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1. Introduction

The Frenet frame has not always been sufficient for
solving all problems in studies involving curves and
surfaces. Therefore, alternative frames have been
developed to address such issues. While the Serret-
Frenet frame is a useful tool for the analysis of curves, it
cannot be defined at points where the second derivative
of the curve is zero. Moreover, at these points, the
principal normal vector may exhibit discontinuities,
making computations more challenging. To address these
problems, Sasai introduced the modified orthogonal
frame as an alternative to the Frenet frame. In this frame,
the curvature function is used to multiply each Frenet
vector, resulting in a new set of vectors. This approach
allows the application of a new formula corresponding to
the  Frenet equations for the
aforementioned cases (Sasai, 1984).

In computer-aided design (CAGD), the envelope of a

differentiation

moving sphere with a changeable radius is called a canal
surface, and it is commonly used for surface and solid
modeling. The combination of the spheres that are
determined by the radius function r(s) and the center
curve a(s) yields the canal surface (s, 0). ¥ canal
surface can be parameterized as follows (equation 1):
Y(s, 0) 9]
= a(s) —r'()r(s)t(s)
+7(s)/1 = 7'(s)2(cos On(s) + sin Ob(s))

where a(s) is a unit speed curve parameterized by arc-
lenght s. {t,n, b} is the Frenet frame of a(s) (Xu et al,,
2006 ). These canal surfaces are known as tubular
surfaces if the radius function r(s) = r. In addition, it is
useful for reconstructing shapes, planning robot motion,
creating blending surfaces, and observing long, thin
things like pipes, ropes, poles, even living intestines.
Research on tube surfaces in various frames and spaces
can be found in (Karacan et al., 2006; Karacan and Yayli,
2008; Yiiksel et al, 2011; Karacan and Tuncer, 2013;
Saad et al,, 2024).

The theory of curves has been one of the main fields of
study in differential geometry (Biik¢li and Karacan, 2016;
Mazlum et al.,, 2022; Yiiksel et al.,, 2022). Involute-evolute
curves, adjoint curves, Bertrand curves, Manheimm
curves, and helices have been the most common
intersecting curves in recent years. As stated in (Kiihnel
and Hunt, 2005), an adjoint curve is the integral of a
binormal vector of a curve a(s) with any parameter s. In
numerous applications, including number theory, coding
theory, algebraic geometry, etc., the adjoint curves are
crucial. Moreover, adjoint curves are the subject of
numerous investigations in (Nurkan et al, 2019; Arikan
and Nurkan, 2020; Cakmak and Sahin, 2022; Nurkan and
Giiven, 2022).

This study examines tubular surfaces whose centers are
adjoint curves defined with respect to the modified
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orthogonal frame in E. First, the modified orthogonal
frame is used to create the adjoint curve and establish
the link between the Frenet vectors (Arikan and Nurkan,
2020). Next, the geometric properties of these surfaces
are obtained, along with some significant findings.
Finally, using an example, we demonstrate the

visualizations of provided surfaces and tubular surfaces.

2. Materials and Methods

The mathematical definitions for the curvature and
torsion of a curve in E3are provided in (O’Neill, 1996). To
begin, let us consider unit-speed curves. A key element in
the differential geometry of a curve is the use of the
Frenet frame field {t,n, b}. The Frenet differentiation
formulas, constructed using these vectors, are expressed
as follows:

t'=xn,n = —kt+1th b' = —1n,

where k, T represent the first and second curvature of
the curve, respectively.

Let a:1 —» E® be a space curve. We assume that the
curvature k of a is not identically zero. As a result, the
modified orthogonal frame {T, N, B} with the curvature k
of the curve a can be defined. Now we define the

modified orthogonal frame {T, N, B} as follows:

T—da N—dT B=TAN
Tds’ T ds’'T '

The following represents the relationships between the
modified orthogonal frame {T,N, B} and Frenet frame
{t,n, b} at non-zero positions of k

T=t,N =k«n,B = kb.

