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ABSTRACT. In this article, we extend the concept of multivalued w-contraction mappings within the framework of
b-Menger spaces. We introduce a novel fixed point theorem specific to these mappings, significantly broadening
the existing body of knowledge in this area. Our primary result directly leads to the derivation of an equivalent
fixed point theorem for fuzzy b-metric spaces, showcasing the versatility and applicability of our findings in more
generalized and complex metric structures. Furthermore, we provide a concrete application of the principal theo-
rem in the context of ordinary b-metric spaces, demonstrating the practical implications and effectiveness of our
theoretical advancements. This research contributes to the deeper understanding and potential applications of fixed
point theory in various scientific and engineering domains, where probabilistic and fuzzy structures play a critical
role.
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1. INTRODUCTION

Menger spaces, named after Karl Menger, are a generalization of metric spaces incorporating probabilistic metrics.
These spaces provide a richer structure for dealing with uncertainty and imprecision, making them particularly useful
in the study of stochastic processes and fuzzy systems [10]. The fixed point results in Menger spaces have been instru-
mental in advancing the understanding of various mathematical models that involve randomness and vagueness [15].
The concept of b-Menger spaces, introduced by Mbarki et al. [11], has garnered significant interest, particularly in
the context of fixed point theory for single-valued and multi-valued mappings within these spaces [1-3, 12, 13]. Fixed
point theory, a fundamental aspect of nonlinear analysis, is crucial for solving various equations where the solution
can be interpreted as a point that remains invariant under a given function. This theory has profound implications
across diverse fields such as economics, engineering and computer science, offering tools for addressing problems in
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optimization, game theory and dynamic systems [4].

Hadzi¢ extended this area by introducing multi-valued probabilistic w-contraction mappings, proving fixed point
results in both Menger spaces and fuzzy metric spaces through the function of non-compactness [6, 7]. These results
are significant because multi-valued mappings, where a single input can correspond to multiple outputs, frequently
appear in practical applications such as differential inclusions, control theory and economics. Fang further generalized
Hadzi¢’s results by replacing the condition of a continuous t-norm with a t-norm of H-type, thereby broadening the
applicability of these fixed point theorems [5]. This generalization is crucial for dealing with more complex systems
where the underlying probabilistic structure is not necessarily governed by continuous operations.

In this paper, we define the class of w-contractions in the context of multi-valued mappings in b-Menger spaces,
building on the foundational work presented by Fang in Menger spaces. We establish the existence of a fixed point the-
orem and extend this to fuzzy b-metric spaces, which further enhances the utility and flexibility of these mathematical
structures. To demonstrate the practical implications of our theoretical findings, we provide an application in the realm
of usual b-metric spaces, illustrating the relevance and impact of our results in real-world scenarios. The development
of fixed point theory in b-Menger spaces, particularly with multi-valued mappings, opens new avenues for research and
application in various scientific fields. By leveraging the probabilistic nature and the flexibility of Menger spaces, we
aim to contribute to the broader understanding and application of fixed point results in complex and dynamic systems.

2. PRELIMINARIES
In this section, we review some of the fundamental terms and lemmas related to the b-Menger space.

Definition 2.1 ( [15]). Let A* be the space of all distance distribution functions ¢ : [0, +o0] — [0, 1] such that:
(1) ¢ is left continuous on [0, +oo],

(2) ¢ is non-decreasing,
(3) £(0) =0and {(+o0) = 1.

The subset A* C A™ is the set A* = {g €AY lim ¢(x) = 1}.
X—+00

A unique component of A* is 6, function, which is defined as follows:

(0 if ae[0.al
Ga(a/)—{ 1 if a€(a,+o).

Definition 2.2 ( [15]). A triangular norm, often known as a t-norm, is a binary operation $ on [0, 1] that satisfies the
following requirements for every y, 3,7 € [0, 1]

M 5K.B) = 9. x),

2) 50, 9B, m) = 9SS ),
3) 5B < S0, for B <,
@ 501D =9,x) = x.

Some fundamental t-norms are: Hy(8, 1) = min(B,n), Hp(B,n) =B -nand Hr(B,1n) = max(B+n—1,0).

Definition 2.3 ( [8]). We call a t-norm $ an H-type t-norm if the family (£"(x)),cy 1S equicontinuous at the point y = 1,
that is,
forall 8 € (0,1), thereexistspe (0,1): t>1-p= ") >1-0 foralln>1,
where for all y € [0, 1] and n € N we write
weon ] 1 ifn=0,
) = { 99" '(y),x) otherwise.

