo(a,b,c) = —i (h(a,b)O(c) + h(a,c)O(b) (17)
+h(a, J())O(J () + h(a, J(c))O(J(b)))
+i (2Y(a,b,c) + Y(b,c,a) + T(c,a,b)

=T(J(),¢,J(a)) + T(J(c),a,J (b)),

Ty(ab,c) = i (2 (a,b,¢) - T(b,c,a) - T(c, a,b) (18)

+Y(J(b),¢c,J(a)) - Y (J(c),a, J(b))).

3. Almost Complex Manifolds with Norden Metric from Almost Contact Manifolds
with B-Metric

Let (M, p,€,1,9) be an almost contact manifold with B-metric, dim M = 2n+1. Consider a vector

field (a,a%) on M xR, where a is a vector field on M, t is the coordinate of R and « is a C*

function on M xR. On M xR we define an almost complex structure with a Norden metric (J,h)

with respect to the functions ¢ and g on M xR, where o and p depend only on t as
- d d
F(a.ad) = (#(@ - ac e @) L (19)

h ((a, a%) , (b, B%)) =27 g (a,b) + €27 (e* = 1)n(a)n(b) - afb. (20)

In this study, we use the notation a,b, ¢ for vector fields on M . In addition, we use A, B,C
to denote vector fields on M such that A, B,C € Kern.

Using the Kozsul formula, we evaluate the components of Levi-Civita covariant derivative

V of h which are different than zero as

WTaB.C) = ¢g(VaB,C),
h(ﬁAng) = e2og(vABa£) _620(62M_1)d77(AvB)7

~ d do
h(VAB,a) = _GQGEQ(AvB)’
h(V 4€,C) e%%(wf, C) +€* (e = 1)dn(4,0),
s~ o
h(VA%,C’) GQUEQ(A,C),
h(VeB,C) = €*g(VeB,C)+e* (e - 1)dn(B,0),
]}(65375) GZ(UH'L)Q(VEB,g),
h(v§£7g) 62(U+M)9(Yi§§7627
W & _p2(o+p) (00 A
Vet ) = NG )
= d o o M
h(Ve gz €) e ;M)(dtert .
h(V 4 B,C) eZGd—ig(B,C),
- do dp
2(o+p) (Y hatind
h(V 4 €,€) R+
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Then, we write down the non-zero components of V.J as

h((VaJ)(B),C) = e*g((Vap)(B),C),

M@aDB)) = ¢ (o(Vap(B).O)+ 7 g4, B)

-(e** = 1)dn(A,¢(B))),

W(TaD)(B), %) = = g(A,0(B)) + €V g(T4B,)

—e7H(e* ~1)dn(A, B),

W(FAN©.0) = & 4(4,0) = ¥ g(V 46, 9(C))
(¢ = 1)y (4,9(C)),
M(TaT)(5).C) = = g(T46,C) - e (- 1)dn(4,C)
-2 4(4,0(C)),

h(VeT)(B),C) = €*7g((Vep)(B),C)

+e27(e** = 1) (dn(e(B),C) - dn(B,(C))),

h(VeJ)(B),€) M g(Vep(B), €),

W(TI)(B). 5) = e g(9eB.6).

h(Ved)(E),C) X7 g(Ve€, (C)),

M(TN)(5).0) = e g(vet, ),

MTe)©,6) = 260 (T4,

(2 d) - aee ()

Then, we have the Theorem 3.1.

(25)
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Theorem 3.1 V.J =0 if and only if relations below are satisfied

[(4,5,0)=T(£,6,C) =0, (39)
do dup

P + - 0, (36)

N6, B,0)=0, @7)

D(4,B,6) = -2 (4, ) (39)

for all A,B,C e Kern.
Proof Let V.J =0. From Equations (21), (27)-(34), we get Equations (35), (36) and V¢€ = 0.
Also, from Equation (25), we obtain

9(V46,C) = = (% = 1) dn(A,C) =" T (4, 5(C)). (39)

Then, Equation (39) implies dn = 0. In addition, from Equation (26), we obtain 8(¢, B,C) = 0.
Also, Equation (22) gives the relation (38). The converse of proof is clear. |

Now, we state Theorem 3.2 which is used to prove Theorem 3.3.

Theorem 3.2 Assume (M, p,€,n,9) is an almost contact manifold with B-metric. The followings
are equivalent:
(i) (M,p,&,1n,9) satisfies the Equations (35), (37) and (38).

(i) (M,p,&,m,9) satisfies
I'(a,b,c) = 6””% (n(b)g((a), ¢(c)) +n(c)g(p(a),o(b))) (40)
for all a,b,cex(M).
Proof Let (M,p,&,n,g) satisfy (35), (37) and (38). Take

a-n(a)§+n(a)=A+n(a)s, A=a-n(a)
b-n(b)+n(b) =B +n(b), B=b-n(b)§
c=n(c)§+n(e) =C+n(c)§, C=c-n(c),

S Q
Il

where A, B,C € Kern. Then, we obtain

I'(a,b,c)

['(A+n(a)é, B+n(b)E,C+n(c))
= I'(A,B,C)+n(c)l'(A,B,§) +n(b)['(B,C,¢)
n(a)l'(§, B,C) +n(a)n(c)T' (&, €, B) +n(a)n(b)T'(€,€,C)
= U(C)F(AyBa§)+77(b)F(AaCa§)
= -2 (n(e)g(A, B) +n(b)g(A,C))
= €7 (n(c)g(e(a),o(b)) +n(b)g(e(a),(c))).
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The proof of converse is trivial. O

Consider the defining relation of F4 of almost contact manifold with B-metric

P(a,b,6) = -2 ()go(a), o)) +n(e)a(p(a), 2(0))

Choose functions ¢ and p so that

0©) _ yopdo
- =7 tH 2, 42
om O dt (42)
Then, M is in F;. However, the Equation (42) has a solution if 6(§) is a constant real number.

