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Abstract

This study aims to reveal the structure of learning as routinization by providing empirical
examples. The participation of a high school student in discourse in task situations involving
systems of equations and inequalities was examined in terms of objectification of the discourse,
flexibility, bondedness, substantiability, performer’s agentivity, and applicability. The study
was designed as a case study, one of the qualitative research methods. Elif, the study participant,
is an 11th-grade student studying courses focused on mathematics and science-oriented fields
in a public high school. The data were collected through semi-structured individual and focus
group interviews. Findings showed that Elif exhibited ritualistic participation by imitating
others in the individual interview. In contrast, she exhibited more explorative participation in
the focus group interviews as the participants became aware of the structure of the concepts. It
was found that students’ participation in discourses was more explorative when they reflected
on the routines of those they considered more experienced. It was also determined that for
learning to occur as routinization, individuals should participate in discourse and make an effort
to develop their routines from process-oriented to result-oriented.
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Research defining learning in mathematics education as a fundamentally social
activity considers meaning and thinking as products of this social activity (Ben-Zvi &
Sfard, 2007; Kieran et al., 2001; Lerman, 2006; Moschkovich, 2010; Sfard, 2008).
According to this sociocultural perspective, mathematics learning occurs through
participation in these social activities (Wenger, 1998). Like other sociocultural
approaches, Sfard’s (2008) theory of commognitive defines learning as participating
in a particular community’s discourse. (Weingarden et al., 2019). Thinking is defined
as the individualized version of interpersonal communication (Sfard, 2008, 2012).
Sfard (2012) argues that individuals participate in mathematical discourse through
speech and thought. This participation is evident in their actions. Therefore, current
studies focus on the participation of individuals in discourse in order to analyze
learning (Christiansen et al., 2023). In this context, routines as an element of
mathematical discourse are taken as the unit of analysis, and learning is defined as the
de-ritualization of one’s actions. Thus, learning is seen as a process of change in
discursive routines in a particular community rather than a process in which an
individual changes specific cognitive structures in the mind (Lavie et al., 2019). This
study will examine a high school student’s participation in discourse related to
equations and inequalities, focusing on processes of de-ritualization.

Mathematical Learning as Routinization

Routines are defined as a pair of task and procedure (Lavie et al., 2019; Sfard,
2018). Task refers to the participant’s decision-making regarding actions in a new task
situation, considering past learning experiences. Procedure refers to all actions,
including processes, methods, and symbolic manipulations, that participants utilize to
accomplish a task. Thus, a routine is dependent on the specific task situation and the
individual performing it (Lavie et al., 2019). A task situation is any task in which the
participants consider themselves obliged to do something or a problem situation in
which they are obliged to solve. Task situations can be deliberately created by the task
setter (researcher, expert, teacher, etc.) to elicit a certain type of action. In a given task
situation, participants model their current actions according to what they have learned
and done in the past. This results in action patterns called routines (Lisarelli et al.,
2022). Different participants may perform similar procedures aiming at different tasks
for the same task situation. For example, for a task situation such as “Determine the
real numbers that satisfy the equation 3x — 1 = 5”, participants may take it upon
themselves to produce an expression in the form of “x =number”, while other
participants may be looking for the real number that satisfies equality when x is
substituted in the equation (Lavie et al., 2019).

Discursive routines are divided into ritual and exploration routines according to
their purpose. If the participant performs the routine to create and maintain a
connection with other people, the routine is called a ritual routine; if the participant
performs the routine to produce a mathematical narrative, the routine is called an
exploration routine (Sfard, 2008). Narratives, like routines, are discourse elements
and are sequences of words that contain descriptions of mathematical objects,
relationships between objects, or processes. In mathematical discourse, there are types
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of narratives, such as axioms, definitions, claims, and proofs (Sfard, 2008). For
learning to progress, individuals need to transform ritual routines, which they initially
imitate by imitating others in a dependent manner, into exploration routines that they
can perform independently, flexibly, and agency (Lavie et al., 2019; Nachlieli &
Tabach, 2019). This process is called the process of de-ritualization. For this transition
to occur, individuals need to participate in discourse on the one hand, and on the other
hand, they need to make efforts to develop their routines from process-oriented to
result-oriented (Lavie et al., 2019; Nachlieli & Tabach, 2022; Sfard, 2020).
Depending on the participants’ engagement with discursive routines, there are two
types of discursive participation, ritualistic and explorative, which differ in their goals
and rules of engagement (Baccaglini-Frank, 2021).

Ritualistic and Explorative Participation

In ritualistic participation, individuals display their routines to please others
(friends, teachers, etc.) and establish a social bond with others. In this form of
participation, individuals are novice participants and imitate or strictly follow
procedures set by an authority (Roberts & le Roux, 2019; Sfard, 2008). The participant
is process-oriented when implementing their procedure and tries to implement it by
looking for answers to the question “How do I proceed?” (Lavie et al., 2019; Nachlieli
& Tabach, 2019). The participant’s discourse is mainly about the symbolic
manipulation of mathematical objects. She cannot make new and independent
decisions while practicing her procedure and often refers to memory or authority
(friend, teacher, textbook) (Baccaglini-Frank, 2021). The participant has difficulty
applying their routine in different task situations and focuses on the need to take and
perform specific steps when providing arguments for their procedure (Nachlieli &
Tabach, 2022).

In explorative participation, individuals perform their routines to produce
mathematical narratives. In this form of participation, individuals are agency
participants, make independent decisions while applying the procedure, and do not
need to apply to authority. The participant is result-oriented while implementing the
procedure and tries to implement the procedure by looking for an answer to the
question “What do I want to achieve?” (Emre-Akdogan & Giirbiiz, 2023; Lavie et al.,
2019; Nachlieli & Tabach, 2019). Therefore, the participant’s discourses are about
mathematical objects rather than processes (Baccaglini-Frank, 2021). The participant
performs their procedure not to please others but to present their arguments.
Explorative participation involves showing agency, making independent choices, and
adapting procedures flexibly (Emre-Akdogan & Giirbiiz, 2023; Heyd-Metzuyanim et
al., 2016; Nachlieli & Tabach, 2019). The participant can construct mathematical
arguments for their routine and include mathematical proofs during the
implementation of the procedure (Lavie et al., 2019; Sfard, 2008).

Routines in mathematics learning environments are rarely only ritual or only
exploration. Instead, routines exist on a spectrum where ritual and exploration are
extreme cases. Moreover, using ritual routines is often seen as a necessary first step
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in learning (Lavie et al., 2019; Nachlieli & Katz, 2017; Sfard & Lavie, 2005; Viirman
& Jacobsson, 2023). The participant tries to participate in the new discourse by
imitating others (expert participants, teachers, etc.) to continue in a new task situation
(Sfard, 2007). However, imitation in this context does not mean imitation in which
thinking is not involved, and this type of imitation is called “thoughtful imitation”
(Sfard, 2008). In thoughtful imitation, the participant constantly adjusts their
performance to the performance of others while at the same time reflecting on the
reasons for what expert mathematicians do (Sfard, 2008). Thus, the participant’s ritual
routine can turn into a routine of exploration. Lavie et al. (2019) proposed considering
six characteristics of routines to analyze the transition from ritual to exploration:
objectification of the discourse, flexibility, bondedness, substantiability, performer’s
agentivity, and applicability. According to the researchers, to talk about any progress
in the transition process of routines from ritual to exploration, improvement in one or
more of these characteristics should be observed.

Objectification of the discourse is defined as the process by which a participant
begins to use a noun (e.g., equation, inequality, etc.) in discourse in a way that is
independent of human actions/activities and represents a mathematical object (Sfard,
2008). In mathematical discourse, objectification is one of how talking about
processes is replaced by talking about mathematical objects (Bacaglini-Frank, 2021).
Sfard (2008) uses signifier and realization in her theory to explain the “mathematical
object.” A set of words or symbols that function as the primary object in mathematical
discourse is a signifier (Jayakody, 2015; Sfard, 2008). Any task situation, a problem,
an equation, an algebraic expression, a number, or any representation of concepts can
be a signifier. A realization is defined as the procedure that maps a signifier to another
primary object or the product of such a procedure (Sfard, 2008). For example, if “the
solution of the equation 7x + 4 = 5x — 2 in the set of real numbers” is considered as
a signifier, a (possible) realization of this signifier can be the x coordinate of the
intersection point of the graphs of the lines y = 7x + 4 and y = 5x — 2 drawn on the
analytic plane. In this context, a “mathematical object” is also defined as a “signifier”
with its realizations (Sfard, 2008). When all the realizations of an signifier are
organized hierarchically, it is called a “realization tree” (Jayakody, 2015; Sfard,
2008). Flexibility means that the participant can use more than one way to accomplish
the task in the task situation. Bondedness means that the participant uses the output of
any step in the participant’s procedure as input for subsequent steps. Substantiability
involves reasoning about, providing arguments for or showing why any routine,
procedure, or narrative emerges. Performer’s agentivity consists of the participant
knowing when to start a routine, what decisions are needed to continue when to end
it, and being able to evaluate the solution. Applicability involves the participant’s
ability to apply the routine in a different environment, task situation, context within
the task situation, and similar task situations with which they are familiar (Lavie et
al., 2019; Nachlieli &Tabach, 2022).
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Aim and Importance of the Research

This study examines the processes of de-ritualization of high school students in
the context of equation and inequality concepts. Thus, analyzing a high school
student’s participation in mathematical discourse in task situations involving
equations and inequalities will be presented to the reader in the objectification of
discourse, flexibility, bondedness, substantiality, performer’s agentivity, and
applicability. When the related literature is examined, it is seen that the studies
examining learning as routinization in mathematics education are primarily at the
university level (Biza & Nardi, 2023; Christiansen et al., 2023; Karavi et al., 2022;
Liu & Weingarden, 2022; Lipper & Karavi, 2023; Viirman & Jacobsson, 2023;
Viirman & Nardi, 2019). Few studies have focused on high school students (Akcakoca
et al., 2023; Baccaglini-Frank, 2021; Essack, 2015; Macchioni et al., 2023; Roberts
& le Roux, 2019).Most of these studies investigate learning as routinization
(Baccaglini-Frank, 2021; Biza & Nardi, 2023; Christiansen et al., 2023; Essack, 2015;
Karavi et al., 2022; Liu & Weingarden, 2022; Lipper & Karavi, 2023; Macchioni et
al., 2023; Roberts & le Roux, 2019; Viirman & Nardi, 2019) provided findings on
participants’ discourse in the context of one or more of these six features. Baccaglini-
Frank (2021) analyzed two low-achieving high school students’ discourse on function
in digital learning environments regarding performer’s agentivity and objectification.
Providing examples of ritualistic and explorative forms of participation, the researcher
concluded that digital learning environments support lower-achieving students to
engage in more explorative discourse. In another study focusing on high school
students’ discourse on function, Essack (2015) characterized student routines as ritual
or exploration in terms of five features other than the performer’s agentivity.
Comparing the routines of low- achieving and high-achieving 11th graders, Essack
(2015) concluded that explorative participation is positively related to student
achievement. Macchioni et al. (2023) focused on the discourse of two low-achieving
high school students in equation-solving processes. They examined their discourse
participation regarding flexibility, applicability, substantiality, performer’s agentivity.
Focusing on the meaning-making processes in students’ mathematical discourse, the
researchers concluded that the participants’ insistence on ritualistic participation
negatively affected their meaning-making processes. Roberts and le Roux (2019)
focused on the discourse of 8th and 9th-grade students in solving linear equations with
objectification and flexibility features. Even though their study did not include
sufficient evidence to show that students transitioned to explorative discourse, the
researchers offered suggestions to teachers on how to change students’ discourse. In
another study examining high school students’ discourse in the context of quadratic
inequalities, Akcakoca and others (2023) analyzed students’ routines regarding
flexibility and performer’s agentivity. The study’s findings revealed that students
mainly exhibited ritualistic participation in the context of the relevant features. When
the studies (Akgakoca et al., 2023; Macchioni et al., 2023; Roberts & le Roux, 2019),
which addressed learning as routinization in the context of equation or inequality
concepts, were examined, it was observed that they generally focused on the discourse
of low-achieving students (Macchioni et al., 2023; Roberts & le Roux, 2019) and
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therefore did not provide sufficient findings on explorative participation (Akgakoca
et al., 2023; Macchioni et al., 2023; Roberts & le Roux, 2019). In this study, an 11th-
grade student’s discourse on the processes of solving systems of equations and
inequalities is analyzed in detail in the context of the six features above. Therefore,
this study provide a rich data source for ritualistic and explorative participation in
high school students’ learning as routinization. The research question is stated as
follows:

“What is the type (ritualistic or explorative) of an 11th-grade student’s
participation in mathematical discourse in various task situations related to the
concepts of equation and inequality, and how does this participation occur?”

Method

Research Design

This study was designed as a case study, one of the qualitative research methods.
The case study is an empirical method investigating a situation in depth and in a real-
world context (Yin, 2018). This method requires investigating a problem in a real-life,
current context or environment (Creswell, 2014). In this study, in-depth information
was collected and findings were sought regarding the process of de-ritualization in the
mathematical discourse of a high school student.

