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1. Introduction

In 1951, Fast [9] and Stienhaus [24] introduced the idea of statistical convergence which is, in fact, a generalization of usual notion of
convergence. Later on, Buck [6] studied this concept as “convergence in density” in 1953. It was also a part of monograph by Zygmund [32]
and referred as almost convergence. Schoenberg [23] introduced and studied this concept independently in connection with summability of
sequences in 1959.

The notion of statistical convergence has its main pillar as natural density, which is defined as

Definition 1.1. For K C N, the natural density is denoted by 8(K) and defined as

8(K) = lim lcard({mGK:m <n}),

n—oon

provided the limit exists. It is easily verified that 6(K) = 0, for finite subset K of N and 8 (K) + 6 (N—K) = 1 for every K C N, whenever
6(K) exists.

Using the notion of natural density, statistical convergence is defined as

Definition 1.2. A real valued sequence (z,) is statistically convergent to £ € R if for each € > 0,

O({meN:|zy—l >¢€}) =0,
e, Tim Scard({m < n: |om—] > £}) = 0
ie., lim —car {m<n:|zn—4>€})=0,

and ! is referred as statistical limit of (zm). We write zy, — £ and by S(c) we denote the set of all statistically convergent real sequences.

In the last two decades, there has been growing interest in the study of rough convergence theory which arises after the introduction of the
notion of rough convergence by Phu [20] as follows

Definition 1.3. A sequence (zy,) in normed linear space (Z,|| - ||) is said to be rough convergent to zy € Z for some r > 0 if for every € > 0,
there exists my € N such that ||z — 20| < r+ € for all m > my,.

S. Aytar [3] utilized the notion of rough convergence to establish the statistical analog about this concept as rough statistical convergence as
follows
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Definition 1.4. A sequence (zp) in normed linear space (Z,|| - ||) is said to be rough statistical convergent to zy € Z for some r > 0 if for
every € >0,
6({meN: [lzm—z0ll 2 r+£}) =0,

1
holds. That is lgn —card({m € N : ||z, —z0|| > r+ €}) = 0 and zy is identified as r-statistical limit of (zm).
n—oon

R.P. Agnew [1] in 1932, introduced the notion of deferred Cesaro mean of scalar sequences z = (z,,;) as

1 qn

(Dlhqz)ﬂ: Zm; (n:172737) (11)

qn — Pn m=p,+1
where p = {p, : n € N} and g = {gy, : n € N} are the sequences of non-negative integer satisfying
Pn < gn and '}LTTDIOQn = oo,
Agnew also showed that besides being regular, the method given by (1.1) has many more important properties, (see in [1]).

Motivating from the work of Agnew, the notions of deferred density and deferred statistical convergence were given by Kiigiikaslan and
Yilmaztiirk [17, 31] as follows:

Let K C N and denote the set {m € K : p, <m < g, } by Kp 4(n).
Definition 1.5. The deferred density of K C N is defined as

op(K) = lim

=% qn — Pn

card(K, 4(n)),
provided that the limit exists. If g, = n and p, = 0 for all n € N, then deferred density coincides with the natural density.

In view of deferred density the following is obvious
Remark 1.6. Every finite subset of N has zero deferred density.

Definition 1.7. A scalar sequence (z,) is said to be deferred statistically convergent to £ € R, if for each € > 0,

lim
n—e gy — Pn

card{m eN: p, <m<gqy, |zn—¥| > €})=0,

and { is referred as deferred statistical limit of (z,). We write Sp — limz,, = £ and by Sp we denote the set of all deferred statistically
convergent sequences. If p, =0, g, = n, then deferred statistical convergence coincides with statistical convergence.

A large amount of research work regarding various generalizations/extensions of statistical convergence, i.e., lacunary statistical convergence,
rough convergence, weighted statistical rough convergence, A-statistical convergence, statistical convergence by modulus and Orlicz
function etc. has been carried out by many more researchers for scalar as well as for vector valued sequences. One may refer to
[4, 10, 11, 12, 14, 18, 21] where many more references can be found.