Consequently, the Theorem 3.3 is stated.

Theorem 3.3 Let (M,¢,£,m,9) be an almost contact manifold with B-metric. (M xR, j,il) is
Kaehlerian manifold with Norden metric iff the manifold M is of the class Fy, 6(€) is a real

number and following equalities are satisfied

owdo _ 0 do _du_,

- 4
dt on 7 dt  dt (43)

Proof If M xR is a Kaehlerian Norden metric manifold, from Theorem 3.1, we have Equations
(35) - (38). Also from Theorem 3.2, we get the Equation (40). If functions o and p are chosen to

satisfy

dt on

then M is of the class Fy since 6(¢) is constant.

On the contrary, if M is of the class Fy, 6() is constant and Equation (43) holds, then we

have
o) +u(t)=c, ceR.

o+p do

__0® i
= has the solutions

In addition, the differential equation e

o(t) = —%efct +c1, wp(t)=c+ %efct -c1, c1eR (44)

If o and p are chosen as in (44), then (M xR,.J, k) is in trivial class. In fact, we obtain an infinite

number of Kaehlerian manifolds with a Norden metric depending on ¢ and c¢; . O

Example 3.4 Assume G is a five dimensional Lie group, take a basis {xo,x1,%2, T3, 24} of left-

inwvariant vector fields such that the non-zero Lie brackets are

[0, 21] = Ao + w3 + py, [x0,72] = —Axy — p3 + 4,
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(20, 73] = —1 — pw2 + Ava,  [T0,74] = pa1 — T2 — AT3,
where X\ and p are constants. Let g be the metric satisfying

9(wo,20) = g(w1,21) = g(w2,22) = 1,  g(x3,73) = g(w4,74) = ~1,

g(xiv'rj)zoa i)je{ovla"'74}7i¢j'

If we take € = xo, p(x1) = 23 and @(x2) = x4, then (£,1,0,9) is an almost contact structure
with B-metric, where 1 is dual 1-form of xo. From the Kozsul formula, we evaluate the non-zero
Levi-Civita covariant derivative as

Vao®1 = ATy + (T4, Vg,To = —AT1 — U3,
Vao®3 = T2 + ATy, VaoTa = PUT1 — AT3,
)‘mle = -3, )\121'0 = —T4, )\m3$0 =1, )\x4x0 = T2,

)\zllL'g = )\12564 = >\x3x1 = )\a:41'2 = —x9.

(G,9,&,m,9) is of class Fy with (&) = -2n [9]. If we take o(t) =e °t+c1, u(t)=c—e°t-cqy,
where ¢ and c1 are arbitrary real numbers, then G xR is a Kaehlerian manifold with a Norden

metric.

Let {f1, fn,o(f1), - ©(fn),&} be an orthonormal frame on open set U of M such that

g(fi, fi) =1, g(e(fi),o(fi)) =-1, g(§,§) =1, 1<i<n,

g(fi, ;) = 9(e(fi),0(f3)) = g(fi, 0(f;)) =0 for i # j, 1<i,j<n.

Then,

{(e_aflao) ) (e_UfZaO) [ (e_gfmo) ) (e_a<p(f1)70) EARRS] (e_"go(fn),O) ) (e—(a'+p,)£’0) ) (07 %)}

is an orthonormal frame of h on the open subset U xR of M xR. By using this frame, © (a, a%)

is obtained by direct calculation:

6 (a7 a%) = 0(a) - e TP (€) + 2ne”+”n(a)(fl—(; (45)
d d
w3e (T + B n(a) + 9 (Ve p(0)).

Let M be in F5. We investigate the class of M x R.
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Theorem 3.5 If (M, p,&,1n,9) is in Fs and % d“ =0, then (M xR, J,h) belongs to Wy @ W, .

Proof Since M is in F5, Equation (9) is satisfied. In the class Fs5, we have

In addition, since 4% + dp =0, the only components of Levi-Civita covariant derivative of J which

dt dt

do not vanish are

@@ = - (" g o) - L aam).

o(@anm.g) = - (Fataeen oo Ty m)

- d 07
H(@an©.0) = (e aa0r- Ty pt0n)
- d 0% d
3(@an(5):) = - (e ya0r Eacapen).
Also, by direct calculation we have
~ d d
© (a, aﬁ) = —ae TP (€) + Qne”“‘n(a)d—(z. (46)
In addition, since
d
11((0.5) €0 . €)= e 7€) 0 (47)
and
d 1
T2 ((Oa %) ) (57 0) ’ (57 0)) = _EGU+M0*(£) # 07 (48)

the projections ai, s are non-zero. By direct calculation

((sed) (55) ) o

Hence, M xR is of the class W1 & Ws. m]

Example 3.6 Let R?"*2 = {(a1,", @ns1,b1,,bns1) : a;,b; € R}. Consider the canonical complex

structure
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and
g(u,u) = =0 + 039y

R2n+2

where u = xi% + yi%. Identify the point p = (a1, ns1,b1, bns1) 0 with its position

vector P. Let M be the hypersurface of R®**2? determined by
M ={PeR>? : g(P,J(P))=0, g(P,P)>0}.
Define vector field & as

1
cosht

where t € (-m/2,7/2). For any vector field w, we can define @ with regard to the unique decompo-

sition
J(w) = () + ——n(u)J(P)

(M,p,&,m,9) is in Fs [7]. From the Theorem 5.5, by choosing the functions o and p to satisfy

do d -
S+ 9 =0, M xR is of the class W1 & Ws.
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