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1. INTRODUCTION

Polynomial classes are one of the indispensable fields in both mathematics and all applied sciences, especially
engineering. For this reason, thousands of important studies on polynomial classes have been encountered in
recent years. The motivation and subject of this article focus on special classes of polynomials. In this study,
we will examine special polynomials, especially those of the Euler-Frobenius type polynomials. This class has
very intensive and important applications in spline theory. Consequently, the Frobenius-Euler polynomials are
also known as the Euler-Frobenius polynomials. There are those who call these polynomials Eulerian
polynomials. These polynomials are known as a generalization of the well-known Euler polynomials of the
first kind. These polynomials belong to the class of the Appell polynomials, which is a subclass of the well-
known Sheffer polynomials within the polynomial families. Polynomial classes of this type have valuable
applications in many areas of mathematics, mathematical and applied physics, theoretical and applied
chemistry, and even in engineering. Moreover, novel formulas, finite sums, and relations containing these
polynomial classes are given.

Let ¢ be a complex number: C. The higher-order Frobenius-Euler numbers and polynomials are respectively
described by,

(;__é)c = i —”“(i?) e @)
n=0
and
(;__é)c = i Llch; 2 @)
n=0
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(Carlitz & Sholander, 1963; Kucukoglu & Simsek, 2019).

Gun and Simsek (2023) defined the following monic polynomials, which are denoted by uff)(x; 2):

: INGH
(eren) =2 e ©
zet +1 n!

n=0

From (2) and (3), one has
NG © I _
P —HP (w—2) =0 @)

(Gun & Simsek, 2023).

Forz € C (or real number: R), the second kind z -Stirling numbers are described by

et -1y = Y P o ©)

!
n=0

When z =1 Eq. (5), yields the second kind Stirling numbers:

S;(n, ;1) = S,(n,v) =0 (6)

(Simsek, 2013a; 2013b; 2018a; 2018b; 2023; Srivastava, 2011; Srivastava & Choi, 2001; 2012).

The Apostol Euler numbers of order T are described by

el S (9]
(3et + 1)—( — Z Lﬂ’(z)tm (7)

n!
n=0

(Luo, 2006; Gun & Simsek, 2020; Simsek, 2013a; 2013b; 2018a; 2018b; 2023; Srivastava, 2011; Srivastava
& Choi, 2001; 2012).
Replacing ¢ by —, Eq. (7) reduces to the Apostol Euler numbers of negative order are described by

d (G9]
(set + 1) —Zz<£ @ o @

and also

(z+DQW

where ()™ denotes
Q™ = {Z(i +1) .. (C+n-— 1} 2 il(\)] )

(Luo, 2006; Gun & Simsek, 2020; 2023; Srivastava, 2011; Srivastava & Choi, 2001; 2012).

The description of the beta-type rational functions 90, (3):
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3 )‘i t(-3-1) 1 n
—) =€ E M. t. 11
(3 1 o J,n,(g) na! ( )

From Eqg. (11), we have

M, () —FA+2)"7 =0, (12)

wherenandz € R, (or C) (Simsek, 2015; 2018c).

With the aid of (4), Gun and Simsek (2023) also defined the following polynomials g, (3; 0):

w30 -1 +"uP () =o. (13)

Gun and Simsek (2023) also gave the following formula:

n

W) = ) SO, (14)

=1

Let N correspond to the set of nonnegative integers. For v € Ny and 3 € C, Simsek (2018c) described the
combinatorial numbers, y, (., v; 3):

[ee]

| .
(zet + 1)V = Z Wt“’ (15)
n=0
and also
£ &
gMzk — —1)k ;)i = 0. 16
3 ;( ) (J>'y1(ruz)4 (16)

Combining Eq. (5) and Eq. (16), we have
Sy (& v;3) + (D (R v;—3) =0 (7)

(Simsek, 2018c).

Therefore, this article is motivated to give novel formulas, finite sums, and relations containing special classes
of polynomials. (Simsek, 2018a; 2018b; 2023).

2. FORMULAS AND FINITE SUMS COVERING BETA-TYPE RATIONAL FUNCTIONS AND
COMBINATORIAL-TYPE NUMBERS AND POLYNOMIALS

We give some novel formulas and finite sums covering Stirling-type polynomials and humbers, the Frobenius
Euler numbers and polynomials, the beta-type rational functions, and combinatorial numbers via not only
generating functions, but also identities covering special numbers and polynomials.