Determination of the Study Group and Research Participants

Elif (pseudonym), the participant of this study, was an 11th-grade student
studying courses focused on mathematics and science-oriented fields in a public high
school. The sociocultural setting in this study was an out-of-class mathematics study
environment where Elif, the first researcher (also her mathematics course teacher),
and four classmates. The five students in the study group, in which focus group
interviews were conducted with Elif as a participant, were selected from a class of 23
students. A survey form was created by taking expert opinion to determine the study
group. Before the survey form was applied to a class of 23 students, it was piloted
with two students in another class of 11th-grade students studying in a numerical
course. The pilot application included a process in which students were engaged in
solving the task situations in the survey form, and interviews were conducted on
student responses. The pilot interviews lasted 35 minutes, during which deficiencies
and errors in the task situations were eliminated, and additions were made if
necessary. The survey form, which includes two different task situations related to 9th
grade learning outcome which is “Finds the solution sets of first-order equations and
inequality systems with two variables” (MoNE, 2018), was applied to students in a
class of 23 after the pilot application, and this application took 20 minutes. The first
researcher analyzed student responses and took notes. In this analysis, students who
did not volunteer for the study among 23 students and students who answered most of
the task situations in the survey form incompletely or incorrectly were not selected as
participants, considering that they would not constitute a rich data source. Apart from
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these students, nine students remained, and individual interviews were conducted with
these nine students to reduce this number due to the difficulty of discourse analysis.
In the individual interviews, the students tried to explain their answers in the survey
form with their justifications in a single session. In this process, the first researcher
did not guide the students in terms of content but only asked them to justify their
answers and, if necessary, to share their solutions aloud again. The findings obtained
in the individual interviews were also used to determine the structure of the
participants’ routines before the focus group interviews. They formed part of the
primary data of the study. The interviews were recorded on camera, and after
analyzing these individual interviews, it was decided that the focus group interviews
should be conducted with five students.

When the individual interviews of the participants were analyzed, it was seen
that all of their routines were ritual routines. However, Elif participated in the focus
group interview exploratively, unlike the others. Elif was taken as a participant in this
study because Elif’s findings provide a rich source of data, especially for the
explorative form of participation, and thus include findings about learning as
routinization. The other students in the study group were coded as S1, S2, S3, and S4
in the findings section. All students participated in mathematics lessons and focus
group interviews with high interest and motivation during the research process.
According to the first researcher’s classroom experiences, Elif was a student with high
academic achievement, whose mathematics course average was above 95, and with
whom the other students in the study group communicated and asked for help in
solving the problems they could not solve. For this reason, Elif was included in the
study as a more experienced participant for her friends in participating in the
discourse, that is, a student with the potential to be a reliable authority. While S2’s
math course achievement was above 95, S1’s, S3’s, and S4’s math course
achievement averages were in the range of 80 and 85; that is, they had lower academic
achievement than Elif.

Researcher Roles

According to Sfard (2018), a researcher working with a commognitive
perspective should investigate the discourse they are working on from the perspective
of an “insider” as well as an “outsider.” In this study, the first researcher assumed the
researcher-teacher role (Tabach, 2006) and had the opportunity to examine students’
mathematical discourse from an “outside” perspective as a researcher and an “inside”
perspective as a teacher. The first researcher conducted her study with five students
in a numeracy-dominated class in a public high school where she worked in the 2021-
2022 academic year. The first researcher attended mathematics classes in the 9th,
10th, and 11th grades for 6 hours each per week. During this 3-year education period,
1.5 years (the second semester of the 9th and 10th grades) were conducted through
distance education due to the COVID-19 pandemic. At the same time, the first
researcher conducted her lessons as a teacher and her interviews as a researcher face-
to-face with her students throughout this study. Simultaneously with the study, the
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researcher taught the “Equations and Inequalities” unit in the 11th-grade curriculum
in mathematics classes. In other words, the first researcher had a long-term interaction
with the students in both in-class and out-of-class environments during the face-to-
face education process and had the opportunity to observe the participants for a long
time. Therefore, the first researcher coded the study’s raw data. The second and third
researchers provided expert opinions in preparing the task situations, determining and
implementing the methodology, and data analysis. All three authors contributed to the
article’s writing process.

Data Collection Tools and Process

The data collection tools of the study consisted of a survey form including task
situations, semi-structured individual and focus group interviews, and all written
sources belonging to the students in these interviews. Along with the individual
interviews, the focus group interviews, in which the other data of the study were
collected, were conducted in an out-of-class mathematics learning environment in a
public high school where the participants interacted with the first researcher and with
each other (a group of 5 students). During the focus group interviews, Elif and her
friends were seated around a table facing the board and the researcher. The seating
arrangement was left to the student’s preference, and the participants mostly sat at the
table in the study environment from right to left with Elif, S4, S3, S2, and S1. The
individual and focus group interviews conducted during the research process were
recorded with two cameras. In the individual interviews, one camera faced the
participant, and the other faced what the participant had written. In the focus group
interview, one of the cameras was set to focus on the table where the participants were
sitting from a position where they could easily see their faces and what they were
doing. The other camera was set to focus on the board from a position that easily saw
what was written and the participants standing up to the board.

Preparation and Implementation of Task Situations

In this study, the survey form was used to determine the study group and conduct
semi-structured individual interviews, and the task situations determined for focus
group interviews were prepared for the 9th-grade learning outcomes related to
equation and inequality (MoNE, 2018). Similar task situations were included in both
individual and focus group interviews. Thus, it was aimed to observe whether there
was a transition from ritual to exploration in the participant’s routine. While preparing
the task situations, expert opinion was taken. Before the implementation, a pilot study
was conducted with two students in a different class than the class in which the study
group was selected. Pilot studies were conducted to eliminate deficiencies regarding
students’ understanding of the task situations, and necessary arrangements were made
afterward.

The individual interview was conducted before the focus group interviews, and
Elif was asked to justify her answers to the survey form in a single session. This
session lasted approximately 40 minutes, and the first researcher did not provide any
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guidance in terms of content during this process; she only asked Elif to justify her
answers and to share her solutions aloud again when necessary. The individual
interview findings were also used to determine the structure of the participant’s
routines before the focus group interviews. The task situations in which Elif’s
discursive participation was examined in the individual interview are as follows:

1. Task Situation 1 (TS1): Givenx,y € R,

S5x+3y=7
y—2x =-5

Find the solution set of the system of equations using the elimination method.
2. Task Situation 2 (TS2): Givenx,y € R,

—2x—y<-1
4x +2y < -6

Show the set of real number pairs satisfying the system of inequalities in the
analytic plane.

Focus group interviews were conducted in two different sessions and Elif
interacted with other participants during these sessions. The session on the task
situation involving the equation system lasted approximately 42 minutes, while the
session on the task situation involving the inequality system lasted approximately 21
minutes. During the focus group interviews, the participants were informed of the
place and time by the first researcher before the interview and the first researcher
prepared the working environment before the interview. After the participants sat
around the table facing the board and the researcher in an order of their choice, the
researcher greeted the participants and started the recording process. Before
presenting the task situations to the participants, the first researcher reminded them
that they would be given enough time to answer the task situation. She also stated that
the content of their answers was important rather than mathematical accuracy, and
that they should share their answers by utilizing their previous learning experiences
about the task situation. Thus, it was aimed to obtain a rich data source by making the
participants feel comfortable. Afterwards, each task situation was presented to the
participants in turn and the other task situation was not applied to the participants until
the participants’ tasks, discussions and sharing about one task situation were
completed. In this study, the focus group interviews aimed to reveal the original
participant thinking and capture their mathematical communication. Thus, for each
task situation in the sessions, the researcher first distributed the papers containing the
relevant task situation to the participants and asked them to deal with it individually.
Each participant dealt with the solution of the task situation individually for an
average of 3 to 8 minutes without interacting with any of their friends. The participants
were given enough time to work on the solution and when they completed their
solutions, they gave the solutions to the researcher. When all participants completed
the solution, the researcher examined the participant responses in the task situations
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and invited them to the board to share their solutions aloud according to a flow that
would provide rich data for the research. After this stage, the focus group discussions
continued in an environment where the participants interacted with each other and
shared and discussed their mathematical discourses. After confirming whether the
participants’ sharing of a task situation continued, a new task situation was introduced.
At the beginning of the focus group interviews conducted in this way, the participants
were informed that the answers in the task situation would not be subjected to any
evaluation and that it was important to share their thoughts and solutions rather than
their accuracy. In addition, while the participants were dealing with the solutions of
the task situations, each participant was given the necessary time without being
rushed. For the participants to express themselves comfortably, no guidance was given
regarding their thoughts (mathematical discourse) on the board and their solutions in
written sources. Thus, we tried to create a safe environment for the participants where
they could easily establish personal and interpersonal mathematical communication.
In this process, the first researcher, who assumed the role of a participant observer
(Adler & Adler, 1998), tried to establish mathematical communication with the
participants through triggers (probes) (Glesne & Peskin, 1992) and to encourage the
participants to use exploration routines.

The task situations in which Elif’s discursive participation was analyzed in the
focus group interviews are as follows:

1. Task Situation 3 (TS3): x —2y =4 Ay+2x=8, x,y€ER

Find the solution sets of the equations. Show these sets in the plane. Can you
share your thoughts?

2. Task Situation 4 (TS4): x —2y =24 Ay<8—-2x ; x,yER

Determine the set of pairs of real numbers (if any) that satisfy the system of
inequalities and then represent this set on the plane. Can you explain the steps you
took and why you took them?

Data Analysis

The data were transcribed to include participants’ simultaneous verbal
expressions (what they said), actions (what they did) and drawings (what they drew).
Each line was numbered when transcribing the participant discourses on task
situations in both individual and focus group interviews, and the following
abbreviations were used during the analysis:

A: Researcher

E: Elif

S1, S2, S3 and S4: Other participants

TSn: n. Task Situation (replace n with the number of the task status)]...]:
waiting for some time

e [..]: when a participant speaks, their actions will be italicized in the section
with «...”
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e (..): when a participant is speaking and another participant is briefly
involved in the conversation, italicized “...”

e  <..>: while one participant is speaking, the actions and situations of other
participants will be expressed in the “...”

e (x): What is said while writing on the blackboard

e (xx): What is said when writing on paper

e The “-” at the end of the word will be used to indicate that the participant’s
speech was interrupted

Coding of Data

After the transcript of the study’s raw data was completed, the structure of Elif’s
discursive routines of the relevant task situations was revealed, and the focus was on
when and how the participant exhibited her routines. Thus, the type of routines (ritual
or exploration) Elif used while solving systems of equations and inequalities was
determined, and these routines were coded. One of Elif’s routines from the individual
interview was coded as “BG,” and one from the focus group interviews was coded as
“OG.” Afterward, the data were monitored again to determine what kind and how Elif
participated in mathematical discourse in the relevant task situations through these
routines. In this determination, how Elif engaged in the routines and the distinctive
features of her participation patterns were considered. Thus, it was explained how
Elif’s participation in discourse was realized in terms of objectification, flexibility,
bondedness, substantiability, performer’s agentivity, and applicability. In examining
Elif’s participation in discourse through their routines, the participant’s discourse of
the mathematical objects and their discourses about the participants in the discourse
was considered.

In the objectification of discourse, Elif’s participation was coded as ritualistic if
her discourse was mostly about manipulating mathematical objects. If Elif’s discourse
was mostly about mathematical objects and included canonical narratives about these
objects, her participation in the discourse was coded as explorative. The word
“canonical” was used here because the participant’s discourse corresponded to the
procedures and narratives used by the expert mathematical community; namely, it was
used when the discourses were mathematically “correct.” In addition, if Elif was
unable or had difficulty in making transitions between different realizations of the
concept, their participation was coded as ritualistic in the context of objectification of
the discourse; if she was able to make these transitions proficiently and produce
canonical narratives that they could establish mathematical relationships, her
participation was coded as explorative.

In the flexibility, Elif’s participation in the discourse was coded as ritualistic if
she performed the procedure rotely and through a rigid solution. On the other hand, if
Elif performs her procedure canonically using different solution paths (complete and
correct), her participation is coded as explorative in flexibility.
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In the bondedness, the participant's participation in the utterance was coded as
ritualistic if the steps in her procedure contained mathematical errors or the
consecutive steps were not connected. On the other hand, if the successive steps in her
procedure were canonically connected and she could complete her procedure
canonically, the participant’s participation in bondedness was coded as explorative.

In the substantiability, Elif’s participation in the discourse was coded as
ritualistic if she had difficulty in justifying any routine, performance, or narrative and
constructing her own argument or if she justified any discourse by relying on intuition
(“I don’t know, I don’t remember, I think so”); by relying on an authority (friend,
expert, teacher, textbooks, etc.) or by citing previous task situations, class sessions,
learning experiences (“That’s what we saw in class, you told me, I heard it from my
friend”) it was coded as ritualistic. On the other hand, if Elif justified any routine,
performance, or narrative by producing endorsed narratives, her participation was
coded as explorative in substantiability.

In the performer’s agentivity, Elif’s participation in the discourse was coded as
ritualistic if she had difficulty making independent decisions while performing the
procedure in the task situation. However, her participation in the discourse was also
coded as ritualistic if she felt the need to seek approval from others for the accuracy
of her discourse and hesitated in her discourse. On the other hand, if Elif could make
independent decisions while applying the procedure in the task situation, did not see
anyone other than herself as an authority in this process, and seemed confident in her
discourse, her participation is coded as explorative.

In the applicability, Elif’s participation in the discourse was coded as ritualistic
if she had difficulty in remembering and applying the routine in similar task situations
in different environments and explorative if Elif applied the routine in a canonical way
in a different environment, a different task situation, a different context in the task
situation, and similar task situations with which she was familiar.