The modified orthogonal frame {T,N,B} satisfies the
below relations

(N, T)=(B,T)=(B,N) =0,

(T,T)=1,(N,N) = (B,B) = k?,

where (,) is the inner product. Due to these equations,

the derivative equations of the modified orthogonal
frame {T, N, B} are given as
T'=N,

b o K
N' = KT+KN+‘L'B,

B'=-tN+=B,

det(a',a'",a'")
K2

Karacan, 2016).

Now let's talk about the modified orthogonal modified
frame with torsion.

The following represents the relationships between the
modified orthogonal frame with torsion {T,N,B} and
Frenet frame {t, n, b} at non-zero positions of
T=t,N=tmB=1b

where

(N,T)=(B,T)=(B,N) =0,

(T,T)=1,(N,N) = (B,B) = 12.

In this case, the following modified orthogonal frame
with torsion hold:

K
=N,

where T = is the torsion of a (Biik¢li and

T =
T

U

T
N' = —k1T +?N + 1B,

B' = —tN + £ B (Biikgii and Karacan, 2016).

Let ¥ (s, ) a surface in E and U(s, ) be the typical unit
PsX1hg
[psxell
where 5 = % and g = % are the tangent vectors of
Y (s, 0). Then, the first fundamental form I of (s, 0) is
defined by
I = g11ds? + 2g,,dsdO + g,,d6?
where
J11 = Ws, ¥s), g1z = Ws, Yo), 922 = (Yo, Pe)-
The second fundamental form of ¥ (s, 0) can be defined
as follows:
II = hy;ds? + 2h,,dsd6 + h,,d6?
where
hiy = (ss, U), haz = (Y5, U), 22 = (Y6, U)
The mean curvature H and the Gaussian curvature K are
both represented as follows:

_ huhzz—hiZ H = hngzz—z,guhlz-;guhzz )

911922= 91> 2(911922—912)

Definition 1; Let @ be a unit speed curve in E3 witht # 0
and the Frenet frame of a be {T,,N,,B,}. The adjoint
curve of a is defined in as

B(s) = fsso B, (s)ds (Kiihnel and Hunt, 2005).

normal vector field on Y(s,0) defined by U =

Theorem 1; Let a be a curve with an arc length parameter
sand f be the adjoint curve of a. If the Frenet vectors of a
and B are {T, , N, , B,} and {Tﬂ Ng, BB} the curvature and
torsion are {k,, 7.} and {Kﬂ ,Tﬂ} respectively, then the
following relations hold (Arikan and Nurkan, 2020):

Tp = By,

Ng =—=Ng, K5 = 14,Tp = Kq.

Bp =T,
Theorem 2; Let a be a unit speed regular curve in E3 and
B is the adjoint curve of a according to the modified
orthogonal frame with curvature. If the modified
orthogonal frames of « and B are{T,,N,,B,} and
{Ts ,Ng,Bg}, the curvature and torsion are {x, ,7,}and
{Kﬁ ,Tﬁ} respectively, the following relations hold (Arikan
and Nurkan, 2020):

Ts = () Be

Ng = —(z—g)Na,xp =;—Z,Tﬁ =1.

B = () T
Theorem 3; Let a be a unit speed regular curve in E3 and
B is the adjoint curve of the modified orthogonal frame
with torsion. If the modified orthogonal frames of a and
B are {T,, Ny, B,} and

torsion are

{Tﬁ,Nﬁ,Bﬁ} the curvature and
{Ka 7o} and {Kﬁ, rﬁ} respectively,
consequently, the following relationships exist (Arikan

and Nurkan, 2020):
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K K
Ny = _<_§)Na' Kp = 1’Tﬁ =
T

| : h

Kq
| Be= (a)’
Definition 2; If ®(X,Y) = 0 , where the Jacobi function
®is defined as Xs¥g—YsXg=0 then the pair
(X,Y),X #Y of the curvatures K, H of a tubular surface
Y (s, ) is said to be a (X, Y)-Weingarten surface (Kim et
al, 2016).
Definition 3; If ¥ (s, 0) satisfies the following relation,
then the pair (X,Y),X # Y of the curvatures K, H of the
tubular surface (s, 0) is said to be a (X,Y)-linear
Weingarten surface:
X +ayY =a;
where a;,a,,a; € Rand (ay,a,,a3) # (0,0,0) (Lopez,
2009).