In 1902, Painleve introduced the limit of sequences of sets. Although sets convergence introduced by him, has long mathematical history, it
is only during the last four decades that this concept has become so much wider and vigour.

Before proceeding further, we pause here to recall some definitions/notations related to convergence of sets sequences (called Wijsman
convergence which is due to Wijsman [29, 30]).

Let (Z,d) be a metric space. The distance d(z, F) from a point z to a non-empty subset F of (Z,d) is defined as

d(LF):figlfvd(z,f)

Definition 1.8. (/29, 30]) Let (Fy,) be a sequence of non-empty closed subsets of a metric space (Z,d) and F be a non-empty closed subset
of Z.
(a) (Fy) is said to be Wijsman convergent to F, if for each z € Z, ligl d(z,Fin) = d(z,F), i.e., the sequence (d(z,Fn)),,cn of reals is
m—yo0
convergent to d(z,F). In this case, we write W —limF,, = F or Fy, Y, F. The set of all Wijsman convergent sequences is denoted by
w.

(b) (Fy) is said to be bounded (Wijsman bounded) if sup,, |d(z,Fy)| < e for each z € Z, i.e., for z € Z, there exist real number M, such
that d(z,Fn) < Mg for allm € N.

Adding the flavour of statistical convergence to the Wijsman convergence, Nuray and Rhoades [19] introduced the Wijsman statistical
convergence as follows
Definition 1.9. Let (F,,;),cn be a sequence of non-empty closed subsets of a metric space (Z,d) and F be a non-empty closed subset of Z.

Then, (Fy)men is said to be Wijsman statistically convergent to F (denoted by Fy, WS, F), if for each z € Z, (d(z,Fy)) yen IS Statistically
convergent to d(z,F), i.e., for each z € Z and for each € > 0,

1
lim —card ({m <n:|d(z,Fn) —d(z,F)| > €}) =0,

n—oo p

holds. The set of all Wijsman statistically convergent sequences is denoted by W S.
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Using the concepts of Wijsman convergence and deferred statistical convergence, Et and Yilmazer [8] in 2020, introduced and studied the
concept of Wijsman deferred statistical convergence and Wijsman deferred strongly Cesaro summability as follows

Definition 1.10. Ler (pp),en and (qn)nen be sequences of non-negative integers satisfying pn, < qn and q, — o as n — «. A sequence
(Fn)men of non-empty closed subsets of Z is said to be Wijsman deferred statistically convergent to a non-empty closed set F(F C Z) if

lim
n—e gp — Pn

card({pn <m < gy :|d(z,Fy) —d(z,F)| > €})=0

is satisfied for each € > 0 and for each z € Z. And we write F, % F or WSp —limF,, = F. The set WSp will denote the collection
of all Wijsman deferred statistical convergent sequences. If g, = n, p, = 0 for all n € N, then the notion of Wijsman deferred statistical
convergence reduces to Wijsman statistical convergence and we write WS in place of WSp.

Definition 1.11. If (F,)men is a sequence of sets from Z such that (Fy)nen satisfies property P for all m, except a set of deferred density
zero, then we say (F)men satisfies property P for “deferred almost all m (d.a.a. m)”.

In view of Definition 1.11, Wijsman deferred statistical convergence may be redefined as

Definition 1.12. A sequence (Fy,) e of non-empty closed subsets of Z is said to be Wijsman deferred statistically convergent to a non-empty
closed set F(F C Z) if
|d(z,Fy) —d(z,F)| < € da.a.m

for each € > 0 and for each z € Z.

Definition 1.13. A sequence (F)men of non-empty closed subsets of Z is said to be Wijsman strongly deferred Cesaro summable to a
non-empty closed set F of Z, if for each z € Z,

1 4n
lim d(z,F,) —d(z,F)| =0.
n=° qn = Pn m:§+l ‘ m) ( )‘

By NWp we denote the set of all Wijsman strongly deferred Cesaro summable sequences.
By considering the notion of Wijsmann deferred statistical convergence Altinok et al. [2] introduced the concept of deferred statistical
equivalence of sets and established some inclusion relations under strict restrictions.