Theorem 2.1. Let { € C and n. € N,.

i (ri) 7 i (rr;) u®(x2) & — (1 + )%™ = 0.
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Proof. Using the umbral calculus convention in Eq. (3) yields, we have

¢
( 1t+3 ) — ou®pr-1x
zet +1

Assuming that |zef| < 1. Using binomial series yields, we have

Yarowes-S (Y Y (%) woents
n=0

k=0 n=0 m=0

Aligning the coefficients % with each side completes the proof.

Substituting { = v into Theorem 2.1. and combining Eq. (12) with Theorem 2.1, after performing several
calculations, we get the following corollary:

Corollary 2.2. Let { € Cand n. € N,

Xt = (Z) M v (2) i (:;) uly (x3) K™ = 0,
m=0

Combining Theorem 2.1. with Eq. (4) yields, we get the following corollary:

©
k=0

Corollary 2.3. Let { € C and n. € Nj,.

n

o= (D¢ (n) e (s-3) o
k

=0 m=0

Joining Eq. (16) with Theorem 2.1. after performing several calculations, we get the following corollary:

Corollary 2.4. Let ¢ € Cand n € N

(1+2%" + i (E) i (rr;) Uy (0 %) Rimzk:(—l)““"'yl(mi: 2) (i{)cl' =0.
k=0 m =0

Replacing 3 by —3, Corollary 2.4. reduces to

Corollary 2.5. Let ¢,3 € C, n. € N,

) (g)mj (M)t _gkimi:jo(_l)uksm o(i-o

=0
Theorem 2.6. Let { € Cand n. € N,

) k

(1+2)% - Z 3" (E) Z v! (E) i (Ir;) S2(m, v)up (%) = 0.
k

=0 v=0 m=0
Proof. From Eg. (3) yields, we have

[ee] [oe]

(1+73)° ix“’g = Z K (f{) eth ul®(x; %) g.
n=0

k=0 n=0

Thus
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had n had k t _ 1w n
1 +§)‘;x“% = ;(E) zkz (i) v!%;uﬁ)(x; z)%

v=0

Combining Eq. (6) with above equation yields, we get

a9y eh =Y H(OY (uysent Y e
n=0

k=0 v=0 n=0

Hence

a +3)‘Zx“§ = izk( )Z (> iuﬁflm (s

v=0 n=0 m=0

Aligning the coefficients % with each side completes the proof.

Replacing 3 by —é respectively, Theorem 2.6., and also combining Eq. (4) yields, we get the following
corollary:

Corollary 2.7. Let {,3 € Cwith 3 # 0 and n. € N,.

X5 = 1)F = Z( D (5)# r<Zv'( )Zsz(m,v)( )HL 069

Theorem 2.8. Let (,z3 € Cand n. € N,,.

1+ - ZZZ ( e @DuP (9 = 0.
k=0

Proof. From Eqg. (3) yields, we get

S e o uP )
D+t = et + 1Yy T EE e
n=0 v n=0 e

Thus

e t™ Zet+1 (Gl u(()(xz)

G — ¢ n Wen
Z](l+3)x n! 2< 2 )Z n! ‘
n=

n=0
Joining last equation with (8) yields, we have

[oe]

Z(1+3)‘x —=2Zii(2’ S e (3)—

n=0 n=0 k=0

Aligning the coefficients % with each side completes the proof.

Combining the Theorem 2.8. with Eq. (4) yields, we get the following corollary:

Corollary 2.9. Let¢,3 € C and n. € N,

(147%™ — ZZE( e H® ( %) = 0.
k=0
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Substituting x = 0 into Theorem 2.8. and combining Eq. (13) yields, we get the following corollary:

Corollary 2.9. Let(,3 € Cand n € N,

Z ME @Daz D
@+t

Theorem 2.10. Le {,3 € C. Letuy(x;3) = 1.

A+ - w6 =3) wwd () >0
k=0

Proof. Substituting ¢ = 1 into Eq. (3) yields, we have

1+3 et = gula)t
zet +1

and the umbral calculus convention and some calculation give:

n__ — . n___ L)
1+ ) x m—zZ(u(x.z)H) r,‘,!+Zun,(x,z)m,
n=0 n=0 n=0

Aligning the coefficients % with each side completes the proof.

Substituting x = 0 into Theorem 2.10. and using Eq. (13) yields, we get the following corollary:

Corollary 2.11. Let {,3 € Cand n. € N,,.