Validity and Reliability

For the wvalidity and reliability of this qualitative research, credibility,
transferability, dependability, and confirmability strategies were used (Lincoln &
Guba, 1985). Long-term interaction, continuous observation, triangulation, and expert
review strategies were used to enhance credibility. In this study, the first researcher
had the opportunity to interact with the participants for a long time in the role of
researcher-teacher and was able to observe the participants directly and continuously
in the natural environment where the event took place. In addition, in this study, the
triangulation strategy of data sources and data collection tools was used to increase
the credibility of the findings. The data sources of the study consisted of semi-
structured interviews, in-class and out-of-class unstructured observations, and written
sources. Another strategy used to increase the credibility of the research was expert
review. In the research, expert opinions were taken while preparing the survey forms
and task situations.
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In this study, the role of the researcher, how the participants were identified,
information about the participants, how the focus group interviews were conducted,
and data analysis were described in detail to ensure transferability, i.e., the
transferability of research results to similar groups or settings. In addition, we
increased transferability by selecting participants based on the purpose of the study.

To ensure the dependability of the research, the researcher asked questions using
a similar approach in similar task situations, and the interviews were recorded. The
study’s raw data were transcribed and then replayed for data analysis. This study
explained how the transcription and coding were done in detail for confirmability. In
addition, all interviews were recorded during the research period, and the documents
used by the participants were kept so they could be reaccessed when necessary.

Findings

When Elif’s procedures for solving systems of equations and inequalities were
examined, it was seen that her routine in the individual interview was a process-
oriented ritual routine. Elif exhibited a ritual routine while solving systems of first-
degree single-variable equations and inequalities, and this routine was coded as BG.
Regarding the BG-coded routine, Elif saw it as her task to use the elimination method
to find real number equivalents for the variables in the system of equations. Similarly,
she saw it as her task to find the range of real numbers for the variables in the system
of inequalities.While applying the BG-coded routine procedure, Elif’s discourses
were mostly about manipulating mathematical objects. Elif applied her procedure by
searching for an answer to the question “How do I proceed?” in this process. Table 1
shows Elif’s routine procedure for TS1.
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Table 1

Elif’s Procedure for the First Degree Two Variable Equation System (TS1)
What said What did
511. E: By adding side to side [...] first of all here
[pointing to the paper] I multiplied by two, this is ten

Signifier
x here minus ten x [pointing to realization 2].
513. E: When I add them by equating them to each 2/5x + y=17
other [...] minus one, they cancel each other out. Realization 1<, 5/y—2x=-5

515. E: That’s why I multiplied by two; I multiplied
by five [pointing to realization 1] here since ten x
minus ten x is still zero [...] I found the value of y
here [pointing to realization 3], and then I can do the
same thing [...] again using the elimination method

Realization 2

for x. For example, if I multiply here by minus three, Realization 3 - g=
three y minus three y cancel each other out [pointing
to realization 4] when adding, like that. Realization 4- 'j"z (s
525. E: For the solution set [...] I have to say it ks +' g ox
separately again, that is [...] The solution set for x is ’/ﬂ?ﬁ
equal to two. I found x as two [pointing to Realization §........ Y-=2.
realization 5], and it should be like this for y; I found —_—
y as minus one [pointing to realization 3] [...] I think R 2 2.2
the solution set should be like this [pointing to Realization 6.........

b2 ak= ]

realization 6] because if I write both of them in the
same thing, it will not work. After all, it will be both
two and minus one for x and both two and minus one
for y.

Here, Elif has started the procedure by adding equations together. While
performing her procedure, she used demonstrative pronouns for mathematical objects
and the verb “to cancel out” to equate the sum of the coefficients of the same variable
to zero. However, while performing the solving procedures, Elif included expressions
that include human actions, such as “I multiplied,” “I found ...” and “this is ...” in
her statements. Elif completed her procedure with the discourse, “For the solution set
[...]1 T have to say it separately again, that is [...] The solution set for x is equal to two.
I found x as two [pointing to realization 5], and it should be like this for y; I found y
as minus one [pointing to realization 3] ... [525]”. These statements showed that she
was unaware that the elements of the solution set of the equation system were ordered
pairs.

Elif’s discourse in Table 1 provides an example of ritualistic participation in
terms of objectification of discourse. Elif’s discourse is mostly about manipulating
mathematical objects. She is process-oriented while demonstrating her routine and
explains how she applies her procedure in her statements. During this process,
statements such as “...I think the solution set should be like this... [525]” and her
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inability to correctly determine the solution set show that Elif applies her procedure
by rote. Therefore, she exhibited an example of ritualistic participation in terms of
flexibility with this routine. Elif stated in her statements [525] that she was not aware
that the solution set was an ordered pair while implementing her procedure. This
caused her step in “realization 6” to be unrelated to her previous steps, and the
participant’s BG-coded routine became an example of ritualistic participation in terms
of bondedness. During this process, she justified her procedure by explaining how the
procedure was performed based on her previous learning experiences ([513], [515]).
Again, in this case, it constituted an example of ritualistic participation in terms of
substantiability.

When Elif was asked to show the set of real number pairs that satisfy the
inequality system in TS2 on the analytical plane, she applied the procedure by drawing
lines in the coordinate system. Still, she answered the first researcher’s question, “For
example, if there was no statement “shown on the analytical plane,” what solution
method would you use? [556]” with the following statement: “Here I would use the
elimination method. [557]” Elif’s routine procedure for solving the inequality system
with the elimination method is as in Figure 1. During this process, the participant
made the following discouses:

561. E: I multiply by two like this (Figure I-realization 1) [...] minus four
x minus two y is less than minus two [by writing the inequalities in Figure I-
realization 2] like this (Figure I-realization 2) will cancel each other out [as if
crossing out the expressions —2y and 2y with his pencil], that is, this does not provide
[...] Zero is less than uhm four (Figure I-realization 3), you know, that is not possible
[...] Excuse me, it actually does provide [referring to the truth of the expression 0 <
4] but since x and y cancel each other out, I cannot find the solution set [...] that is, I
cannot find the values of x and y. Therefore, the solution is the empty set.

Figure 1

Elif’s Procedure for Solving the Inequality System (TS2) Using the Elimination
Method

Signifier
Realization 1+ 2 2y - 5 T ‘
ux+lye b
—ux-24e-2
Realization 2+
Wytlye ©
Realization 3 =" 0 (4 L{
Elif’s discourse that she could solve systems of inequalities using the elimination

method like systems of equations [557] and her discourse that the solution set would
be the empty set because she could not determine a real number range for the variables
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[561] showed that the participant applied her procedure by rote. When she was asked
to solve TS2 aloud again, she used the procedure by drawing lines in the coordinate
system. She said, “Here, first I accept this as a line, then I write zero for x and find
y as one again, [ write the equation that we know is correct [showing the graphs], and
[ try to draw it correctly” [569]. This confirmed that Elif performed her procedure rote
and rigidly and showed that her participation was ritualistic in terms of flexibility. In
response to the first researcher’s question, “Do you know why you did this? [570]”,
the following discursive communication took place between the researcher and Elif:

571. E: No, directly [...] in fact, I had watched this in the video before coming,
it was done directly like this. For example, if it was less than [showing the
expression —2x — y < —1] less than-equal [showing the expression 4x + 2y <
—6],  would draw a straight line like here [it goes over the line 4x + 2y = —6],
but since it is less than, I made it dotted [if goes over the line —2x —y = —1]

572. A: So, how do you decide which side to scan?

573. E: Here, if it provides the origin, I had to take the bottom or y [...] Sorry,
when I put y on the opposite side since minus two x plus one is less than y, I
take the top of y [by scanning the right side of the line —2x — y = —1], like this.

Here, Elif justified her routine with the discourse, ... | had watched this in the
video; it was done directly ...” and relied on authority in this process. This situation
revealed that Elif exhibited ritualistic participation in terms of substantiability.
However, Elif’s personal discourse, including “...I would draw a straight line like
here ... I made it dotted” and ... T had to take the bottom ... I take the top ...” showed
that she could not make independent decisions in presenting arguments for her routine
and tried to apply a rote procedure. Thus, Elif, who exhibited an example of ritualistic
participation in terms of the performer’s agentivity, showed again with the procedure
in Figure 1 that she applied her procedure in TS1 (Table 1) by rote.

Figure 2 shows the realization tree containing the different realizations in Elif’s
procedure for TS2.
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Figure 2
Realization Tree of Elif’s Solution of Inequality System in TS2
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When the realization tree of Elif’s TS2 in Figure 2 is examined, it is seen that
although she confirms her discourse through different algebraic and graphical
realizations, the algebraic realization she uses in the elimination method is not
mathematically correct. In addition, Elif’s discourses ([571], [573]) showed that she
had difficulty in establishing logical relationships between algebraic realizations and
graphical realizations. This situation was evidence that she had difficulty objectifying
the discourse and provided examples of ritualistic participation in terms of
objectification of the discourse. Errors in her procedure and not making the transitions
between different realizations mathematically correct also revealed that Elif exhibited
ritualistic participation in bondedness and flexibility.

Elif’s discourses in the focus group interviews about the processes of solving
equations and inequalities were mostly result-oriented. This result-oriented routine of
Elif was coded as a exploration routine as OG. In this routine, she took to determine
the elements that verify the system for equation and inequality systems (ordered pairs)
as a task. In the focus group interviews, Elif applied her procedure by looking for an
answer to the question “What do I want to achieve?” and produced mathematical
narratives. Unlike the individual interview, Elif became aware that the solutions of
the equation system were ordered in pairs. While talking about the solution set of the
equation system in TS3, she stated the following: “Uhm [...] This is the common
solution of the two equations and uhm [...] we need to express it as an ordered pair.
In other words, the solution set is equal to four, zero [by writing the expression “C. K =
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{(4,0)}’]1[145]”. However, the following communication took place between Elif and
her friend S1, who was having difficulty finding the solution to the system of
equations while applying the procedure on the board:

36. E: Now I think it should be like this here [...] you found the x’s here.

37.S1: Yes.

38. E: These have to be an ordered pair [...]. That’s why you found x.

39. S1: Uh.

40. E: Since it will be an ordered pair, you need to write x instead and find y.
41. S1: Yes.

42. E: The solution set will be x and y-ordered pairs.

43. S1: It makes more sense [...] I think since one value of y provided one when
I wrote both of them like this [...], they matched, I did that, but now they don’t
[...] Ok, I understand.

Here, Elif was able to make independent decisions during the implementation of
the procedure ([36], [38], [42]) and participated in the discourse in an authority role
for her friend ([37], [43]). Therefore, her participation in the focus group interview
was an example of explorative participation in terms of the performer’s agentivity.
Unlike the individual interview, Elif became aware that the solution sets of first-
degree two-variable equations were ordered pairs [42]. Here, Elif was result-oriented
in her discourse and produced canonical narratives. Also, in the focus group
interviews, she made the transition between algebraic and graphical realizations
canonical. Elif, who had the opportunity to share her procedure for TS3 in Figure 3
on the board with the other participants, produced canonical narratives in this process.
This situation presented examples of explorative participation in terms of the
objectification of discourse:

64. S2: Well, I can give zero to x and find y, give zero to y and find x, or [...]
well, there was a method, for example [...] what comes out when you give zero
[...] we can try [...] maybe it can be done by trying like that.

65. A: Maybe.

66. E: Teacher, but the solution set of this [...]  mean, x and y are real numbers,
or [...] there is an infinite number and an infinite number of points. <She is
talking about the solution set of the equation “x — 2y = 47>

74. A: But there must be a way to show this; what do you think this way is?
75. S1: We can show it on the plane, but this is not the solution set, that is, what
we show on the plane.

76. E: We draw the graph.

79. S1: Exactly. We are just drawing the graph to reach the solution set.
80. A: We are showing it on the plane; what path would you follow?
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81. E: Teacher, at first, I would give zero to x and find y; I do this to find the
points where the axes intersect and [...] show where that line passes.

83. E: If x is zero [by writing the expression x=0] uhm wait a minute zero minus
two y is equal to four [by writing the expression 0 — 2y = 4] two y minus four
[by writing the expression 2y = —4] y is equal to minus two [by writing the
expression’ y = —2] Did I do it right? [By checking your work] uhm zero to zero
point [by writing the expression (0,—2)], and I will give zero to y [by writing
the expression y = 0]. x equals four directly [by writing the expression x = 4].
This is zero point to four [by writing the expression (4,0)], and its representation
on the coordinate plane is as follows: [draws the coordinate system and marks
the points he finds on the plane] a line like this [draws the line specified by the
elements of the solution set of the equation x — 2y = 4 on the analytic plane].

86. A: What is the relationship between this line and the solution set?
87. S3: Could the solution set be one of the points inside the line?
88. E: All of them.

101. A: Okay, we drew it. [...] What is the relationship between the line we drew
and the solution set?

102. E: Teacher, this line is the solution set of this equation. That is, it is shown
on the graph. All of the points here [pointing to the x — 2y = 4 line].

116. E: Ok [...] x for zero y becomes eight [by writing the expression x = 0 =
y = 8] from here to zero eight [by writing the expression (0,8)] y for zero
x becomes minus four [by writing the expression y = 0 = x = —4].  made a
mistake, it becomes four [by writing +4] uhm, zero, four [by writing the
expression (4,0)] The coordinate plane becomes like this [by drawing the
coordinate plane] here is the x point here is y [she marks the points he finds on
the plane and draws the line y + 2x = 8] like this. They intersect at a single
point.

117. A: What is the relationship between this line graph you drew and the
solution set?

120. E: Teacher, I think the direct line itself, the line [...], is already made up of
infinite points; all of these infinite points are the solution set of this equation
[pointing to the expression y + 2x = 8].