For various generalizations of Wijsman convergence one may refer to [5, 7, 13, 15, 16, 22, 25, 26, 27, 28] where many more references can
be found.

In the present paper, using the tools of deferred density, convergence of set sequences, statistical equivalence of sequences of sets and
rough convergence, we availed an opportunity to introduce and explore the notions of Wijsmann deferred statistical r-convergence and
deferred statistical r-equivalence of sequences of sets which proved to be generalization of some existing notions in literature for r = 0. It is
observed that Wijsmann deferred statistical 7-convergent sequences are precisely those which have a deferred statistically dense, Wijsmann
r-convergent subsequence. Apart from this, a statistical analog of squeeze principle for sequences of sets has been established.

2. Wijsman deferred statistical r-convergence

In this section, we introduce the notion of Wijsman deferred statistical r-convergence and have a characterization of it in terms of Wijsman
r-convergence.

Definition 2.1. A sequence (Fy,)men of non-empty closed subsets of Z is said to be Wijsman r-convergent to a non-empty closed set F(C Z)
for r > 0 if for given € > 0 and for z € Z, there exist ny € N such that

|d(Z7Fm)7d(Z7F)‘ <r+e

for all m > ny and we write Fy, W Forw —lim Fyn = F. The set of all Wijsman r-convergent sequences is denoted by W'.

Definition 2.2. A sequence (Fy,)enN of non-empty closed subsets of Z is said to be Wijsman r-Cauchy for r > 0 if for given € > 0 and for
7 € Z, there exist ny € N such that
|d(z,Fn) —d(z,Fy)| < r+€ forallm,n > ny.

Definition 2.3. A sequence (Fy)nen of non-empty closed subsets of Z is said to be Wijsman statistical r-convergent to a non-empty closed

set F of Z for r > 0 if for each z € Z and for each € > 0,

1
lim —card({m <n:|d(z,F,) —d(z,F)| > r+¢€})=0.

n—oo pn

We write Fy, WS F and the set of all Wijsman statistically r-convergent sequences is denoted by WS".

Remark 2.4. It is to be noted that for r = 0, the definition of Wijsman r-convergence reduces to Wijsman convergence and Wijsman statistical
r-convergence reduces to Wijsman statistical convergence.

Remark 2.5. Every Wijsman convergent (and hence Wijsman r-convergent) sequence is Wijsman bounded.
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Definition 2.6. For a non-negative real number r, we say sequence (Fy)ueN of non-empty closed subsets of Z to be Wijsman deferred
statistically r-convergent to a non-empty closed set F of Z provided that

lim
n—=e(gp — Pn

card({p, <m < gqy, :|d(z,Fn) —d(z,F)| >r+€})=0

ie. |d(z,F)—d(z,F)| <r+¢€ daam

WSy
for each € > 0 and for each z € Z. And we write Fy — F or WS}, —limF,, = F. Here WS}, denote the set of all Wijsman deferred
statistically r-convergent sequences.

Definition 2.7. A sequence (F,) e of non-empty closed subsets of Z is said to be Wijsman deferred statistically bounded if for each z € Z,
there exist M; > 0 such that
op({meN:d(z,Fy) >M})=0

ie., d(z,Fy) <M; da.a.m.

Theorem 2.8. Every Wijsman r-convergent sequence is Wijsman deferred statistically r-convergent (Wijsman statistically r-convergent) but
converse is not true, in general.