3. Results

3.1. Tubular Surfaces Whose Center Curve is an
Adjoint Curve in a Modified Orthogonal Frame with
Curvature

The tubular surface whose center curve adjoint curve £ of
the a using to the modified orthogonal frame with
curvature in E3 is examined in this section. Concerning
the modified orthogonal frame, the parameterization of

the tubular surface exists.
r

Y(s,0) = a(s) + ——=(cosON(s) + sin OB(s)) ()
K(s)

where r = const. and k # 0 . The center curve f§ of the
curve a is considered to be the adjoint curve of this
surface. So from equation 2 we get

Y(s,0) =B(s)+ % (cos ONg(s) + sin QBB(S))
cos O

S
Y(s,8) = fso By (s)ds +r (— o
The derivatives according to s and 6 concerning the
tubular surface Y (s, ©) are (equation 3)

Ys = (rKg cos )T, + (rsin O)N, + (1 - %cos 6) B,

N, (s) + sin QTa(s)).

Yo = (rcos0)T, + (KL sin 6) Ny,

Pss = (TG cos O — 1k sin )T,

K, T
+ ((r}ca cos O + r—=sin 6) - (K—a) (kg — TT4 COS 9))Na
a

Kll
TT,Sind + rc:zse (Takhy — KaTlh)
+ o Bq,
+ K—g (kg —1T4COSO)
Yoo = (=7 sin )T, + (—cosO) N, ()
oo = (—rsinO)T, + —cos .
a

Hence we obtain

g11 =7%Kk2 + 1272 c0s2 0 + K2 — 2T KT COS O,
912 = T%Kq

g12 =712,
9 = 911922-912 = r*(kg — 1T c0s 6)? # 0.

The normal vector field the unit U is provided by

(equation 4)

1
U(s) = —sinOT, + - cos O N, (4)
a

as well as the second fundamental form's coefficients,
which are as follows:

hi1 = TK2 — Ty cos O (i, — 1Ty cOS O),

hiy = TKg,

hypy =T,

from equation 1, the Gaussian and the mean curvatures
are provided by (equations 5 and 6)

_ TgcCcosO (5)
r(Kky — TTq cOS O)

_ Kg—2rTgcosO (6)
" 2r(kg — T4 cOs O)

The mean curvature H and the Gaussian curvature K of
tubular surface Y (s, 0) satisfy the following relationship

H=2(Kr+2) @)
it follows that, the principal curvatures of (s, 0) are
obtained as follows:
Ky = % k, = Kr.
Proposition 1; In Euclidean 3-space, let (s, 0) be a
tubular surface. (s, 0) is not a flat surface in such case.
Proof; We presume that ¥ (s, 0) is flat. In this case, k = 0
from equation 5, we get
—TgcosO =0, since T, # 0 from the definition of
adjoint curve Y (s, ) the tube surface is not flat.
Proposition 2; In Euclidean 3-space, let (s,6) be a
tubular surface. Then ¥ (s, 0) is minimal if and only if
Ka

~ 27qc0s0°
Proof; Equation 6 provides the result immediately.
Theorem 1; Let ¥(s,6) be a tubular surface with a
modified orthogonal frame in E3. Then
i)  Asymptotic curves are s-parameter curves of

Y(s,0) if and only ifr = T KqCOSO

ii) Asymptotic curves cannot be 8-parameter curves of
Y(s, 6).
Proof; We can infer from the definition of asymptotic
curves that
(Yss,U) =0, (g, U) =0
i) From equations 3 and 4, we can get
hi1 =71K2 — Ty cosO (ky —TTgcos0) =0
_ TaKqCOsO
12 c0s26+K2 "
ii) Since hy, # 0,
(s, 0) cannot be asymptotic.
Theorem 2; In E, let (s, 6) be a tubular surface with a
modified orthogonal frame. Then

O-parameter curves of the

i) Geodesic curves cannot be s-parameter curves of
Y(s, 0).

ii) The curves for the 6 -parameter of Y (s, 6)

are geodesic.