Definition 2.4 ( [11]). The quadruple (Q,T, 9, s) is called a b-Menger space in which Q is a nonempty set, I is a
function from Q x Q into A*, $ is a t-norm, s > 1 is a real number and the following requirements are met for all
p,q,r € Qand x,y > 0,

(1) Iﬂp,p = 90’

(2) Fp,q * 90 if P * q,

() Tpg =Typ.
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@) Tpg(stx+y)) 2 STy (x), Trg(»))-

It should be noted that a b-Menger space with s = 1 is a Menger space.
Mbearki et al. [11] demonstrated that under the topology produced by the family of (6, p)-neighborhoods, (Q, T, 9, )
is a Hausdorff topological space if (Q2,T’, 9, s) is a b-Menger space under a continuous t-norm $).

N={N,0.p): peQ, >0 and p> 0},
where

Ny(0,p) ={g€Q: T,y0) > 1-p}.

Definition 2.5 ([11]). In a b-Menger space (Q, T, , s), where $ is continuous, a sequence {v,} is claimed to be:

(1) Convergentto v € Qif for all @ > 0 and p > O there exist N(6, p) € N satisfying I',, ,(0) > 1 —@foranyn > N.
(2) Strong Cauchy sequence if for each 8 > 0 and p > 0O there exist N(6,p) € N that satisfy I',, ,, (o) > 1 — 6 for
any n,m > N.

A b-Menger space (Q,T, 9, s) is complete if each Cauchy sequence in € is convergent to some point in Q.

Definition 2.6 ([11]). A fuzzy b-metric space is a quadruple (2, M, $, s) in which Q is a nonempty set, § is a t-norm
and M is a fuzzy set on Q X Q X (0, +o0) verifying the requirements listed below:

(l) M(l” q, 0) =0,

2) M(p,q,t)=1forallt>0iff p =g,

(3) M(P» q, f= M(q’ P t)9

@ M(p,r,s(t+v) 2 HM(p,q,1), M(gq,r,v)),

5) M(p,q,.): [0,+00) — [0, 1] is left-continuous and nondecreasing
for all p,q,r € Qandt,v > 0.

When s = 1 then (Q, M, $, 1) is a fuzzy metric space according to Michalek and Kramosil [9].

In the following, we suppose that b-Menger space (2, T, 9, s) that £ is a continuous t-norm, and we denotes by C(£2)
the class of all nonempty closed subsets of Q, where for all A, B € C(Q) and x € Q the functions I', #(.) and 'z 5(.)
are defined as follows

I'ya() = SUPycq Iy y(®) foreacht € [0,+00),
I'as() = inf en SUPyeg Iy () foreacht € [0, +00).

Lemma 2.7. We consider (T, 9, s) a b-Menger space where $ is continuous, then for all A € C(Q) and x,y € Q we
have

(1) Ty a(tp) =1 for any #p > 0 if and only if x € A.
(2) Tealsto +1)) = § (Tey(to), Tya(tr)) for all to, 11 > 0.

Proof. (1) Suppose that I'y #(fy) = 1 for all 5 > 0.
So, for any 6 > 0 and p € (0, 1) there exists xo € A such thatI', , (6) > 1 —p.
As A € C(Q) then x € A.
Conversely, if x € A, then for all > 0
rx,&‘l(tO) = sup rx,y(tO)
yeA
2 rx,x(to) =1

Hence, I'; #(ty) = 1 for all 75 > 0.
(2) Letty,t; > 0.
Case 1
If 'y #(t1) = 0, the inequality it’s verified.
Case 2
Suppose that I'y #(#;) > 0.
Let 8 > 0 such that 6 < I’y #(#/).
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Since Iy #(t1) = sup .4 I'y.(#1) > 0, there exists v € A such that I, ,(#;) > I'y #(t;) — 6.
The b-Menger triangle inequality gives us the following

Ly (sto + 1)) = sup [y, (s(to + 1))
€,

€A
> sup (Cay(t0), Ty 201))
> § (e (t0), Ty(11))

> § (Cuy(to). Tya(ty) = 6).
Letting 6 — 0, then the inequality is proved.

O
3. MAIN RESULT
We will consider the class @, of all function w : [0, +00) — [0, +c0) satisfying
O<w()<t V>0
Ve>0, dr>t lim o"(r) = 0. 3.1

n—oo

To obtain our primary result, we will require the next lemma.