121. A: How are those points expressed?

122. E: That is, in the form of ordered pairs.

135. A: Now try solving it with the substitution method, Elif, you mentioned
earlier.
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136. E: Yes [...] the solution set of the two [...] I mentioned this point [pointing
to the intersection] to find the point....

138. E: This is x equals four plus two y [...] I added two y to each side. [...]
uhm then here [pointing to the expression y + 2x = 8], 1 will write this
expression instead of x. [...] y plus two times four plus two y is eight [...] y plus
eight plus four y is eight [...] that goes [crossing out the number 8] four y [...]
minus y [...] wait a minute we need to subtract something from here [...] I
mistakenly [rechecked] four y plus eight is y plus eight.

143. E: Five y equals zero [by writing the expression 5y = 0] y came from here
as zero [by writing the expression y = 0] Okay, right, right. [She proceeds
confidently] y came from here as zero. If y is zero, I can write it in any equation.
Here, for example, zero plus two x equals eight [by writing the expression 0 +
2x = 8] x comes from here as four [by writing the expression x = 4]

144. A: What does this mean?

145. E: Uhh, this is the standard solution of the two equations, and [...] uh, we
need to express it as an ordered pair. In other words, the solution set equals four
and zero [by writing the expression C. K = {(4,0)}]

149. S1: Oh! The point where they intersect is already their standard solution set
[Realizing, being surprised].

Figure 3
Elif’s Procedure for TS3
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Here, Elif’s awareness that the elements of the solution set of first-degree two-
variable equations are ordered pairs ([66], [88], [120], [122]) enabled her to make
transitions between algebraic and graphical realizations canonically ([77], [120],
[136], [145]). Her awareness of the canonical transitions between algebraic and
graphical realizations of the concept contributed to her displaying explorative
participation in terms of objectification of discourse. Thus, this situation constituted
an example of explorative participation in terms of objectification of discourse. When
asked to show the elements of the solution set on an analytical plane in the individual
interview, Elif applied a rote procedure (e.g., Table 1 and Figure 1) and drew their
line graphs, and presented mathematical arguments for this procedure in the focus
group interviews ([81], [120], [136], [145]). During this process, Elif responded
confidently to the questions of the researcher and her colleagues (e.g., [80], [86], [87],
[101], [117], [121], [144]) by producing canonical narratives ([81], [83], [88], [102],
[120], [122], [145]). In response to the researcher’s questions such as ““... What is the
relationship between the line we drew and the solution set? [101]”, “What is the
relationship between this line graph you drew and the solution set? [117]”, “How are
those points expressed? [121]” and “What does this mean? [144]”, Elif constructed
her argument by producing narratives such as “... this line is the solution set of this
equation. That is, it is shown on the graph. All of the points here [pointing to the x —
2y = 4 line]. [102]7, “... the line [...], is already made up of infinite points; all of
these infinite points are the solution set of this equation [pointing to the expression
y + 2x = 8].[120]”, “That is, in the form of ordered pairs. [122]” and “... this is the
standard solution of the two equations, and [...] uh, we need to express it as an ordered
pair. In other words, the solution set equals four and zero [by writing the expression
C.K = {(4,0)}] [145]”. Thus, these findings, which provide examples of explorative
participation in terms of substantiability, also revealed that the participant was able to
proficiently make transitions between realizations. Her discourse also enabled her
friends to make logical inferences ([79], [149]). This situation was evidence that she
participated in the discourse as an authority. The fact that her discourse contributed to
her friends making logical inferences, her role as an authority for her friends in the
discourse, and her self-confidence in her discourses constituted an example of
explorative participation in terms of the performer’s agentivity. In addition, Elif’s
ability to make transitions between realizations in a canonical way helped her to apply
her procedure mathematically correctly using different realizations, as in Figure 3,
and her routine also presented an example of explorative participation in terms of both
flexibility and bondedness.

Elif’s discourse in the focus group interviews were mainly about mathematical
objects and focused on results. She produced canonical narratives in TS4 and stated
in her discourses in the individual interview that solving systems of first-degree two-
variable inequalities using the elimination method was not canonical ([90]):

78. E: The reason why it doesn’t satisfy them is that there is no expression like
less than or equal to, that is, since there is no equality, we don’t take that region
[draws the line in the air with his hand)] [...] that is, it doesn’t satisfy that line.
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<While talking about the solution set of the inequality "y < 8 — 2x,x,y € R" in
7S4>

90. E: But then they are both a system of inequalities, and I wanted to show them
in a coordinate system.

114. E: Teacher, it is greater there. The reason is that we already thought of it as
an equal, but since that symbol does not contain such a thing, it does not express
that solution set, that's why. <When talking about the solution set of the
inequality "8 — 2x —y > 0,x,y € R” in TS4>

123. E: That point is on the line, so it does not satisfy (inequality) < (0,8) while
indicating that the ordered pair 8 — 2x —y > 0 does not satisfy>

Unlike the individual interview, Elif justified the reason why the line graph
drawn on the analytical plane is represented as a dashed line when the inequality
contains “<” or “>” relations with canonical narratives ([78], [114], [123]). Elif’s
realization tree containing her procedures for TS4 is as in Figure 4.

Figure 4
Realization Tree of Elif’s Solution of Inequality System in TS4
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Here, when Elif’s realization tree in Figure 4 is examined, she made the
transitions that she had difficulty making in the individual interview (Figure 2) in a
canonical way in the focus group interview. She also confirmed this routine with her
discourses ([78], [114], [123]). In this case, the objectification of the discourse
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presented findings that she exhibited explorative participation in terms of flexibility
and bondedness.

In summary, regarding the objectification of discourse, the participant’s BG-
coded routine procedure is an example of ritualistic participation. In contrast, the OG-
coded routine procedure is an example of explorative participation. While Elif’s
discourses in the BG-coded routine procedure were mostly about manipulating
mathematical objects (Table 1 and [561], [571], [573]), in the OG-coded routine
procedure, they were about mathematical objects and she produced canonical
narratives ([66], [81], [102], [120], [145]). However, although Elif had difficulty in
transitioning between different realizations of the concept in the BG-coded routine
([561], [571], [573]), she canonically made these transitions in the OG-coded routine
([77], [120], [136], [145]).

Regarding flexibility, Elif’s BG-coded routine procedure is an example of
ritualistic participation, while the OG-coded routine procedure is an example of
explorative participation. In her BG-coded routine, she applied a rote procedure to
determine the solution set of systems of equations and inequalities, as in Table 1 and
Figure 1. Although she could make algebraic and graphical realizations of the task
situations (Figure 2), she had difficulty establishing the relationships between these
realizations in a canonical way. In contrast, Elif was able to determine the solution set
of systems of equations and inequalities through her algebraic and graphical
realizations in the focus group interviews and establish the mathematical relationship
between these different procedures.

Regarding bondedness, she exhibited more explorative participation in the OG-
coded routine procedure than the BG-coded routine procedure. In both routine
procedures, Elif wrote equivalent open propositions and used the output of the
previous step in her procedure as input for the next step. Unlike the focus group
interview, she had difficulty correctly determining the solution set in the individual
interview (realization 6 in Table 1). Despite this, Elif mostly canonically applied her
operational procedures in individual and focus group interviews.

Regarding the substantiability, the participant’s BG-coded routine procedure is
an example of ritual participation, while the OG-coded routine procedure is an
example of explorative participation; while justifying her procedure in the individual
interview, she referred to her previous learning experiences (her memory) ([571]) and
explained how she implemented the steps of the procedure ([571], [573]). In contrast,
she justified her procedures by producing canonical narratives in the focus group
interviews ([66], [81], [102], [120], [136], [145]).

Regarding the performer’s agentivity, the participant’s BG-coded routine was an
example of ritualistic participation, while the OG-coded routine was an example of
explorative participation. Since she tried to apply her procedure by rote in the
individual interview, she had difficulty making independent decisions about how to
proceed and end it. She had hesitations in determining the solution sets of equation
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and inequality systems. She included expressions such as ... I think it should be like
this”, ““... it should be like this” and “I had to get ...” in her discourses. In contrast,
Elif acted as an authority for her friends in the focus group interviews ([36], [38], [42])
and contributed to their logical inferences (S1’s discourses: [41], [75], [149]). The
participant applied her procedure without authority (Figure 3 and Figure 4) and could
make independent decisions during this process.

Regarding applicability, she demonstrated explorative participation in both
routines. While Elif was able to proficiently re-apply her routine, which she applied
in the survey form, in the individual interview, she was also able to successfully apply
her routine in similar task situations in the focus group interviews.

Conclusion, Discussion and Recommendations

This study focused on participation in the mathematical discourse of a high
school student in task situations involving systems of equations and inequalities. It
also aimed to provide empirical examples of learning as routinization. Accordingly,
how she participates in discourse in certain task situations through a routine in which
the transition from ritual to exploration is seen is explained in objectification,
flexibility, bondedness, substantiability, performer’s agentivity, and applicability.

In her individual interview, Elif practiced a rote procedure by imitating others in
task situations involving systems of equations and inequalities ([571]) and displayed
a process-oriented ritual routine. This form of participation in learning as routinization
is seen as the first and necessary step for a new participant in discourse (Lavie et al.,
2019; Nachlieli & Katz, 2017; Sfard & Lavie, 2005; Sfard, 2008; Viirman &
Jacobsson, 2023). During her individual interview, Elif mostly participated in the
discourse in a ritualistic manner and while doing so, she reflected on which of her
previous learning experiences she should use while applying her procedure and shared
this in her discourse. ([561], [571], [573]). While Elif participated in discourse by
imitating others, she also tried to make sense of what she did (her procedure). Sfard
(2008) calls this type of imitation “thoughtful imitation.” By the term “thoughtful
imitation,” Sfard (2008) refers to the process in which the learner, while trying to
reproduce the expert’s action, constantly needs to ask herself which features of this
action should be preserved and which ones should be modified according to the
demands of a new situation. Elif used the learning experiences in the mathematics
lessons conducted simultaneously with the research process in similar task situations
and aimed to produce narratives. In learning as routinization, this effort of the
participant in learning is considered necessary for transforming a ritual routine into
an explorative routine (Lavie et al., 2019; Nachlieli & Tabach, 2022; Sfard, 2020),
and the findings of this study support this view. In her interview, Elif struggled to
make meaningful transitions between different realizations while solving equations
and inequality systems. At the same time, she continued to think about what she had
done throughout the research process. This effort enabled her to produce narratives in
the focus group interviews and to make meaningful transitions between different
realizations. Thus, Elif could participate in the discourse more agency and move
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independently and flexibly. Focusing on the meaning-making processes of low-
achieving students regarding the concept of equation, Macchioni et al. (2023) also
found slightly similar findings in their study. One of the two students in the study
exhibited her routine more flexibly than the other and employed different realizations
in different task situations involving equations while applying her procedure.
According to the researchers (Macchioni et al., 2023), although this student still relied
on rituals, this effort at flexibility made her participation in the discourse more
explorative than the other student. Focusing on students’ equation-solving processes
of de-ritualization, Roberts and le Roux (2019) also reached similar findings, stating
that low-achieving students rely on rituals, rigidly apply routine procedures, and
cannot produce narratives during the solving process. Researchers who stated that
students have little or no flexibility in procedural solutions have obtained very little
evidence of explorative participation in learning processes of de-ritualization. The
findings of this study contribute to studies that do not include sufficient evidence
showing that any student has transitioned to explorative discourse in the context of
equation and inequality concepts (Macchioni et al., 2023; Nisa et al., 2021; Roberts
& le Roux, 2019) with the examples it provides regarding the transition from ritual
participation to explorative participation. Unlike other studies, Elif’s high academic
success as a student provides the opportunity to present richer empirical examples
regarding the transition process from ritual to explorative in this study. Therefore, the
study’s findings are consistent with studies (Essack, 2015) claiming that students
exhibit more explorative participation as achievement increases and that an objectified
discourse is associated with improved performance.

Investigating learning in mathematical discourse is equivalent to answering how
routines emerge and how they improve later (Lavie et al., 2019; Sfard, 2008). Studies
focusing on mathematical discourse (Lavie et al., 2019; Nachlieli & Tabach, 2019;
Sfard, 2017) claim that in order for learning to progress, the individual must transform
the ritual routines that they initially exhibit by imitating others into exploration
routines that they can apply independently of others, flexibly and agency. However,
according to Heyd-Metzuyanim et al. (2019), focusing on transitioning from ritualistic
to explorative participation allows us to see the nature, scheme, speed, and underlying
mechanisms of mathematics learning processes. The study’s findings contribute to the
relevant literature on the structure of learning as routinization by revealing that the
participant’s awareness of the structure and properties of the concept was effective in
Elif’s transition from ritual to exploration. With the emergence of awareness that the
solution set of a first-degree two-variable equation is an ordered pair and that this
ordered pair corresponds to a point in the plane ([36], [38], [40], [42]), Elif made
transitions between different realizations of concepts canonically and produced
canonical narratives for these transitions ([66], [81], [102], [120], [136], [145]).
Having started to determine the elements of the solution set correctly and relatedly,
Elif wrote the procedural steps in a more connected and canonical way and applied
her procedure flexibly (Figure 3 and Figure 4). Thus, Elif’s discourses started to
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become objectified, and she participated in the discourse in a more explorative way
by presenting mathematical arguments ([78], [81], [102], [114], [123]).