Proof; In order to define the parameter curves s and, it is
necessary to provide the values of Yg, X U =0 and
Pee X U = 0 for the geodesic curves.
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i) According to equations 3 and 4, we obtain
Yes X U = (r7} cos? O —1cos Osin O Kk, Ty — ki cos O)T,
! !
+(r cos O sin 6 =% — rsin? BT, — sin 6) N,
Kq Kq

! 2
+(r%—‘[asin6+rsin6c059;—“)Ba.
a

a

Since T,,N, and B, are linearly independent then,
Y XxU=0 if and only if &, =const.T4=0.
Nevertheless, given T, # 0, Y(s,0) cannot be a geodesic
curve.
ii) Furthermore, we obtain ygg X U = 0 from equations
3 and 4. 8-parameter curves are geodesic curves.

We now define the mean curvature and the partial
derivative of the Gaussian curvature of the tubular
surface as follows:

cos O (KqTy — Take)
" r(kg — 1T c0s0)2

cos O (ko Tl — Takey)

s =

s =

" 2(kg —1T4c050)2’

_ KqTq SINO
Ko = ———r,
7(Kg—7Tq COSO)
_ KqTqSINO
Hyg = ——"———7 (8

T 2(Kkg-TTqc050)2 "

Theorem 3; Let ¥(s,6) be a tubular surface with a
modified orthogonal frame in E. The surface y(s, 0) is a
(K, H) —Weingarten surface.

Proof; If the derivatives of the mean curvature and the
Gaussian curvature of the surface (s, 6), given by
equation 8, are substituted into the Jacobi equation
HyKg—HgKs = 0

is obtained. Therefore, the surface

Y(s,0)is a
(K, H) —Weingarten surface.

Theorem 4; Let (s,8) be a tubular surface in E3

equipped with a modified orthogonal frame. If i is
(K, H) -linear Weingarten surface, then for a; = 1, the
following relations hold a; = —37? and a, = 2r, hold.
Proof, Let us assume that 3 is a (K,H) -linear
Weingarten surface. In this case, the following equation is
satisfied

aK+aH=1

where aq,a, € R and (aq,a;) # 0 . From equation 7,
the following relations are derived

—TgcosO
2r —a; = ——  (a,r + 2a4)
Ko — 17Ty COSO
and
2Tz cos0 (r2 + ayr +ay) + k,(2r—az) =0.
Consequently, a; = —3r? is obtained when a, = 2r.

Example 1; The parametric equation of curve a; is
provided by

3 V7s\ . (V7s\ 3s
a,(s) = (cos (T) ,sin (T) , T) .

The parametric equation of the adjoint curve of a is given
by

B0 = (-3 (85) 7 40 (7))

The tube surface whose center curve is a; according to
the modified orthogonal frame with curvature is given by
_ (3 (V7 V7
Yq,(s,0) = (Z sin O sin (T s) —cos O cos (T s) +
V7 (V7 3. V7
+cos (T s) ,— cos O sin (T s) —sin O cos (TS)
. (V7 V7 . 3s
+sin (T ), Tsm@ +T) .
The graph of the tube surface, whose center curve is
according to the modified orthogonal frame with
curvature, is illustrated in Figure 1.

Figure 1 The tube surface, whose center curve is a; according to the modified orthogonal frame with curvature.

The tube surface whose center curve is ;(s) according
to the modified orthogonal frame with curvature is given

by

4

ﬁ,a,wﬁs 3\/7,\/75+ 9,\/75
4 Sin Sin 4 ) 16 Sin 4 COoS Sin 4

Yp,(5)(5,0) = <—%7cos (?) + cos 6 cos (E)
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+\/7_ o V7s\ 77 +3 -
4-Sll’l cos P ,645 4'SII‘I

The graph of the tube surface Yz (5)(s,8) whose center

curve is B;(s) according to the modified orthogonal
frame with curvature is illustrated in Figure 2.

Figure 2. The tube surface whose center curve is f3;
according to the modified orthogonal frame with
curvature.