= ERZO (rf:) @A+ +q,@HA+D™

Theorem 2.12. Let ¢,3 € C withz # 0 and n. € Nj,.

i ( )H(o( )H(z) (x: %) _ 2@ -5 = 0.

m=0

Proof. Replacing z by —32 and t by 2t respectively, Eq. (3) reduces to

138 ¢ B (S
( 3 -1 ) et)(( 1+z ) etX=ZM2“t“. (18)
zelt — 1 zet +1 n!

n=0

Hence
AV c) © A u® t*
'é .
n=0 m=0 n=0

Aligning the coefficients % with each side completes proof.
Theorem 2.13. Let {,3 € C withz # 1 and n. € Nj,.

TSNP ORI o . mo
U = e ) () S vy - m v,

m=0
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Proof. Replacing ¢ by —v and x by 0 respectively, Eq. (18) gives

- _ ¢ 1 et —1)? (zet + 1)
Z 2n‘ur(]ﬂ v)(_gz)_ _ (v!)2 (z )Y (3 ) _
: n! (z2 — 1) v! vl
n=

Joining Eqg. (5) with Eq. (15) yields, we have

ZZ“u (-3 tn:( (v')z) i S (0, v;3) — Zyl(no,v z)—

Hence

n

i zwuﬁ‘”)(—zz)% = (Ul)i)v i D S:mv; 3)( )7t -mvia) g
n=0

n=0 m=0

Aligning the coefficients % with each side completes proof.

Theorem 2.14. Let {,3 € C with3 # 0 and n. € N,.

n

& - 2l i (n)eSn@xm =0 (M) -5 0~ m 5.

m=0 m=0

Proof. By using Eq. (18) yields, we have

4 n

(32 - 1)< 2 2t C © (zet - 1)Z t
X — 2\ —
2 (gef T 1) ¢ Z”“’ (=22 o Ynr

n=0

Combining Eq. (5) with Eqg. (8) yields

7 —1) Zg(o() an o Z ul® (y; 32)2“’ ZSz(m,Zz)Z'—

Hence
n

&~ DZZ Z ( )8(0 (3 )2m =7 i i (;;) Ul (6 —7)2m S, (0 — m, g z)%.

n=0m=0 n=0 m=0

Aligning the coefficients % with each side completes the proof.

Substituting x = 1 into Theorem 2.14. and using Eq. (13) yields, after performing several calculations, we
get the following corollary:

Corollary 2.15. Let {,3 € Cwithz # 1 and n. € Nj,.

n

5 ()0 -2 5 () U s

m=0

Theorem 2.16. Let ,3 € Cand n, € Ny,

=Dt =mt > () ul6—2) S, ().
k=0
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Proof. Replacing ¢ by m and 3 by —3 respectively, Eq. (3) yields, we have

(3—1)mix“g= ZSZ(H": z)—z ("’)(x—z)

Hence

(3—1)mix“ ii S,y ) () u —z)—-

n=0 k=0

Aligning the coefficients % with each side completes the proof.

Combining the above Theorem 2.16. and Eq. (17) yields, we get the following corollary:

Corollary 2.17. Let {,3 € Cand n. € Nj,.

A+ =m > () ul00D 6 mp).

k=0

Theorem 2.18. Let {,3 € C and n. € N,

k -1
. o 1 d
PXGEOCHEIGRLIG ; rEmae @)
=1 =

Proof. Substituting x = 1 into Eqg. (3) yields, we have

(1 + 3)‘2 eV, _ Z W@,
2 n.! n!

n=0 n=0

Combining the Eq. (9) and taking derivative wrt T yields, we have

@0 | < d u®
dz{(1+z)<ZZ( 18200, D7 o Ty +1)J+<m,} Zod_z @)

n=0 j=1

Aligning the coefficients % with each side completes the proof.

3. RESULTS AND DISCUSSION

The results in this paper are obtained by blending formulas, finite sums via generating functions and their
functional equations methods. These results have the value of being a resource for researchers in applied
sciences.

4. CONCLUSION

Generating functions for special numbers and polynomials covering Stirling type numbers, the Frobenius Euler
numbers and polynomials, the beta-type rational functions, and also combinatorial numbers have been given.
Using these functions, some novel formulas and finite sums, containing combinatorial numbers, Stirling-type
numbers, the Frobenius Euler numbers and polynomials, and beta-type rational functions, have been derived.

Since these numbers and polynomials are related to spline curves, our future project is to blend the results of
this paper with many different kinds of spline curves and their applications.
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