Proof. The result follows in view of the Remark 1.6. For converse part, consider Z = R, with usual metric d(z,7') = |z —2/|, z,Z € Z and

m form =
Fm = { { } dn

{(=1)"}  otherwise. € (Pn,qnl, m €N

Then it is easy to see that the sequence (F,) is not Wijsman convergent. Even more, this sequence has no Wijsman r-limit for any r as it is
unbounded from above. However, it is Wijsman deferred statistically r-convergent to F = {—1, 1} for r > 2. O

Theorem 2.9. Every Wijsman deferred statistically r-convergent sequence is Wijsman deferred statistically bounded. Converse need not be
true.

Proof. Let (F)men be a Wijsman deferred statistically r-convergent sequence to F, so for each z € Z and € > 0
|d(z,Fp) —d(z,F)|<r+€ daam.
This is also true for € = 1. Then, we have
d(z. Fn)| < 1d(z,F) — d(z F)] + |d(z,F)|
<r+1+1d(z,F)| daa m

:M27
ie, |d(z,Fn) <M, daam.

For converse part, consider Z = R, with usual metric d(z,7’) = |z — 7|, 7,7 € Z. Take

_ {gn} ifm=gqy
Fn = { {(=1)"} otherwise m € (pn:gn), m €N,

and F = {2}.
Then d(z,Fy) = |z+ 1] or|z— 1| for m # g, and d(z,F) = |z —2|. Thus |d(z,F,) —d(z,F)| < 3 for all z € Z, m # g,,. This implies
|d(z,Fin) —d(z,F)| £r+¢€ daam (0<r<3),

i.e., (Fin)men is not Wijsman deferred statistically r-convergent for r € [0,3). But forz € R, |d(z, Fn)| < M, for all m # g, (Take M, = |z| 4+ 3)
and hence Wijsman deferred statistically bounded. O

The following theorem is the statistical analog of the Squeeze principle.
Theorem 2.10. Let (Fip)meN, (Em)men and (Gm)men are non-empty closed set sequences of Z such that Fy, C E;y C Gy, for every m € N.

WSy WSy WSy
IfFp —2 F and G,, —= F then E,, —= F.

Proof. Since F, C E,, C Gy, then
d(ZaGm) < d(Z7Em) < d(Z7Fm)

holds for each z € Z and m € N. Then, for every € > 0 and z € Z, we have

{pn<m<qy:|d(z,Em)—d(z,F)| >r+et={pn<m<qyn:d(z,En) —d(z,F) >r+etU{pp <m<gn:d(z,En) <d(z,F)—(r+¢€)}
C{pn<m<qn:d(z,Fn) >d(z,F)+r+etU{pn <m<qy:d(z,Gn) <d(z,F)—(r+€)}
C{pn<m<qn:ld(z,Fn) —d(z,F)| > r+€tU{py <m < qn:|d(z,Gn) —d(z,F)| = r+€}.

WS},
Now the result follows from the above inequality and the fact F;,, G,, —= F. O
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Theorem 2.11. For ry > ry we have WS;)l - WSB.
Proof. The proof is easy and a routine verification, hence omitted. O

Definition 2.12. A subset B of N is said to be deferred statistically dense if op(B) = 1.

Theorem 2.13. WS}, —lim Fy,, = F iff there exists an increasing index sequence (my)ren such that the related set M = {m; <my <m3 < ...}
has 6p(M) =0 and W' —lim,,en_p Fn = F.

Proof. Step-1 For each j € N, let us consider M; = {m eN:|d(z,Fpn) —d(z,F)| >r+ %} such that dp (M) = 0 holds. It is to be noted
that M; C M, forall j € N. If all M /s are empty, then result is trivially established. Let us consider the case when some of the M|’s are
non-empty. Without loss of generality we may assume that M; # 0. Take any n; € M;. Then using the the fact M; C M, and dp (M) =0,
there exist a number ny € M, such that ny > nj and