In summary, according to the study’s findings, when students apply their
routines by thinking about the routines of participants whom they take as authorities
and more experienced than themselves, there may be a development in the routines of
the students. In other words, for learning as routinization, individuals must participate
in the discourse on the one hand, and on the other hand, they must make an effort to
develop their routines from process-oriented to result-oriented. Another conclusion
reached from the study’s findings is that students’ awareness of the structure and
characteristics of mathematical concepts can enable them to objectify their discourse,
enrich their narratives, present mathematical arguments, and thus transform their
ritual routines into exploration routines. At the same time, students’ awareness of the
relationships between different realizations of mathematical concepts could increase
the bondedness, flexibility, and applicability of their procedures and thus enable them
to participate in the discourse more exploratively.

Recommendations

Since there are not enough studies on students’ processes of de-ritualization,
researchers can conduct studies similar to this study on students’ processes of de-
ritualization in the context of different algebraic or geometric concepts. In this way, it
can contribute to the few discursive studies on how student learning takes place. Since
it is not in this study, the transition from ritualistic participation to explorative
participation for the factors independent of the structure of the concept was not
investigated in detail in this study. As it is not in the context of this study, we did not
investigate in detail what factors independent of the structure of the concept might be
responsible for the transition from ritualistic participation to explorative participation.
Therefore, researchers who aim to focus on students’ processes of de-ritualization can
present studies on the reasons for the transition from ritualistic participation to
explorative participation in the context of related and different concepts. The
elaboration of this transition, which shows that learning takes place, will both provide
ideas to pre-service teachers and teachers in the teaching process of the concept and
contribute to the related literature.

Since it can be concluded that students can participate in discourse more
exploratively through their efforts and awareness of the structure and properties of a
concept, various suggestions can be listed for teachers regarding the teaching of the
concept in the course process. Teachers should provide opportunities and possibilities
for students to participate in discourse in mathematics learning environments. In this
process, teachers can include different realizations of the concept (verbal, algebraic,
graphical, etc.) in the task situations they present to students. In solving equations and
inequalities, they can realize their solutions in a way that includes algebraic and
graphical realizations accompanied by verbal realizations, including canonical
narratives about the concepts.
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Matematik egitiminde 6grenmeyi temelde sosyal bir etkinlik olarak tanimlayan
arastirmalar, anlam1 ve diisiinmeyi bu sosyal etkinligin tirlinleri olarak gérmektedir
(Ben-Zvi ve Sfard, 2007; Kieran ve dig., 2001; Lerman, 2006; Moschkovich, 2010;
Sfard, 2008). Sosyokiiltiirel bu bakis agisina goére matematik dgrenimi bu sosyal
etkinliklere katilimla gergeklesmektedir (Wenger, 1998). Sfard’in (2008)
matematiksel bilige iletisimsel yaklasim teorisi de, diger sosyokiiltiirel yaklasimlara
benzer bir sekilde, 6grenmeyi belirli bir toplulugun sdyleminde yetkin bir katilime1
olmak olarak tanimlar (Weingarden ve dig., 2019). Bu teoriye gore sdylem, belirli bir
topluluga 6zgii iletisimsel bir etkinliktir ve matematik de bir séylemdir (Sfard, 2008).
Diisiinme ise kisinin kendisiyle ya da baskalariyla olan iletisimidir (Sfard, 2008,
2012). Sfard’a (2012) gore bireyler, hem konusarak hem de diisiinerek matematiksel
soyleme katilir ve sdyleme katilim, bireyin eylemlerinde goriiliir (Sfard, 2012). Bu
nedenle bu bakis agisini benimseyen giincel ¢aligmalar, 6grenmeyi analiz etmek ve
arastirmak igin bireylerin sdyleme katilimlarina odaklanir (Christiansen ve dig.,
2023). Bu baglamda matematiksel soylemin bir 6gesi olan rutinler, analiz birimi
olarak almir ve dgrenme bireyin eylemlerini rutinlestirme siireci olarak tanimlanir.
Boylece 6grenme, bireyin zihindeki belirli biligsel yapilar1 degistirdigi bir siireg
olmaktan ziyade belirli bir topluluktaki soylemsel rutinlerindeki degisim siireci olarak
goriiliir (Lavie ve dig., 2019). Bu calismada da bir lise 6grencisinin denklem ve
esitsizlik kavramlar1 baglaminda sdyleme katilimi mercek altina alinarak rutinlestirme
siirecleri izah edilecektir.

Rutinlestirme Baglaminda Matematiksel Ogrenme

Rutinler, gérev ve prosediir ¢ifti olarak tanimlanir (Lavie ve dig., 2019; Sfard,
2018). Gorev; katilimeinin gegmis 6grenme yasantilarini goz Oniine alarak, yeni gorev
durumunda ne yapmasi ya da yapmamasi gerektigine dair verdigi kararidir. Prosediir
ise katilimemin gorevini gerceklestirmek icin uyguladigr islem, yol, yontem ve
sembolik manipiilasyonlar gibi eylemlerin tamamidir. Bu nedenle bir rutin, goérev
durumuna ve gorevi gergeklestiren katilimciya baglidir (Lavie ve dig., 2019).
Katilimemin kendisini bir sey yapmakla yiikiimli gordiigli herhangi bir is veya
¢ozmekle yiikiimlii oldugu bir problem durumu gérev durumu olarak isimlendirilir.
Gorev durumlar belirli bir eylem tiiriiniin ortaya g¢ikarilmasi igin gorev belirleyici
(aragtirmaci, uzman, Ogretmen vb.) tarafindan kasitli olarak olusturulabilir.
Katilimeilar belirli bir gérev durumunda, mevcut eylemlerini gegmiste 6grendikleri
ve yaptiklarina gore modellemektedirler. Bu durum, rutin adi verilen eylem
kaliplartyla sonuglanir (Lisarelli ve dig., 2022). Aym goérev durumu igin farkli
katilimeilar; benzer prosediirleri, farkli gérevleri amaglayarak uygulayabilir. Ornegin,
“3x —1 =5 denklemini saglayan reel sayilar1 belirleyiniz” bi¢imindeki bir gorev
durumu igin, bir katilimer “x = say:” bigiminde bir ifade iiretmeyi kendine goérev
edinebilirken, bir digeri denklemde x yerine konuldugunda esitligi saglayan reel
say1y1 artyor olabilir (Lavie ve dig., 2019).

Soylemsel rutinler amacina gore ritiiel ve kesif olmak iizere ikiye ayrilir.
Katilimer prosediiriinii diger insanlarla bir bag olusturmak ve bu bagi silirdiirmek
amactyla uyguluyorsa rutini ritiiel rutin; matematiksel bir anlati iiretmek amaciyla
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uyguluyorsa rutini kegif rutini olarak adlandirilir (Sfard, 2008). Anlatilar, rutinler gibi
sOylemin bir 6gesidir ve matematiksel nesnelerin tanimlarini, nesneler arasindaki
iligkileri veya siiregleri iceren séz dizileridir. Matematiksel sdylemde aksiyomlar,
tamimlar, iddialar, ispatlar gibi anlati tiirleri vardir (Sfard, 2008). Ogrenmenin
ilerlemesi i¢in bireyin baslangicta baskalarma bagl bir sekilde taklit ederek
sergiledigi ritliel rutinlerini; bagkalarindan bagimsiz, esnek ve yetkin bir sekilde
uygulayabildigi kesif rutinlere doniistiirmesi gerekir (Lavie ve dig., 2019; Nachlieli
ve Tabach, 2019). Bu siireg ritiielden kegfe gecis siireci (process of de-ritualization)
olarak isimlendirilir. Bu ge¢isin gerc¢eklesebilmesi igin bireylerin bir yandan sdyleme
katilmalari, bir yandan da rutinlerinin siire¢ odakli olmaktan sonu¢ odakli olmaya
dogru gelismesi i¢in g¢aba gostermeleri gerekir (Lavie ve dig., 2019; Nachlieli ve
Tabach, 2022; Sfard, 2020). Katilimcilarin sdylemsel rutinlerle mesguliyetine bagh
olarak ritiiel ve kesifsel katilim olmak iizere, amaglar1 ve katilim kurallar1 bakimindan
farklilik gosteren iki tiir soylemsel katilim bigimi vardir (Baccaglini-Frank, 2021).

Ritiiel ve Kesifsel Katilim

Ritiiel katilimda bireyler, bagkalarini (arkadas, 6gretmen vb.) memnun etmek ve
baskalariyla sosyal bir bag kurmak amaciyla rutinini sergiler. Bu katilim bigiminde
bireyler acemi bir katilime1 roliindedir ve bir otorite tarafindan belirlenen prosediirleri
taklit ederler veya kati bir sekilde takip ederler (Roberts ve le Roux, 2019; Sfard,
2008). Katilimc1 prosediiriinii uygularken siire¢ odaklidir ve prosediiriinii “Nasil
ilerlerim?” sorusuna yanit arayarak uygulamaya caligir (Lavie ve dig., 2019; Nachlieli
ve Tabach, 2019). Katilimcinin soylemleri ¢ogunlukla matematiksel nesnelerin
sembolik manipiilasyonu hakkindadir. Prosediiriinii uygularken yeni ve bagimsiz
kararlar alamaz ve siklikla hafizaya ya da otoriteye (arkadas, 6gretmen, ders kitabi)
bagvurur (Baccaglini-Frank, 2021). Katilimci rutinini farkli gérev durumlarinda
uygulamada giigliik yasar ve prosediiriine argiiman sunarken belirli adimlarin atilmasi
ve gergeklestirilmesi ihtiyacina odaklanir (Nachlieli ve Tabach, 2022).

Kesifsel katilimda ise bireyler, matematiksel anlatilar iiretmeyi amaglayarak
rutinini sergiler. Bu katilim bigiminde bireyler yetkin katilimci roliindedir ve
prosediiriinii uygularken bagimsiz kararlar alir ve herhangi bir otoriteye basvurma
ihtiyaci hissetmez. Katilimci prosediiriinii uygularken sonug odaklidir ve prosediiriinii
“Neyi basarmak istiyorum?” sorusuna yanit arayarak uygulamaya calisir (Emre-
Akdogan ve Giirbiiz, 2023; Lavie ve dig., 2019; Nachlieli ve Tabach, 2019). Bu
sebeple, katilimcinin sdylemleri siireglerden ziyade matematiksel nesneler
hakkindadir (Baccaglini-Frank, 2021). Prosediiriinii bagkalarint memnun etmek igin
degil kendi argiimanlarini sunmak igin yerine getirir. Kesifsel katilim; eylemlilik
gostermeyi, bagimsiz se¢imler yapmay1 ve prosediirleri esnek bir sekilde uyarlamay1
icerir (Emre-Akdogan ve Giirbiiz, 2023; Heyd-Metzuyanim ve dig., 2016; Nachlieli
ve Tabach, 2019). Katilime1 kendi rutinine dair matematiksel argiimanlar inga edebilir
ve prosediiriiniin uygulanmasi siirecinde matematiksel ispatlara yer verir (Lavie ve
dig., 2019; Sfard, 2008).
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Matematik 6grenme ortamlarindaki rutinler nadiren sadece ritiiel veya sadece
kesiftir. Bunun yerine rutinler, ritiiel ve kesfin u¢ durumlar oldugu bir spektrum
iizerinde var olurlar. Dahasi, ritiiel rutin kullanimi genellikle 6grenmenin gerekli ilk
adimlari olarak goriiliir (Lavie ve dig., 2019; Nachlieli ve Katz, 2017; Sfard ve Lavie,
2005; Viirman ve Jacobsson, 2023). Katilimci, karsilagtigi yeni bir gérev durumunda
devam edebilmek icin bagkalarmni (uzman katilimeilar, 6gretmenler vb.) taklit ederek
yeni sOyleme katilmaya ¢aligir (Sfard, 2007). Fakat bu baglamdaki taklit, diisiincenin
ise kosulmadig: bir taklit anlamina gelmez ve bu tiir taklit “disiinerek taklit etme”
olarak isimlendirir (Sfard, 2008). Diisiinerek taklit eden katilimci; performansini
stirekli olarak bagkalarinin performansina gore ayarlarken, ayni zamanda uzman
matematikgilerin yaptiklarinin nedenleri iizerinde diisiiniir (Sfard, 2008). Boylece
katilimcimin ritiiel bir rutini, bir kesif rutinine doniisebilir. Lavie ve dig. (2019)
ritlielden kesfe gecis siirecini analiz edebilmek i¢in rutinlere ait alt1 6zelligi goz oniine
almay1 Onermistir: sdylemin nesnelestirilmesi, esneklik, baglilik, gerekcelendirme,
katilimemin yetkinligi ve uygulanabilirlik. Arastirmacilara gore rutinlerin ritiielden
kesfe gegis siirecinde herhangi bir ilerlemeden s6z edilebilmesi i¢in bu 6zelliklerin
birinde veya daha fazlasinda gelisim gézlemlenmelidir.