Lemma 3.1. Let (Q,T, 9, s) be a b-Menger space under a t-norm of H-type and {v,} is a sequence in Q. If there’s a
function w € @, that satisfy

I, ®) =T, . (st) foralln,m>0andt >0, (3.2)
then {v,} is a Cauchy sequence in Q.
Proof. We consider {v,} a sequence in  that satisfy the condition (3.2), so we have that
Iy, (@) =T, ., (st) YneN, V> 0.
Then, by induction we get:

Ly, (@' (@) 2 Ty, (s1)
>T (@ VYneNVe>0.

Next, we demonstrate that lim I',, ,, ,(f) =1 forall # > 0.
n—oo

SVn+l
Since lim I, , (1) = 1.

Then, tf?);ot; € (0, 1] there exists ty > O satisfying I, ,, (fo) > 1 — 6.

As w € ®,, then there exists 7; > 1y such that lim «"(#;) = 0. Hence, for all ¢ > O there’s ny € N where «"(t;) < t for
all n > ny. i

Due to I'’s monotonicity, we obtain

Ly @ 2T, ("(11) 2 Ty, (1) > Ty, (f0) > 1 =60 Y2 ng

which is implied that
lim T,

n—+0o
Since w € @,, then for any ¢ > 0 an r > ¢ can be found where w(r) < t.
In fact, Assuming that there’s some r; > 0 such that for any r > r;, w(r) > r;, we can infer by induction that

® =1 forallt>0. (3.3)

SVn+l

wW"(r) = ry foralln € N.

Therefore, lim w"(r) # 0 for r > ry, which is a contradiction with (3.1).

Using induction, we demonstrate that for all £ > 1,

Ly (s8) > 91 (T, (0 = (). (3.4)
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The inequality (3.4) is satisfied for £ = 2. Now, suppose that (3.4) holds for k > 1. Using (3.2) and the monotonicity
of 9, we obtain
Ly 8D =Ty (82— (1) + sw(r)
2 O[Ty, 0,0 (= @), Ty, v (@)
z 9@y, ., (t — w(r), Ty, .. (s7))
2 9Ty, ., —w(), Ty, ., (sD)
2 H(,,..(t = (), $7H Ty, ., ( = (1))
= 9 (T, (1 = ().
Hence, (3.4) is proved for all k > 1.
Finally, we demonstrate that {v,} is a Cauchy. Let 6 € (0, 1), since $ is of H-type, there exists 6 > 0O that satisfy
9"(t)>1-0 forallte (1-6,11andn e N. 3.5

t—w(r)
s

) = 1. So, there’s N € N satisfying I, ,, (=22) > 1 - § for

N

As =22 > 0, then by (3.3) we have that lim T, ,, _ (
all n > N. From (3.4) and (3.5) we get:
t—w(r)

| RN () K kT ( RPN ( 2>1-6 foralln>N, and k > 1.

As a result, the sequence {v,} is a Cauchy. O

Now, we will generalize the definition of w-contraction to multi-valued case in b-Menger spaces.

Definition 3.2. Let (Q,T, 9, s) be a b-Menger space and w : [0, 0) — [0, ). A mapping f : Q — C(Q) is called a
multi-valued probabilistic w-contraction if for every x,y € Q and every p € fx there exists g € fy such that

[ g(w(®) =Ty,(st) Yi>0. (3.6)
Remark 3.3. Note that if f is a multi-valued w-contraction, we have
Lo py(w(t) > Tiy(st) Vx,y € Q, Vi > 0.

Theorem 3.4. Let (Q, T, 9, s) be acomplete b-Menger space under a continuous t-norm $ of H-type and f : Q — C(Q0)
be a probabilistic w-contraction multi-valued mapping where w € ®,. Then, there exists o € Q such that o € fo.

Proof. We consider vy € Q and v; € fvy, then there exists v, € fv| such that by (3.6) we get
Iy, 0, (w(8) > Ty, ,, (st) Vt> 0.
Thus, we may create a sequence {v,} that satisfies the following requirements:
Vel € fv, and T, () 2T, ., (st) foreachn €N, andt> 0.

We show first that for any ¢ > 0,
Ly ypn@®) 2T, ., (s8) Ym > 0. 3.7
It’s obvious that (3.7) holds for m = 1. Suppose that (3.7) holds for m > 0. Since v,, € fv,—1 and V,4;m+1 € Vi, USING
Remark 3.3, we obtain
Fvn»VrH-uH-] ((l.)(t)) 2 ern—]sVrz+ln+l ((I.)(t))
2 rfvn—l S Vism (U)(t))
2 rVn—l»sz+rn(St)’
So by induction we proved that (3.7) holds for all m > 0. Using Lemma 3.1, so {v,} is a Cauchy sequence. Since

(Q,T, 9, s) is complete, then v, — o € Q. So to complete the demonstration, we prove that o € fo. Let 8 > 0, using
the b-Menger triangle inequality we get

0 0
P ® 2 9 (T (5 T (5 (338)
s 2s
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From (3.3) we have that lim I, ,, (2%) = 1. Letting n — +o0 in (3.8), we obtain that
lim Iy, (6) = 1.