1 1
d <gqn:|d(z,Fn)—d(z,F)| > — —
T ({pn<m_qn 4z, F) —d (2. F) r+2})<2

for all n > ny. Similarly we choose a number n3 from M3 such that n3 > ny and

1 1
%m(&m<m§%ﬁM@Eﬂ—d@Fﬂzr+—})<—

dn — Pn 3 3
for all n > n3. Continuing in this way, we have an increasing sequence {n;}, j = 1,2,3, ..., of natural numbers such that n; € M; and
1 1
card [ < pp <m < qy :|d(z,Fn) —d(z,F)| >r+— ¢ | <=
4n — Pn J J
forall n > n;.
Step-2 Construct a set M of increasing indices as follows
M = ([n1,n2) "\M1) U ([n2,n3) N\Ma) U ([n3,m4) N M3) ...
Then {meM: p, <m<q,} C{meM;:p, <m< g} for some j. Now
card({meM:p, <m<g,}) < card ({meM;:p, <m<gqy})
qn — DPn 4n — Pn
1 1 1
= card ( § pp <m < gy 1 |d(z,Fp) —d(z,F)| > 71+~ > | <= foralln>n;
qn — Pn J J

and so 8p(M) = 0.

1 1

Step-3 Let € > 0. Then, there exists jo € N such that — < € and for all j > jj we have — < €. Now, for m € N— M and m > n;, then there
Jo J ’

exists s > j such that ng <m < ngy;. Asm ¢ M; so

1 1
W@Eﬂ—d@Fﬂ<r+;§r+;<r+s

Thus, W' —lim,,en_p Fn = F.

Conversely, let € > 0 be given. Then, there exists mg € N such that |d(z,F,) —d(z,F)| < r+¢ for all m € N— M with m > mg. The result
now follows in view of the following inclusion

{meN:|d(z,Fp)—d(z,F)| >r+€} CMU{1,2,3,...,my—1}.
So, the proof is ended. O

Corollary 2.14. A sequence (am)men of reals is deferred statistically r-convergent to £ € R iff there exist a deferred statistical dense set
B={m <my <m3 < ...<my <...} CNsuchthat r—limay,, = /.

Proof. By considering F,, = {an}, m € N in Theorem 2.13, the result follows. O

In analog to the notion of Wijsman deferred r-convergence we define

Definition 2.15. A sequence (am)mnen of reals is said to be deferred statistical r-convergent to £ € R if for every € > 0,

lim
n—e gy — Pn

card({py <m<gqy:lam—L >r+€})=0

holds. That is |a, — £| < r+¢€ d.a.a. m.

Theorem 2.16. A sequence (Fyy)men of non-empty closed subsets of Z is Wijsman deferred statistically r-convergent to a non-empty closed
subset F of Z iff there exist a sequence (Gm)meN of non-empty closed subsets of Z which is Wijsman r-convergent to F and G, = Fy, d.a.a.
m.
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Proof. Let Fy 2, F then 8p(A) = 0 where A = {m € N : |d(z, Fy) —d(z,F)| > r+€}. Take

G, — Fy, formeN-—-A,
™7\ F, form € A.

Clearly, G, = F;;, d.a.a. m and

g G E) —dE )| formeN-a
|d(z,Gm) —d(z,F) _{ 0 form e A.

Thus |d(z,Gp) —d(z,F)| < r+¢ forall m € N, for all z € Z. Hence (Gy,)men is Wijsman r-convergent to F.

Conversely, it is given that there exists (Gy,)men such that G, = Fy, d.a.a m and (Gp,) nen is Wijsman r-convergent to F. Let A= {m € N :
Gy # Fp } then 8p(A) = 0. Also for € > 0 there exists Ny € N such that

|d(z,Gp) —d(z,F)| < r+¢€forallm> Ny.

The result follows in view of
{m:d(z,Gm) —d(z,F)| >r+€} C{1,2,3,....Ng— 1} UA

and the fact that every finite subset of N has null deferred density. O

Definition 2.17. A sequence (Fy,)uen of non-empty closed subsets of Z is called Wijsman deferred statistically r-Cauchy if for every € > 0
and 7 € Z, there exist my € N such that

lim
n—=% gp — Pn

card ({pn <m < g :|d(z,F) —d(z,Fn,)| > r+e€}) =0,

holds. That is |d(z,Fy) —d(z,Fn,)| < r+€ d.a.a. m.