Soylemin nesnelestirilmesi; katilimcmin sdylemlerinde bir ismi (6rnegin,
denklem, esitsizlik vb.) insani eylemlerden/faaliyetlerden bagimsiz ve matematiksel
bir nesneyi temsil eden bir sekilde kullanmaya basladig1 siire¢ olarak tanimlanir
(Sfard, 2008). Matematiksel sdylemde nesnelestirme, siire¢clerden bahsetmenin yerini
matematiksel nesnelerden bahsetmenin aldigi hallerden biridir (Bacaglini-Frank,
2021). Sfard (2008) “matematiksel nesne™yi izah edebilmek i¢in teorisinde gosterge
ve gergeklesme terimlerini kullanir. Matematiksel sdylemde birincil nesne olarak
islev goren bir dizi kelimeye veya sembole gosterge adi verilir (Jayakody, 2015;
Sfard, 2008). Herhangi bir gérev durumu, bir problem, bir denklem, bir cebirsel ifade,
bir say1 veya kavramlarin herhangi bir temsili, bir gdsterge olabilir. Bir ger¢eklesme
ise bir gostergeyi baska bir birincil nesneyle eslestiren prosediir ya da boyle bir
prosediiriin iriinii olarak tanimlanmir (Sfard, 2008). Ornegin “7x + 4 = 5x — 2
denkleminin reel sayilar kiimesindeki ¢6ziimii” bir gosterge olarak diisiiniiliirse bu
gostergenin (olasi) bir gerceklesmesi analitik diizlemde ¢izilen y = 7x + 4 ve y =
5x — 2 dogrularmin grafiklerinin kesim noktasinin x koordinati olabilir. Bu
baglamda “matematiksel bir nesne” de gerg¢eklesmeleriyle birlikte bir “gdsterge”
olarak tanimlanir (Sfard, 2008). Bir gostergenin tiim ger¢eklesmeleri, hiyerarsik bir
sekilde diizenlendiginde buna “gergeklesme agac1” adi verilir (Jayakody, 2015; Sfard,
2008). Esneklik; katilimcinin gérev durumunda gorevini yerine getirmede birden fazla
yol kullanabiliyor olmasi anlamma gelir. Baglilik; katilimcmin prosediiriindeki
herhangi bir adimin ¢iktisini, sonraki adimlarda girdi olarak kullanmasi anlamina
gelir. Gerekgelendirme; ortaya ¢ikan herhangi bir rutin, bir prosediir ya da bir anlatt
hakkinda akil yiiriitmeyi, argiimanlar sunmay1 veya nedenini gdsterebilmeyi icerir
Katilimcinin yetkinligi, katilimcinin bir rutini ne zaman baglatacagini, devam etmek
icin hangi kararlarin gerekli oldugunu, bunlarin ne zaman bitecegini bilmesini ve
¢ozlimii degerlendirebilmesini icerir. Uygulanabilirlik ise katilimcinin rutinini farkl
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cevre, farkli gorev durumu, goérev durumundaki farkli bir baglam ve asina oldugu
benzer gorev durumlarinda uygulayabilmesini igerir (Lavie ve dig., 2019; Nachlieli
ve Tabach, 2022).

Arastirmanin Amaci ve Onemi

Bu calismanin amaci, lise Ogrencilerinin denklem ve esitsizlik kavramlart
baglaminda rutinlestime siireglerini incelemektir. Bu dogrultuda bir lise 6grencisinin
denklem ve esitsizlikleri iceren gorev durumlarinda matematiksel sdyleme
katilimmin; séylemin nesnelestirilmesi, esneklik, baglilik, gerekgelendirme,
katilimecimnin yetkinligi ve uygulanabilirlik 6zellikleri baglaminda analizi okuyucuya
sunulacaktir. Ilgili literatiir incelendiginde matematik egitiminde rutinlestirme
baglaminda Ogrenmeyi inceleyen calismalarin ¢ogunlukla iiniversite diizeyinde
oldugu goriilmiistiir (Biza ve Nardi, 2023; Christiansen ve dig., 2023; Karavi ve dig.,
2022; Liu ve Weingarden, 2022; Lipper ve Karavi, 2023; Viirman ve Jacobsson, 2023;
Viirman ve Nardi, 2019). Lise diizeyinde yapilan ¢aligmalarin (Akgakoca ve dig.,
2023; Baccaglini-Frank, 2021; Essack, 2015; Macchioni ve dig., 2023; Roberts ve le
Roux, 2019) azligi ise dikkat ¢ekmistir. Rutinlestirme baglaminda 6grenmeyi
aragtiran bu c¢alismalarin ¢ogu (Baccaglini-Frank, 2021; Biza ve Nardi, 2023;
Christiansen ve dig., 2023; Essack, 2015; Karavi ve dig., 2022; Liu ve Weingarden,
2022; Lipper ve Karavi, 2023; Macchioni ve dig., 2023; Roberts ve le Roux, 2019;
Viirman ve Nardi, 2019) katilimcilarin sdyleme katilimlarina bahsi gegen alti
ozelligin biri ya da birka¢i baglaminda bulgular sunmustur. Baccaglini-Frank (2021),
diisiik basarili iki lise 6grencisinin digital 6grenme ortamlarinda fonksiyon kavramina
yonelik sdylemlerini katilimcinin yetkinligi ve nesnelestirme 6zellikleri baglaminda
analiz etmistir. Caligmasinda ritiiel ve kesifsel katilim bigimlerine dair érnekler sunan
arastirmaci, dijital 6grenme ortamlarinin daha diisiik basarili 6grencilerin, sdyleme
daha kesifsel katilmalarini destekledigi sonucuna varmustir. Lise Ogrencilerinin
fonksiyon kavramina yonelik soylemlerine odaklanan bir diger calismada ise Essack
(2015), katilimcinin yetkinligi disindaki bes 6zellik baglaminda 6grenci rutinlerini
ritiiel ya da kesifsel olarak karakterize etmistir. Diisiikk ve yiiksek basarilt 11. sif
Ogrencilerinin rutinlerini kiyaslayan Essack (2015), kesifsel katilimin 6grenci
basarisiyla olumlu bir sekilde iligkili oldugu sonucuna varmistir. Macchioni ve dig.
(2023) ise diisiikk basarili iki lise &grencisinin denklem ¢dzme siireglerindeki
sOylemlerine odaklanmig ve sdyleme katilimlarint esneklik, uygulanabilirlik,
gerekgelendirme ve katilimeinin yetkinligi baglaminda incelemislerdir. Ogrencilerin
matematiksel sdylemlerindeki anlamlandirma siire¢lerine odaklanan arastirmacilar,
katilimcilarin ritiiel katilimdaki israrinin, onlarin anlamlandirma siireglerini olumsuz
etkiledigi sonucuna varmustir. Roberts ve le Roux (2019) ise 8 ve 9. smuf
ogrencilerinin dogrusal denklemleri ¢6zme siireclerindeki sdylemlerine nesnelestirme
ve esneklik ozellikleri baglaminda odaklanmistir. Calismalar1 6grencilerin kesifsel
sOyleme gecis yaptigin1 gosteren yeterli kaniti igermese bile arastirmacilar,
ogrencilerin sdylemlerinin nasil degistirilebilecegine dair 6gretmenlere Oneriler
sunmustur. Lise 6grencilerinin sdéylemlerini ikinci dereceden esitsizlikler kavrami
baglaminda ele alan bir diger ¢alismada ise Ak¢akoca ve digerleri (2023) dgrencilerin
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rutinleri esneklik ve katilimcinin yetkinligi baglaminda analiz edilmistir.
Arastirmanin bulgular1 6grencilerin ilgili 6zellikler baglaminda ¢ogunlukla ritiiel bir
katilim sergiledigini ortaya koymustur. Rutinlestirme baglaminda 6grenmeyi denklem
veya esitsizlik kavramlar1 baglaminda az da olsa ele alan ¢alismalar (Akcakoca ve
dig., 2023; Macchioni ve dig., 2023; Roberts ve le Roux, 2019) incelendiginde,
genellikle diistik basarili 6grencilerin sdylemlerine odaklanildigi (Macchioni ve dig.,
2023; Roberts ve le Roux, 2019) ve bu nedenle kesifsel katilima dair yeterli bulgu
sunulamadigi (Akgakoca ve dig., 2023; Macchioni ve dig., 2023; Roberts ve le Roux,
2019) goriilmiistiir. Bu ¢aligmada ise bir 11. sinif 6grencisinin denklem ve esitsizlik
sistemlerini ¢ézme siireglerine dair sdylemleri, bahsi gecen alt1 6zelligin tamami
baglaminda detayli bir sekilde analiz edilmektedir. Bu nedenle bu ¢aligmanin, lise
Ogrencilerinin rutinlestirme baglaminda 6grenmelerine ilgili kavram baglaminda hem
ritiel hemde kesifsel katilima yonelik zengin bir veri kaynagi sunacagi
diistiniilmektedir. Arastirmanin sorusu ise asagidaki gibi ifade edilmistir:

“Bir 11. sinif &grencisinin denklem ve esitsizlik kavramlarina ait ¢esitli gérev
durumlarindaki matematiksel sdyleme katiliminin tiirii (ritiiel ya da kesifsel) nedir ve
bu katilim nasil ger¢eklesmektedir?”

Yontem

Arastirma Modeli

Bu c¢aligma, nitel arastirma yontemlerinden biri olan durum caligmasi olarak
tasarlanmistir. Durum caligmasi, giincel bir durumu derinlemesine ve gercek diinya
baglaminda arastiran ampirik bir yontemdir (Yin, 2018). Bu yontem ger¢ek yasamin,
giincel baglam ya da ortamin icindeki bir durumun arastirilmasini gerektirmektedir
(Creswell, 2014). Bu c¢alismada derinlemesine bilgi toplanarak sonuglar ortaya
koymaya ¢alisilan durum, bir lise 0Ogrencisinin matematiksel sdylemindeki
rutinlestirme siirecleridir.

Calisma Grubu ve Arastirmanin Katilimcisinin Belirlenmesi

Bu calismanin katilimcist olan Elif (takma adi), bir devlet lisesinde sayisal
agirlikli derslerle egitim gdren bir 11. smif 6grencisidir. Bu ¢alismada sosyokiiltiirel
ortam ise Elif’in birinci arastirmaci (ayn1 zamanda matematik ders 6gretmeni) ve dort
siif arkadasi ile birlikte oldugu smif dis1 bir matematik ¢alisma ortamidir. Elif’in de
katilimeisi oldugu odak grup goriismelerinin yiiriitiildiigii ¢alisma grubundaki 5
ogrenci, 23 kisilik bir smiftan seg¢ilmistir. Caligma grubunu belirlemek i¢in uzman
goriisii alinarak bir tarama formu olusturulmustur. Tarama formu, 23 kisilik sinifa
uygulanmadan 6nce 11. sinif sayisal ders agirlikli grenim géren bagka bir siniftaki 2
Ogrenciyle pilot uygulamalar1 yapilmistir. Pilot uygulama, &grencilerin tarama
formunda yer alan gérev durumlarinin ¢éziimleriyle ugrastig1 ve sonrasinda dgrenci
yanitlar1 lizerine goriismelerin yapildig: bir siireci igermektedir. Pilot gortismeler 35
dk siirmiis ve bu goriismeyle gorev durumlarindaki eksiklik ve hatalar giderilmis ve
gerekirse eklemeler yapilmistir. 9. sinif “Birinci dereceden iki degiskenli denklem ve
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esitsizlik sistemlerinin ¢oziim kiimelerini bulur.” (MEB, 2018) kazanimini igeren
isleme yonelik 2 farkli goérev durumunu igeren tarama formu, pilot uygulama
sonrasinda 23 kisilik sinifta yer alan 6grencilere uygulanmis ve bu uygulama 20 dk
siirmiistiir. Ogrenci yanitlar1 birinci arastirmaci tarafindan incelenerek notlar
alinmustir. Yapilan bu incelemelerde 23 dgrenciden ¢alismaya goniillii olmayanlar ile
tarama formunda yer alan gérev durumlarinin ¢ogunu eksik ya da hatali yanitlayan
Ogrenciler zengin veri kaynagi olusturmayacagi diisiincesiyle katilimer olarak
secilmemistir. Bu 6grenciler disinda geriye 9 dgrenci kalmistir ve séylem analizinin
zorlugundan dolay1 bu sayisinin azaltilmasi igin bu 9 6grenciyle bireysel goriismeler
yapilmigtir. Bireysel gériismelerde 6grenciler tarama formunda verdikleri yanitlari tek
bir oturumda gerekgeleriyle agiklamaya ¢aligmistir. Birinci aragtirmact bu siiregte
icerik acisindan Ogrencilere herhangi bir yonlendirmede bulunmamis sadece
ogrencilerden yanitlarini gerekcelendirmesini, gerekirse tekrardan sesli bir sekilde
¢ozlimlerini paylagmalarini istemistir. Bireysel goriismede elde edilen bulgular, ayn1
zamanda katilimcilarin odak grup goriismeleri Oncesindeki rutinlerinin yapisini
belirlemek amaciyla da kullanilmig ve arastirmanin ana verilerinin bir kismint
olugturmugtur. Gorlismeler kamera ile kayit altina alinmistir ve bu bireysel
goriismelerin incelenmesi sonucunda arastirmanin odak grup goriismelerinin 5
dgrenci ile yiiriitiilmesi kararina varilmistir.