3.2 Tubular Surfaces Whose Center Curve is Adjoint
Curve in Modified Orthogonal Frame with Torsion
This section is dedicated to the analysis of the tubular
surface whose center curve is the adjoint curve g of the
a, according to the modified orthogonal frame with
torsion in E3. The parameterization of the tubular surface
exists with respect to the modified orthogonal frame.
W(s,0) =a(s)+ %(cos ON(s) + sin 6B(s)) 9
where r = const. and 7 # 0 . The adjoint curve of this
surface is defined as the center curve f of the curve a.
Thus, we derive equation 9 and

W(s,0) = B(s) + L (cos © Ng(s) + sin 0Bg(s)),
Kp

cos O

Ta(S)
Tk

W; = (riq cos 0)T, + (r_a sin 9) Ny + (1 —1rcos0)Bg,
a

W(s,0) = f:o B(s)ds + 71 (— N,(s) +sin 6T, (s)),

r
Wy = (rcos0)T, + (r_ sin 9) Ng,
a

W5 = (rx}, cos 6 — rx2 sin0)T,

TKq COS 6
+< = + —‘ra(l—rcose))Na
Tq Tq

T,(1 —rcosf
al )>Ba.

Ta

TKq Sin @

+ (r;cﬁ sin@ +
Wa = (—rsin )T, + (2= B, (10)
Thus, we get at

g11 =1%k% + 1212 cos? 0 + 12 — 2112 cos 9,
912 = 7Kg,

_ 2
922 =77,

g = g11922 — 9% = r?12(1 — 1 cos 8) # 0.
The unit normal vector field U* is given by,
* _ cosf

Ut =—sinB T, + 22N, (11)
11 =1k —12c0s0(1 —1c0sH),

hip = TKg,

h22 =T.

According to equations 5 and 6, the mean and the

Gaussian curvatures are given, respectively, by
K=— cos@ _ 1-2rcosf

T (1-rcos@)’ "~ 2r(1-rcosf)’

Proposition 3; In Euclidean 3-space, let W(s,6)be a
tubular surface. W (s, 6) is not a flat surface in such case.

(12)

Proof; It is similar to Proof 1.
Proposition 4; In Euclidean 3-space, let W(s,0) be a
tubular surface. Then W (s, ) is minimal if and only if

1
r= 2sech’
Proof; Equation 12 provides the result explicitly.
Theorem 4; Let W(s,0) be a tubular surface with a
modified orthogonal frame in E3. Then
i)  Asymptotic curves are s-parameter curves of
W (s, 0) if and only if r =

72 cosf
K2+71%cosf '
ii) Asymptotic curves cannot be § -parameter curves of
W(s, 0).
Proof; We can infer from the definition of asymptotic
curves that (W, U*) = 0, (W, U*) = 0.
i) From equations 10 and 11 we obtain results
k2 —t2c0s0 (1 —rcosf) =0
and
_ T2 cosf
12 cos? 0+’
ii) Since r # 0, 8-parameter curves of the W (s, 0)
cannot be asymptotic.
Theorem 5; Let W(s,0) be a tubular surface with
modified orthogonal frame in E3 . Then
i) s-parameter curves of W (s, ©) cannot be geodesic
curves.
ii) 6- parameter curves of W (s, 0) are geodesic.
Proof; According to the definition of the geodesic curve,
the conditions Wy X U =0 and Wyg X U = 0 must be
satisfied for the s - and 0 - parameter curves.
i) According to equations 10 and 11 we obtain
Wes X U = (—4Tkg sin 0 — 74 cos 0 (1 — rcos 0))T,
!
+ (—Ta(l __[r cos 6) — Tk, Sin? 9) N,
a

4

+ <ﬂ — 74(1 —rcos8)sin 0) B,

Ta
Since T,,N, and B, are linearly independent then,
Wis x U = 0 if and only ifx, = 0, 7, = 0. Nevertheless,
givenk, #0 , 7, #0, W(s,0) cannot be a geodesic
curve.
ii) Furthermore, we obtain Wyg X U = 0 from
equations 10 and 11. f-parameter curves are hence
geodesic curves.
We now define the mean curvature H and the partial
derivative of the Gaussian curvature K of the tubular
surface W (s, 8) as follows
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K, =0, (13)
_ —sinf

Ko = r(1-rcos )2’

Hs =0,
_ —sin@

H9 - 2(1-rcos )

Theorem 6 ; Let W(s,0) be a tubular surface with a
modified orthogonal frame in E3. The surface W (s, 8) is a
(K, H) —Weingarten surface.