Theorem 2.18. A sequence (Fy,)ucn of non-empty closed subsets of Z is deferred statistically r-Cauchy iff there exist an increasing index
sequence M = {m; <mp <m3 < ....} CNsuch that dp(M) = 0 and (F)men—p is Wijsman r-Cauchy.

Proof. The proof runs on the similar lines as in Theorem 2.13 and hence omitted. O

Theorem 2.19. A sequence (Fy)neN of non-empty closed subsets of Z is Wijsman deferred statistically r-convergent sequence for some r iff
sequence (Fyy)menN is a Wijsman deferred statistically 2r-Cauchy sequence.

Proof. Let WS —limF,, = F. Then for any € > 0, and z € Z we have

lim
n—= gp — Pn

card ({pn <m<gy:|d(z,Fp)—d(z,F)| > r+§}) =0.

Choose my such that

|d(z,Fiy) —d(z,F)| <r+ 7
Then, we have
‘d(Z7Fm) _d(vam0)| < |d(Z7Fm) _d(Z7F)‘ + |d(Z7F) _d(Z,FmO)l

<+§++£—2+e
r ) r 27r

holds, d.a.a. m. Thus (F,) is a Wijsman deferred statistically 2r-Cauchy.

Conversely, as (Fy)men is a Wijsman deferred statistically 2r-Cauchy, so by Theorem 2.18, there exists a Wijsman 2r-Cauchy subsequence
(Fo)ken Of (Fin)men with 8p({my : k € N}) = 1. Following on similar lines as in (Theorem 1 [19]), we have (Fp, ).y is Wijsman
r-convergent to some F' C Z. The result now follows in view of Theorem 2.13. O

Theorem 2.20. If limM > 0 and q, < n, then every WS"-convergent sequence is also W Sp,-convergent to same limit set.
n n

Proof. Let WS" —1limF,,, = F. Then, for a given € > 0, we have

1 1
;card({m <n:|d(z,Fn)—d(z,F)| >r+e}) > ;card({p,, <m<gqy:ld(z,Fm)—d(z,F)| >r+e€})

— 1
= u.icard({pn <m<qy:ld(z,Fn)—d(z,F)| > r+e€}).
n 4qn — Pn

WS
This inequality implies that F,, —2» F because of WS" —limF,,, = F. O

Theorem 2.21. Every Wijsman strongly deferred Cesaro summable sequence is Wijsman deferred statistically r-convergent, but the converse
is not true, in general.
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Proof. The proof is easy and a routine verification, hence omitted.

For converse part, let Z = R with usual metric d(z,7) = |z—2'| ; 2,7 € Zand r = 0. Let p, = 3"~ ! and ¢, = 3", n € N. Define (F,) as

_ [ 3 itm=3"" 1 m€ (pu.gu] _
Fin = { {0} otherwise and  F ={0}.

Clearly (F;,) is not bounded sequence for each z € R, we have

1 dn 1 qn
d(z,Fp) —d(z,F)| = |d(z,Fn) —d(z,{0
ol MeF)—d@R) = ) (d( )~ de )
1 £l
=3 T L |d@E)—d(z{0})]
m=3""141
1 _
= 5[4 (2 31)) —d z.{0D)
1 _
- 2.3n—1 “Z_yl 1| _|Z|‘
L
2.3n-1" 2 ’
But
1 _
T card ({pn <m < o 1d(@ Fn) —d(,F)| 2 r-e}) = 5—pyeard ({3 <m<3":|d(z Fu) ~d(z {0})| 2 r+€})
1
= WI —0asn— o
Thus (Fn)men € WSp and (F)pmen is not Wijsman deferred strongly -Cesaro summable for r = 0. O

3. Wijsman deferred statistical r-convergence via dense subsequences

In this section, we will focus on deferred statistical dense subsequences of a sequence and we here avail an opportunity to establish a relation
between Wijsman deferred statistical r-convergent sequence and its deferred statistically dense subsequences.