On the other hand, by the hypothesis we have that $ is of H-type, we concluded that for any p € (0, 1) we can found
0 € (0, 1) satisfying

Nl =-6,1-0)>1-p.
And since that

t t
FV o\~ er o’( A~ )
n+1sf (2S) n+l-f w(zs)
t
)
froofor | (50
t
>T, (=)
>T,,0(3)
Then, there exists N € N such that

t t
Pov(5)> 1 =6 and Ty, pr(5-) > 1=6 Yn > N,

Which implies that
t t
Tugr® = 9 (T (G Tongn(3)|
>T(1-6,1-9)
>1-p.
Finally, we conclude that I, s+(f) = 1. Therefore, by Lemma 2.7, we get that o € fo-. m]

Example 3.5. Let Q = [0, 00). We define I' : Q X Q — A" as follows

L) = 6ot — |x = yP).

From Lemma 3.1 and Example 3.3 in [11], we have that (Q, T, H5s,2) is a complete b-Menger space. And we consider

the function f : Q — C(Q) given by f(x) = {1, £, %}.

Then, for any x,y € Q and p € fx, we have three cases:
Casel: If p=1¢€ fx,weputg = 1.
Then, for all 7 > 0, I“,,,q(%t) =12>T,,(2.
Case 2: If p = 5 € fx, we choose g = 5.
So, for all ¢ > 0,
2

-3 = 02— -3 = Ty 20,

2 ’E
Y
4

1 1 X
Fp,q(it) =6y(=t—

Case 3: If p = 3 € fx, we choose g =
Then, for all r > 0, we get

2 9 )
)= Go(zt— Ix = yI%),

1 1 X oy
(30 = (3t~ |5 - 5

therefore
1 2
rp,q(zt) = 00(2t - |x - y| )
=T,,(20.

Hence, we concluded that f is a probabilistic w-contraction multi-valued mapping with w(f) = %t. Consequently, every
need stated in Theorem 3.4 is met, hence f have two fixed points which are 0 and 1.



Y. Achtoun, A. Mbarki, I. Tahiri, M. Lamarti Sefian, Turk. J. Math. Comput. Sci., 17(1)(2025), 1-9 7

Example 3.6. Let Q = [0, c0). We define ' : Q X Q — A* by
ey (1) = 6ot — |x = yP).

Then, (Q, T, H,2) is a complete b-Menger space. And we consider the function f : Q — C(Q) given by f(x) = [0, £].
We will prove that for all x,y € Q and p € fx there exists g € fy such that

T, ((t) 2 T (20).

With w(r) = %t. It suffices to show that for all x,y € Q and p € fx there exists g € fy such that

X oy
I e
P q"'z 2'
Indeed, if p < 3 then p € [0, 3]. So, there exists ¢ € [0, 7] such that
X oy
—gl <= =<,
P q"'z 2'
If p>3,since 0 < p < §, we get
y _x )y
0<p-2<=-—2.
=PT5=377
Then, if we take ¢ = 3, we obtain
X oy
—gl<|= =<
lp—ql < 2 2'
Therefore,

3
Tpq(@(®) = 6051 = Ip = g

X y2

3
< Op(=t— 575

2 )

3 1
= 0p(>1 — — |x — ).
oGt = 7 =)

Now, suppose that I'; (st) = 6p(2¢ — |x — y?) > 0, this implies that 2¢ > |x — >

Then,

t> % |x — y|2 .
It follows

3 3 2

Z[ > g |X - y| .
Hence,

1
wit) > 7l =

From the previous inequality, we obtain

3
[ g(w(D) = QO(ZZ —-lp—-q >0.
Therefore,

Iy g(w(®) = 1.
Then, all the conditions of Theorem 3.4 are verified, which implies that f have a fixed point which is 0.

Remark 3.7. Note that the condition of § is a t-norm of H-type is a necessary condition of the existence of a fixed
point as shown in [14] and confirmed by the following example.

Example 3.8 ([16]). Define L as the distribution function as follows:

0 if <4,
L(t)—{l_l Si 2"<t<2™ n>1.

n
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We consider Q = {1,2, ...... } and we define I' : Q x Q —> A* as follows :
r [0 if t=0,
wen() =4 gy (L@'n). L@, .. L)) i 1> 0.
Then, we obtain that (Q, T, $;, 1) is a complet b-Menger space, and since that every single-valued mapping is a multi-

valued mapping we put f(n) = n+ 1, which is w-contractive with w(?) = %t. However, f have no fixed point, since that
9 is not of H-type.