Proof; If the derivatives of the mean curvature and the
Gaussian curvature of the surface W(s,0), given by
equation 13, are substituted into the Jacobi equation
HyKg—HoKs; =0

is obtained. Therefore, the
(K, H) —Weingarten surface.
Theorem 7; Let W(s,8) be a tubular surface in E3
equipped with a modified orthogonal frame If W is

surface W(s,0)is a

(K, H) -linear Weingarten surface, then for a; = 1, the
following relations hold a; = —r? and a, = 27, hold.
Proof; Let us assume that W is a (K,H) -linear
Weingarten surface. In this case, the following equation is
satisfied

aK+aH=1

where a;,a; € R and (aq,a;) # 0 . From equation 12,
we have the following relation

2cos@ (-r*> +a,r+a;) + (2r—a,) = 0.

Consequently, a; = —r? is obtained when a, = 2.
Example 2; The parametric equation of the curve a, is

given by
i = (220 59

The parametric equation of the adjoint curve of a, is
given by

5 s 5 ;s\ 2v5
Ba(s) = (ﬁ cos (§) ,— ﬁsm (5) ,73>
The tube surface whose center curve is a, according to

the modified orthogonal frame with torsion is given by

W,,(s,0) = (g sin 6 sin( ) — cos @ cos (5) + 2 cos G)'

s
3 3

—cos O sin (g) - ?sin@cos G) + 2sin g,
2. 0 +\/§s
3sm 3

The graph of the tube surface that W, (s, 6) whose
center curve is a, according to the modified orthogonal
frame with torsion is illustrated in Figure 3.

The tube surface whose center curve is 8, according to
the modified orthogonal frame with torsion is given by
Weg,(s,8) = (— g cos (g) + cos 6 cos G) - %sin 6 sin (g),
- g sin (2) + cos 0 sin G) + %sin 6 cos (g),

2V5 5

27 s+ 3 sin 9)

The graph of the tube surface that Wp,(s,6) whose

center curve is 5, according to the modified orthogonal
frame with torsion is illustrated in Figure 4.

Figure 3. The tube surface, whose center curve is @, according to the modified orthogonal frame with torsion.

Figure 4. The tube surface, whose center curve is 8, according to the modified orthogonal frame with torsion.
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4. Discussion

The geometry of tubular surfaces
orthogonal frame was investigated in this work, with
particular attention to situations in which the center
curve in Euclidean 3-space is the adjoint curve of another
curve. By using this method, we were able to determine
important properties such as Gaussian and mean
curvature, which showed that the geometric qualities of
these surfaces, such as minimality and flatness, are
dependent on certain center curve-related requirements.
We discovered that the non-zero Gaussian curvature of

in a modified

these surfaces prevents them from being flat, and
minimality is only achievable when the mean curvature is
Furthermore, we examined the behavior of
asymptotic and geodesic curves, demonstrating that
depending on how they relate to curvature and torsion,

zZero.

some parameter curves display asymptotic or geodesic
characteristics. Ultimately, we expanded our knowledge
of the structural and geometric behavior of these tubular
surfaces by classifying them as Weingarten surfaces
under particular circumstances.

5. Conclusion

In the modified orthogonal frame, tubular surfaces with
center curves that are adjoint curves are thoroughly
examined in this work. The importance of the modified
orthogonal frame in comprehending the specifics of
tubular surface geometry was highlighted when we
discovered crucial geometric criteria for the flatness,
minimality, asymptotic behavior, and geodesicity of these
surfaces by exact mathematical deductions. Our findings
show the usefulness of adjoint curves in creating a more
comprehensive describing tubular
surfaces by exposing unique characteristics not seen in
frames. These results provide a more
thorough understanding of tubular surface geometry, and
the techniques discussed here could be used for
additional research in differential geometry, especially in
situations where the interplay between curvature and
frame structures is essential.

framework for

traditional
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