Definition 3.1. A subsequence (Fu,)ycy of (Fin)men is said to be deferred statistically dense if Sp(B) = 1, where B = {my, my, m3, ...}.

Remark 3.2. Unlike usual convergence, a subsequence of a Wijsman deferred statistically r-convergent sequence need not be Wijsman
deferred statistically r-convergent.
For this, consider Z = R with usual metric d(z,7') = |z— 7| for all 2,7 € Z. Let (Fn)men be a sequence of subsets of Z defined as follows:

m orm=q,,mc s
Fm:{ %l}} g of;zlerwise(pn ! and  F ={1}.

WSy
Here {p, <m < gy :|d(z,Fn) —d(z,F)| > r+€} C {1} and so F, —=+ F. Now (F,) = ({qn}) is a subsequence of (Fy)men which is not
Wijsman deferred statistically r-convergent.

The following theorem characterizes Wijsman deferred statistically r-convergent sequence in terms of its deferred statistically dense
subsequences.

Theorem 3.3. A sequence (Fy)meN of non-empty closed subsets of Z is Wijsman deferred statistically r-convergent to some non-empty
closed F C Z iff every deferred statistically dense subsequence of (Fiy)men is Wijsman deferred statistically r-convergent to the same limit F.

Proof. Let (F)men is Wijsman deferred statistically r-convergent to some F C Z and (F,,, ) is a subsequence of (F,),,cn which is not
Wijsman deferred statistically r-convergent to F. Then for € > 0 and z € Z, we have

liminf card ({pn <mp < qn:|d(z,Fn,) —d(z,F)| > r+€}) =2, (3.1)

4qn — Pn
where A € (0,1). As (Fy, ) is a subsequence of (Fp)men, S0 we have

{pn <m<qn:|d(z,Fn) —d(z,F)| = r+€} 2 {pn <mp <qn:d(z,Fm) —d(z,F)| > r+ €}
In view of (3.1), we have

lim
n—=dqn— Pn

card ({pn <m < qn : |d(z,Fn) —d(z,F)| > r+€}) #0

. ws;
a contradiction as F,, —> F.

Converse part follows in view of the fact that every sequence is a deferred statistically dense subsequence of itself. O
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A partial answer to Remark 3.2 may be given in the form of following

Corollary 3.4. A deferred statistically dense subsequence of a Wijsman deferred statistically r-convergent sequence is Wijsman deferred
statistically r-convergent.

Theorem 3.5. A sequence (Fp)meN of non-empty closed subsets of Z is Wijsman deferred statistically r-convergent to some non-empty
closed F C Z iff (Fn)men has a deferred statistically dense subsequence which is Wijsman r-convergent to F.

Proof. Let (Ey)men is Wijsman deferred statistically r-convergent to F. Then for each € > 0 and z € Z,
Sp({m e N:d(z,Fp—d(z,F)| > r+e}) =0,

ie., op({meN:|ay,—0| > r+¢e}) =0 where a,, = d(z,F,) —d(z,F). Thus (am)men is a sequence of reals which is deferred statistically
r-convergent to 0. Using Corollary 2.14, there exists deferred statistically dense set B = {m; <my <m3z < ... <my < ...} C N such that
r—limay,, =0,ie., |ay, —0| <r+eforallkeN,ie., |d(z,Fn)—d(z,F)| <r+¢forall k € N and thus (F,, ), is a deferred statistically
dense subsequence of (Fy)en Which is Wijsman r-convergent to F'.