In the following we present some consequences of this result. By taking w(f) = kt with k € (0, 1), as a first
consequence of Theorem 3.4 we get:

Corollary 3.9. Let (QQ, T, 9, s) be a complete b-Menger space under a continuous t-norm $ of H-type and f : Q —
C(Q) be a multi-valued probabilistic k-contraction mapping where k € (0, 1), i.e., for any x,y € Q and every p € fx
there exist g € fy that satisfy

Ipqkty > T\ (st) forallt>O0.

Then, there exists o € Q such that o € fo.
The following Corollary is a special instance of Theorem 3.4.

Corollary 3.10 ( [5]). Let (Q,T, ) be a complete Menger space under a continuous t-norm $ of H-type and f : Q —
C(€) be a multi-valued probabilistic w-contraction mapping in the sense of Fang. Then, there exists oo €  such that
oe fo.

Given that the condition I', ,(0) = 0 was not required in the proof of Theorem 3.4, we now present the following
result in fuzzy b-metric spaces, where I', (1) = M(x,y, t) for all £ > 0.
Corollary 3.11. Let (Q, M, 9, s) be a complete fuzzy b-metric space where lim M(x,y,7) = 1 forall x,y € X, His a
t—o0

continuous t-norm $ of H-type and f : Q — C(Q) is a fuzzy w-contraction mapping with w € ®,, i.e., for any x,y € Q
and every p € fx there exist g € fy such that

M(p, q, w(@)) = M(x,y,st) forallt>O0.

Then, there exists o € Q such that o € fo.

4. APPLICATION
We prove the analogous fixed point theorems in ordinary b-metric spaces as an application of the main result.

Corollary 4.1. Let (Q,d) be a complete b-metric space with a constant s > 1 and w € @, a non-decreasing function.
If a multi-valued mapping f : Q — C(Q) satisfy that for any x,y € Q and p € fx there exists g € fy such that
d(x,y)

— |

d(p,q) < w( 4.1

Then, there exists o € Q such that o € fo.
Proof. Let define a mapping I' : Q X Q — A* by:

l"x,y = Od(x,y) .

Mbarki et al. in [11] proved that (Q2, T, Hy, 5) is a complete b-Menger space. It is not hard to show that if a non empty
set A is closed in (€, d), then it is in (Q,T, Hys, s). So, to complete the proof, it’s enough to show that the condition
(4.1) implies that f is a multi-valued probabilistic w-contraction mapping in (Q,T’, H5, 5). Indeed, let f : Q — C(Q)
be a multi-valued mapping satisfying the condition (4.1). Then, for any x,y € Q and p € fx there exists g € fy such

that J

s 20(252).
0, w()=<d(p,q);
L, w(@) >d(p,q).
Case 1: If 'y, (s7) = 0, then I py(w(?)) = [y (s0).

Let £ > 0, then Ty ((?)) = Oupgp(w(t)) = {
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Case 2: If[,(st) = 1 thent > 122,
So, w(t) > w(“2L) > d(p, ). Then, Tpy(w(?)) = 1, which implies that Ty (w(1)) > Ty (s7).
So, from case 1 and case 2 we conclude that f is a multi-valued probabilistic w-contraction. Thus, Theorem 3.4 implies
the conclusion of Corollary 4.1. O
In the above corollary, if we put w(f) = kt where k € (0, 1), so we have the next corollary.
Corollary 4.2. Let (Q, d) be a complete b-metric space with a constant s > 1 and k € (0, 1). If a multi-valued mapping
f:Q — C(Q) satisfy that for any x,y € X and p € fx there exists g € fy that satisfy
d(x,y)

dlp,q) <k .
N

Then, there exists o € Q such that o € fo.

5. CONCLUSION

In this work, we have established the existence of fixed points for a multi-valued type of contraction, specifically
w-contractions, within the context of b-Menger spaces, a relatively recent addition to the mathematical literature. Our
research advances the understanding of fixed point theory by not only proving the existence of such points in b-Menger
spaces but also extending these results to b-fuzzy metric spaces under certain specialized conditions. Furthermore, we
have demonstrated the practical applicability of our theoretical findings through a constructed application in ordinary b-
metric spaces. This application underscores the relevance and utility of our results in real-world scenarios, particularly
in areas where probabilistic and fuzzy structures are prevalent.
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