Katilimeilarin bireysel goriismeleri analiz edildiginde rutinlerinin tamaminin
ritiiel rutin oldugu goriilmiistiir. Fakat katilimcilardan Elif, digerlerinden farkli olarak
odak grup goriismesinde kesifsel bir katilim gostermistir. Elif’in bulgulart 6zellikle
kesifsel katilim bigimine zengin bir veri kaynagi sunmasi ve bdylece rutinlestirme
baglaminda 6grenmeye dair bulgular icermesi sebebiyle bu ¢alismada Elif katilimet
olarak alinmistir. Calisma grubunda yer alan diger 6grenciler ise bulgular boliimiinde
01, 02, 03 ve 04 seklinde kodlannustir. Arastirma siirecinde tiim katilimcilar hem
matematik derslerine hem de odak grup goriismelerine yiiksek ilgi ve motivasyonla
katilmiglardir. Elif, matematik ders basar1 ortalamasi 95’in iizerinde olan, birinci
arastirmacinin ders deneyimlerine gore caligma grubundaki diger arkadaglarinin
¢ozemedigi sorularin ¢oziimiinde iletisim kurdugu ve yardim istedigi akademik
basaris1 yiiksek bir 6grencidir. Bu nedenle diger katilimecilar i¢in Elif séyleme
katilimda arkadaslari i¢in daha deneyimli bir katilimc1 yani giivenilir bir otorite olma
potansiyeline sahip bir 6grenci olarak aragtirmaya dahil edilmistir. Katilimcilardan
02’nin matematik ders basarist 95’in iizerinde iken, O1, O3 ve O4’iin matematik ders
basar1 ortalamasi 80 ve 85 araliginda olan yani Elif gére akademik basaris1 daha diigiik
olan dgrencilerdir.

Arastirmaci Rolleri

Stard’a (2018) gore Commognitive perspektifle caligma yapan bir arastirmact,
iizerinde ¢alistig1 sOylemi “disaridan” oldugu kadar “igeriden” birinin bakig acisiyla
da aragtirmalidir. Bu calismada birinci arastirmaci, arastirmaci-6gretmen roliinii
(Tabach, 20006) iistlenerek dgrencilerin matematiksel séylemlerine arastirmaci olarak
“disaridan”, 6gretmen olarak “i¢eriden” bir bakis a¢isiyla inceleme firsatt bulmustur.
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Birinci arastirmaci, ¢aligmasini 2021-2022 egitim-6gretim yilinda gdrev yapmakta
oldugu bir devlet lisesindeki sayisal ders agirlikli bir smnifta 6grenim goren 5
Ogrencisiyle yliriitmiistiir. Birinci arastirmaci, ¢alisma yaptigi Ogrencilerinin de
bulundugu smifin haftada 6’sar saat olmak iizere 9, 10 ve 11. sinifta matematik
derslerine girmistir. Bu 3 yillik egitim-6gretim siirecinin 1,5 yili (9. smifin ikinci
doénemi ile 10. smif) Covid-19 salgini nedeniyle uzaktan egitimle gerceklestirilmistir.
Ayn1 zamanda birinci arastirmaci, bu ¢aligma boyunca hem 6gretmen olarak derslerini
hem de arastirmaci olarak goriismelerini 6grencileriyle yiiz yiize gergeklestirmistir.
Caligmanin yiiritildiigi slirecle es zamanli olarak arastirmact matematik derslerinde
11. smif miifredatinda yer alan “Denklem ve Esitsizlikler” initesini islemektedir.
Yani birinci arastirmaci yiiz ylize yapilan egitim-6gretim siirecinde hem simif i¢i hem
de smif dis1 ortamlarda 6grencileriyle uzun siireli bir etkilesim iginde olmus ve
katilimcilari uzun soluklu gézlemleme firsati bulmusgtur. Bu nedenle aragtirmanin ham
verileri birinci arastirmaci tarafindan kodlanmistir. Ikinci ve iigiincii aragtirmacilar ise
¢aligsmanin gorev durumlarinin hazirlanmasi, yontemin belirlenmesi ve uygulanmast
stireciyle verilerin analizinde uzman goriisiinde bulunmustur. Makalenin yazim
stirecinde her ii¢ yazarin da katkis1 bulunmaktadir.

Veri Toplama Araglar ve Siireci

Aragtirmanin veri toplama araglari, gorev durumlarinin yer aldigi tarama formu,
yari-yapilandirilmis bireysel ve odak grup goriismeleri ve bu goriismelerde
Ogrencilere ait yazili kaynaklarin tamamuidir. Bireysel goriismelerle birlikte
arastirmanin diger verilerinin toplandig1 odak grup goriismeleri, 6grencilerin 6grenim
gordiigl devlet lisesinde, katilimcilarin birinci aragtirmaciyla ve birbirleriyle (5 kisilik
Ogrenci grubu) etkilesim i¢inde olduklari sinif dis1 bir matematik 6grenme ortaminda
yiiriitilmiistiir.  Odak grup goriismelerinde Elif, diger arkadaslariyla bir masa
etrafinda ylizleri tahtaya ve arastirmaciya doniik bir sekilde konumlanmiglardir.
Oturma diizeni 6grencilerin tercihine birakilmis ve katilimcilar ¢ogunlukla ¢alisma
ortaminda masaya sagdan sola dogru Elif, 04, 03, 02 ve Ol olacak sekilde
yerlesmislerdir. Arastirma siirecinde yapilan bireysel goriisme ve odak grup
goriismeleri iki farkli kamerayla kayit altina almmmistir. Bireysel goriismelerde
kameranin biri katilimciya digeri katilimcinin yazdiklarina doniik konumda yer
almistir. Odak grup gorlismesinde kameralardan biri katilimcilarin yiizlerini ve
yaptiklarini rahat¢a goéren bir konumdan oturduklari masaya odakli, digeri ise
yazilanlar1 ve tahtaya kalkan katilimcilar rahatga goren bir konumdan tahtaya odakl
olacak sekilde ayarlanmustir.

Gorev Durumlarinin Hazirlanmasi ve Uygulanmasi

Bu aragtirmada hem calisma grubunun belirlenmesi hem de yari-yapilandirilmis
bireysel goriismelerin yiiritiilmesinde kullanilan tarama formu ile odak grup
goriismeleri igin belirlenen goérev durumlari, 9. smif denklem ve esitsizlik
kazanimlarina yonelik (MEB, 2018) hazirlanmistir. Hem bireysel goriismede hem de
odak grup goriismelerinde benzer gorev durumlarina yer verilmistir. Boylece
katilimcimin rutininde ritiielden kesfe bir gegigin olup olmadigini goézlemlemek
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amaglanmistir. Gorev durumlart hazirlanirken uzman goriisiine bagvurulmus ve
uygulanmadan Once ise ¢aligma grubunun secildigi siniftan farkli bir smiftaki 2
ogrenciyle pilot ¢alisma yapilmistir. Pilot uygulamalar gérev durumlarindaki 6grenci
anlamalarima yonelik eksikliklerin giderilmesi amaciyla gerceklestirilmis ve
sonrasinda gerekli diizenlemeler yapilmistir.

Bireysel goriisme, odak grup goriismelerinden 6nce gerceklestirilmis ve bu
goriismede Elif’ten tarama formuna verdigi yanitlar1 tek bir oturumda gerekgeleriyle
agiklamasi istenmistir. Bu oturum yaklasik 40 dk siirmiis ve birinci arastirmacit bu
siirecte icerik agisindan herhangi bir yonlendirmede bulunmamis, sadece Elif’ten
yanitlarini gerekgelendirmesini, gerektiginde c¢oziimlerini tekrar sesli bir sekilde
paylagmasini istemistir. Bireysel goriigme bulgulari, ayni1 zamanda katilimcinin odak
grup goriismeleri Oncesindeki rutinlerinin yapisin1 belirlemek amaciyla da
kullanmilmugtir. Bireysel goriismede Elif’in sdylemsel katiliminin incelendigi gorev
durumlart ise asagidaki gibidir:

1. Gorev Durumu 1 (GD1): x,y € R olmak iizere,

5x+3y=7
y—2x=-5
denklem sisteminin ¢éziim kiimesini yok etme metodunu kullanarak bulunuz.

2.  Gorev Durumu 2 (GD2): x,y € R olmak iizere,

—2x—y<-1
4x +2y < -6

esitsizlik sistemini saglayan reel sayi ikililerinin kiimesini analitik diizlemde
gosteriniz.

Odak grup goriismeleri ise iki farkli oturumda gerceklestirilmis ve Elif bu
stirecte diger katilimeilarla etkilesim iginde olmustur. Denklem sistemini igeren gorev
durumu ile ilgili yiiriitilen oturum yaklasik 42 dk siirerken esitsizlik sistemini iceren
gorev durumu ile ilgili yiritilen oturum yaklasik 21 dk stirmiistiir. Odak grup
goriismeleri  yuritiiliirken, goriisme Oncesinde birinci aragtirmaci tarafindan
katilimcilara yer ve saat bilgisi verilmis ve birinci arastirmaci goriisme dncesinde
¢aligma ortamini hazir hale getirmistir. Katilimcilar ¢aligma ortaminda masa etrafinda
yiizleri tahtaya ve arastirmaciya doniik olacak sekilde istedikleri bir diizende
oturduktan sonra, aragtirmaci katilimeilar: selamlamis ve kayit siirecini baslatmstir.
Birinci arastirmaci gorev durumlarini katilimcilara sunmadan 6nce; gérev durumunu
yanitlamalar1 igin yeterli siirenin saglanacagma, yanitlarindaki matematiksel
dogruluktan ziyade igeriginin 6nemli olduguna ve gérev durumuna dair daha 6nceki
O0grenme yasantilarini ise kosarak yanitlarini paylasmalarina dair hatirlatmalarda
bulunmustur. Boylece katilimeilarin kendilerini rahat hissetmeleri saglanarak zengin
bir veri kaynagi elde edilmesi amaclanmistir. Sonrasinda her bir goérev durumu
katilimcilara sirayla sunulmus ve bir gorev durumu hakkindaki katilimer gérevleri,
tartismalar ve paylagimlar bitmeden diger gorev durumu katilimcilara
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uygulanmamistir. Bu ¢aligmada odak grup goriismelerinin amaci, 6zgiin katilimct
diisiincesini ortaya ¢ikarmak ve matematiksel iletigimlerini yakalamak olmustur. Bu
amagla; oturumlarda her bir gorev durumu igin aragtirmact Oncelikle ilgili gorev
durumunu igeren kagitlar1 katilimcilara dagitmig ve gérev durumuyla bireysel bir
sekilde ugragmalarini istemistir. Her bir katilimc1 gérev durumunun ¢éziimiiyle higbir
arkadasiyla etkilesime girmeden, bireysel bir sekilde ortalama 3 ile 8 dakika arasinda
ugrasmustir. Katilimcilara ¢oéziimle ugragmalari icin yeterli bir siire taninmis ve
katilimcilar ¢ozlimlerini tamamladiginda arastirmaciya teslim etmistir. Aragtirmact
tiim katilimcilar ¢6ziimii tamamladiginda goérev durumlarindaki katilimer yanitlarimi
incelemis ve arastirmaya zengin veri sunacagini disindigi bir akisa gore
katilimcilari ¢oziimlerini sesli bir sekilde paylagmalari igin tahtaya davet etmistir. Bu
asamadan sonra katilimcilarin birbirleriyle etkilesim i¢inde olduklart ve matematiksel
sOylemlerini paylastiklar1 ve tartistiklar bir ortamda odak grup goriigmeleri devam
etmistir. Bir gorev durumuyla ilgili katilimcilarin paylagimlarinin devam edip
etmedigi teyit edildikten sonra, yeni gorev durumunun uygulanmasina gegilmistir. Bu
sekilde yiriitillen odak grup goriismelerine baslarken katilimeilara, gorev
durumundaki yanitlarin herhangi bir degerlendirmeye tabi tutulmayacagi,
diisiincelerinin ve ¢oziimlerinin dogrulugundan ziyade paylasiminin 6nemli oldugu
belirtilmistir. Bununla birlikte katilimecilar gorev durumlarmin ¢oziimleriyle
ugragirken acele ettirilmeden her bir katilimciya gerekli siire taninmustir.
Katilimeilarin kendilerini rahatca ifade edebilmesi i¢in hem tahtaya kalkip paylastigi
diisiincelerine (matematiksel sdylemlerine) hem de yazili kaynaklardaki ¢6ziimlerine
dair bir yonlendirme yapilmamistir. Béylece katilimcilar i¢in kisisel ve kisilerarasi
matematiksel iletisimi rahatga kurabilecekleri gilivenli bir ortam olusturulmaya
caligtlmistir. Bu siiregte katilimei gozlemei (Adler ve Adler, 1998) bir rol istlenen
birinci aragtirmaci gerektiginde katilimcilara yonelttigi tetikleyiciler (sondalar)
(Glesne ve Peskin, 1992) araciligiyla katilimcilarla matematiksel iletisimi kurmaya ve
katilimcilari kesif rutinlerinin kullanimina tegvik etmeye ¢aligmistir.

Odak grup gorlismelerinde Elif’in sdylemsel katilimmin incelendigi gorev
durumlart ise asagidaki gibidir:

3. Gorev Durumu 3 (GD3): x —2y =4 Ay+2x=8, x,yER

denklemlerinin ¢éziim kiimelerini bulunuz. Bu kiimeleri diizlemde gosteriniz. Ne
gordiiglini paylasir misin?