Conversely, let (Fy, )y is a deferred statistically dense subsequence of (Fy,)men such that Fy, W F ,ie, W' —limF,, =F. Sofore >0,
there exist N € N such that |d(z, Fp, ) —d(z,F)| < r+ € forall k > N and 8p(B) = 1 where B = {m; <my <m3 < ...}. Now

{meN:p, <m<gqy,|d(z,Fn)—d(z,F)| >r+€} C{my,my,ms,...,my_1}U(N—B).
The proof follows in view of the fact that every finite subset of N has zero deferred density. O

Definition 3.6. Let (Z,d) be a metric space and (F)men, (Gm)meN are sequences of non-empty closed subsets of Z such that for each
2€Z, d(z,F,) >0and d(z,Gy) > 0.

(a) We say that the sequences (Fy)men and (Gm)men are asymptotically Wijsman deferred r-statistical equivalent of multiple L if for

each € > 0 and for each z € Z,
d(z,F,
card ({pn <m<gn: ’M_L‘ 2”"‘8}) =0,

;
el d(z,Gnm)

n=°° gy — Pn

denoted by F,, ~ G, (WSf)’r) and simply asymptotically Wijsman deferred r-statistical equivalent if L = 1, written as F, ~ G,y (WS}).

(b) The sequences (Fy)men and (Gp)men are strongly Cesaro asymptotically deferred r-equivalent of multiple L if for each € > 0 and
foreachz e Z,

1 & | d(z,F,
lim 4z F) —L‘ —r,
% Gn = Pyt 1| d(2,Gim)
1 qn d F,
ie., lim HMfL‘fr] =0,
n—=e° gp — Pn m=pn+1 d(szm)

and denoted by F, ~ G, (WNé’r>.

Theorem 3.7. Let (Z,d) be a metric space and (F)men, (Gm)men, be sequences of non-empty closed subsets of Z then Fy, ~ Gy, (WN;;J)

implies F,, ~ Gy, <WSé’r). Converse need not be true in general.

d(z,F,
Proof. Let € > 0 be given and Fy, ~ G, (WNLL)’r>. Forze Z, put Ay, = H M - L’ - V} , then
' d(Z7 Gm)
1 4n
lim Y An-=0.
n—yo0 qn —_ le m:p,,Jrl
Now
1 dn d(z,F 1 dn d(z,F,
Z [ (z, m)—L‘—r:|2 Z H (z, m)_L‘_:|
Gn = Pn jpZp,+1 d(z,Gm) qn—Pn it L1d(z,Gm)
Amr>e
1 d(z,Fn) ' })
> €. card <m<qgy:|——=—-L|>r+¢
qn — Pn ({Pn fn ‘ d(LGm)

which gives the result.

Converse need not be true in general. For this take (F;),cn and (Gp)men two sequences as follows:

P {m} ifm=gq,
"7 {0} otherwise

and G, = {0} for all m € N. For & > 0 and for each z € Z,

d(z,Fn) }) ) 1
card <m<qp:|—=—-1|>r+¢ < lim =0
<{pn m= gn ’d(Z7Gm) >r _nL}qu_pn

lim
n—dqn — Pn
$0 (Fu) ~ WSp(Gp). But
& d(Z7FWL)

d (Z s Gm)
Thus (F,) = WN[,(G,). It is noted that here (F;,) e is not bounded sequence. O

lim
n=e gn

—1'7£o.

T Pnom=p,+1
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Remark 3.8. It is an open problem to see the condition under which the converse of Theorem 3.7 holds.

Remark 3.9. It is an open problem to determine the condition which guarantee that subsequence of Wijsmann deferred statistically
r-convergent sequence is Wijsmann deferred statistically convergent.

4. Conclusion

In this concluding section, we once again reiterate the main achievements of the manuscript as well as possible directions for further study
in the form of open problems. In the present paper, we availed an opportunity to introduce and explore the notion of Wijsmann deferred
statistical r-convergence of sequences of sets, which is in fact a generalization of Wijsmann deferred statistical convergence of sequences of
sets. A statistical analog of squeeze principle for closed set sequences is also obtained. Apart from this, we characterize Wijsmann deferred
statistically r-convergent sequence in terms of its deferred statistically dense subsequences. Open problems in the form of Remak 3.8 and
Remark 3.9 are included in the Section 3.
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