4, Gorev Durumu 4 (GD4): x —2y =4 ANy<8—-2x ; x,yER

esitsizlik sistemini saglayan (varsa) reel say1 ikililerinin kiimesini belirleyiniz ve sonra
bu kiimeyi diizlemde gosteriniz. Attigin adimlari ve bu adimlari ni¢in attigini agiklar
misin?
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Verilerin Analizi

Aragtirmanin verileri katilimeilarin eszamanli sdzel ifadelerini (ne sdyledigini),
eylemlerini (ne yaptigini) ve c¢izimlerini (ne ¢izdigi) icerecek sekilde transkript
edilmistir. Hem bireysel hem de odak grup goriismelerindeki gorev durumlarina ait
katilimer sdylemlerinin transkripti yapilirken her bir satir numaralandirilmis ve ayrica
analiz esnasinda asagidaki kisaltmalar kullanilmigtir:

e A: Arastirmaci
e E:Elif
e 01,02, 03 ve 04: Diger katilimcilar

e  GDs:s. Gorev Durumu (s yerine gorev durumunun numarasi yazilacak)|[...]:
bir siire bekliyor

e [...]: bir katilimc1 konusurken yaptig1 eylemler italik bir sekilde “...” I
kisimda yer alacak

e (...): bir katilime1 konusurken baska bir katilimcinin konugmaya kisa siireli
dahil oldugu konugmalar italik bir sekilde “...” l1 kisimda yer alacak

e  <...>: bir katilimer konusurken diger katilimcilarin eylemleri ve durumlari
“...” It kisimda ifade edilecek

e (x): Tahtaya yazilirken soylenenler

e (xx): Kagida yazilirken sdylenenler

11313

e Kelimenin sonundaki isareti katilimeinin konusmasinin yarim kaldigmi
belirtmek i¢in kullanilacak

Verilerin Kodlanmasi

Arastirmanin ham verilerinin transkripti tamamlandiktan sonra 6ncelikle Elif’in
ilgili gorev durumlarina ait sdylemsel rutinlerinin yapisi agiga ¢ikarilmis ve
katilimcimin rutinlerini ne zaman ve nasil sergiledigine odaklanilmistir. Boylece
Elif’in denklem ve esitsizlik sistemlerini ¢dzerken kullandigi rutinlerinin tiirii (ritiiel
ya da kesif) belirlenmis ve bu rutinler kodlanmustir. Elif’in bireysel goriigmeye ait bir
rutini “BG”, odak grup goriismelerine ait bir rutini “OG” bigiminde kodlanmustir.
Sonrasinda veriler tekrar izlenerek, katilimeimnin bu rutinleri araciligiyla ilgili gérev
durumlarinda matematiksel séyleme katilim bigiminin ne tiirden ve nasil oldugu
belirlenmistir. Bu belirlemede, Elif’in rutinlerle nasil mesgul oldugu ve katilim
bicimlerinin ayirt edici O6zellikleri dikkate alinmistir. Boylece Elif’in sdyleme
katiliminin nesnelestirme, esneklik, baglilik, gerekcelendirme, katilimcinin yetkinligi
ve uygulanabilirlik acisindan nasil gerceklestigi izah edilmistir. Katilimcilarin
rutinleri araciligiyla sdéyleme katilimlari incelenirken, katilimcilarin matematiksel
nesneler hakkindaki sdylemleriyle birlikte soyleme katilanlar hakkindaki sdylemleri
de dikkate alinmuistir.
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Soylemi nesnelestirme baglaminda katilimcinin séyleme katilimi, onun sdylemi
¢ogunlukla matematiksel nesneleri manipiile etme hakkinda ise ritiiel olarak
kodlanmustir. Katilimcinin sdylemleri cogunlukla matematiksel nesneler hakkinda ve
bu nesnelere dair kanonik anlatilar iceriyorsa katilimeinin sdyleme katilimi kesifsel
olarak kodlanmistir. Burada “kanonik” kelimesi katilimcmin sdyleminin uzman
matematik toplulugu tarafindan kullanilan prosediirler ve anlatilarla ortiismesi yani
matematiksel olarak “dogru” olmasi anlaminda kullanilmistir. Ayrica katilimet
kavramin farkl gergeklesmeleri arasindaki gecisleri yapamiyor ya da yapmada giicliik
¢ekiyorsa katilimi sdylemin nesnelestirilmesi baglaminda ritiiel; eger bu gegisleri
ustaca yapabiliyor ve matematiksel iliskileri kurabildigine dair kanonik anlatilar
iretebiliyorsa katilimi kesifsel olarak kodlanmustir.

Esneklik baglaminda katilimcinin sdyleme katilimi, prosediiriinii ezbere ve kati
bir ¢6ziim yoluyla gergeklestirirse ritiiel olarak kodlanmustir. Buna karsilik katilimet
farkli ¢6ziim yollarin1 kanonik bir sekilde (tam ve dogru) kullanarak prosediiriini
gerceklestirirse katilimi esneklik baglaminda kesifsel olarak kodlanmustir.

Baglilik baglaminda katilimcinin sdyleme katilimi, prosediiriindeki adimlari
herhangi bir matematiksel hata iceriyorsa ya da ardisik adimlari birbiriyle baglantilt
degilse ritliel olarak kodlanmistir. Buna karsilik prosediiriindeki ardisik adimlari
birbiriyle kanonik bir sekilde baglantili ve prosediiriinii kanonik bir sekilde
tamamlayabiliyorsa baglilik baglaminda katilimemin katilimi  kesifsel olarak
kodlanmugtir.

Gerekgelendirme baglaminda katilimcinin sdyleme katilimi, katilimer herhangi
bir rutini, performansi ya da anlatiyr gerekgelendirmede ve kendi argiimanini inga
etmede giigliik yasarsa ya da herhangi bir sdylemini sezgilerine dayanarak
(“bilmiyorum, hatirlamiyorum, 6yle oldugunu diisiiniiyorum™ gibi ifadelerle); bir
otoriteye gilivenerek (arkadas, uzman, 6gretmen, ders kitaplari, vb.) ya da onceki
gorev durumlarini, ders oturumlarini, dgrenme tecriibelerini kaynak gostererek
(“derste Oyle gordiik, siz soylediniz, arkadasimdan duydum” gibi ifadelerle)
gerekgelendirirse ritiiel olarak kodlanmustir. Buna karsilik, katilimci herhangi bir
rutini, performansi ya da anlatiyr onaylanmis anlatilarla tireterek gerekgelendirirse
katilimi gerekgelendirme baglaminda kesifsel olarak kodlanmugir.

Katilimeinin yetkinligi baglaminda katilimcinin sdyleme katilimi, katilimei
gorev durumunda prosediirii uygularken bagimsiz kararlar almada giigliik ¢ekerse
ritiiel olarak kodlanmistir. Bununla birlikte katilimei syleme katilirken bagkalarindan
sOylemlerinin dogrulugu i¢in onay isteme ihtiyact hisseder ve sdylemlerinde tereddiit
eder ve duraksamalar yasarsa da katilimi ritiiel olarak kodlanmigtir. Buna karsilik,
katilimer gérev durumunda prosediirii uygularken bagimsiz kararlar alabiliyor ve bu
stirecte kendisi disinda hi¢ kimseyi otorite olarak goérmiiyorsa ve sOylemlerinde
kendinden emin goziikiiyorsa katilimi kesifsel olarak kodlanmuistir.

Uygulanabilirlik baglaminda katilimcinin sdyleme katilimi, katilimer rutinini
farkli caligma ortamlarinda benzer gérev durumlarini hatirlamakta ve uygulamakta
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giiclik yasarsa ritiiel; katilimer rutinini, farkli gevre, farkli gérev durumu, gorev
durumundaki farkli bir baglam ve asina oldugu benzer gérev durumlarinda kanonik
bir sekilde uygularsa kesifsel olarak kodlanmustir.

Gecerlik ve Giivenirlik

Bu nitel aragtirmanin gegerlik ve giivenirligi i¢in inandiricilik, aktarilabilirlik,
tutarlilik ve teyit edilebilirlik stratejileri kullanilmistir (Lincoln ve Guba, 1985).
Inandiricilk igin artirmada uzun siireli etkilesim, siirekli gozlem, gesitleme
(triangulation) ve uzman incelemesi stratejileri kullanilmistir. Bu ¢aligmada birinci
aragtirmaci, arastirmaci-6gretmen roliinde katilimeilarla uzun siireli etkilesim halinde
olma firsatt bulmus ve olayin gergeklestigi dogal ortamda katilimcilart dogrudan
stirekli gdzlemleyebilmistir. Bununla birlikte bu ¢aligmada bulgularin inandiriciligimi
artirmak i¢in veri kaynaklarinin ve veri toplama araglarinin ¢esitlemesi stratejisi
kullanilmistir. Aragtirmanin veri kaynaklarini yari-yapilandirilmis goriismeler, ders
ici ve ders dist yapilandirilmamis goézlemler ile yazili kaynaklar olusturmustur.
Arastrmanin inandiriciligmi  artirmada  kullanilan bir diger strateji ise uzman
incelemesidir. Arastirmada tarama formlar1 ve gorev durumlari hazirlanirken uzman
goriisii alinmustir.

Aktarilabilirlik yani arastirma sonucglarimin benzer gruplara ya da ortamlara
transfer edilebilmesi i¢in bu c¢alismada arastirmacinin rolli, katilimcilarin nasil
belirlendigi, katilimcilara ait bilgiler, odak grup gériismelerin nasil yapildig: ve veri
analizi detayli bir sekilde betimlenmistir. Bununla birlikte arastirmanin amacina
uygun bir sekilde katilimer se¢imi ile aktarilabilirlik artirilmaya ¢aligilmustir.

Aragtirmanin tutarliligini saglamak igin benzer gérev durumlarinda aragtirmaci
sorularmi1 benzer bir yaklasimla sormus ve goriismeler kayit altina almmustir.
Arastirmanin ham verileri transkript edildikten sonra veri analizi igin tekrar
izlenmistir. Bu c¢alismada teyit edilebilirlik i¢in transkriptin ve kodlamanin nasil
yapildig1 detayl bir sekilde agiklanmugtir. Ayrica arastirma siiresinde kayit altina
alian tiim goriismeler ve katilimceilarin kullandiklar: dokiimanlar gerektiginde tekrar
ulasabilmek adina saklanmistir.

Bulgular

Elif’in denklem ve esitsizlik sistemlerini ¢ézme prosediirleri incelendiginde,
bireysel goriigmede katilimcinin rutininin slire¢ odakli bir ritiiel rutin oldugu
goriilmiistiir. Elif, birinci dereceden tek degiskenli denklem ve esitsizlik sistemlerini
¢Ozerken ritiiel bir rutin sergilemis ve bu rutini BG seklinde kodlanmustir. Katilimci
BG kodlu rutininde denklem sistemi i¢in yok etme metodunu kullanarak degiskenler
icin bir reel say1 karsiligin1 bulmay1 gorev olarak goriirken; esitsizlik sisteminde
degiskenler i¢in bir reel say1 araligi bulmay1 gorev olarak gormiistiir. BG kodlu rutin
prosediiriinii uygularken katilimcinin sdylemleri gogunlukla matematiksel nesnelerin
manipiilasyonu hakkinda olmus ve Elif bu siirecte “Nasil ilerlerim?” sorusuna yanit
arayarak prosediiriinii uygulamistir. Tablo 1°de Elif’in GD1 e ait rutin prosediirii yer
almaktadir.
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Tablo 1

Elif’in Birinci Dereceden Iki Degiskenli Denklem Sistemine (GD1) Dair Prosediirii
Ne soyliiyor? Ne yapiyor?
511. E: Taraf tarafa toplayarak [...] yani oncelikle
burada [kdgidini isaret ederek] ikiyle ¢arpmigim
burasi on x oldu burada eksi on x [gerceklesme 2yi

gostererek]. Gisterge
513. E: Birbirine [...] eksilisine esitleyerek
topladigim zaman birbirlerini gétiirmesi igin. s, 2/5% + 3y=7
515. E: O yiizden de iki ile garpmisim, besle 9™ o/y_oy'= 5

carpmisim [ger¢eklesme 1'i gdstererek] burada hani

on x cksi on x daha sifir oldugu i¢in [...] buraday . ’Ox_ﬂ’%’m
degerini buldum [gerceklesme 3’ii gostererek] daha Gerpeklesme 2 1 S4-10x "25
sonra ayni seyi [...] tekrar yok etme metodunu " T
kullanarak x igin yapabilirim. Buray1 mesela eksi
iicle carparsam ii¢ y eksi {i¢c y birbirini gotiiriir Gergeklegme 3 - ‘d_=_’_‘
[gerceklesme 4ii gostererek] toplarken, o sekilde.
525. E: Coziim kiimesi i¢in [...] yine ayri ayri
demem lazim yani [...] x i¢in ¢dziim kiimesi esittir
x’1 iki bulmusum [ger¢eklesme 5°i gostererek], y
icin de yine bdyle olmasi lazim y’yi de eksi bir
[gerceklesme 3’ii gbstererek] bulmusum [...] bence
¢Oziim kiimesi boOyle olmali [gerceklesme 6’y
gostererek] ¢linkil ikisini de ayn1 seye yazarsam, x
icin hem iki hem eksi bir, y i¢in hem iki hem eksi bir
olacagi i¢in olmaz.

Gergeklegme 4-:
T

Burada Elif taraf tarafa toplama yaparak prosediiriinii baglatmistir. Prosediiriinii
gerceklestirirken, matematiksel nesneler i¢in igaret zamirlerini ve ayni degiskene ait
katsayilarin toplamim1 sifira esitleme islemi icin “gotiirmek/gitmek” fiilini
kullanmistir. Bununla birlikte Elif, ¢6zme prosediirlerini uygularken sdylemlerinde
“carpmigim”, “buldum/bulmusum” ve “burast ... oldu” gibi insani eylem iceren
ifadelere yer vermistir. Elif, prosediiriinii “Coziim kiimesi i¢in [...] yine ayr1 ayri
demem lazim yani [...] x i¢in ¢6ziim kiimesi esittir x’1 iki bulmusum [Tablo 1-
gercgeklesme 5’i gostererek], y i¢in de yine boyle olmasi lazim y’yi de eksi bir [ Tablo
1-gergeklesme 3’ii  gostererek] bulmusum ... [525]” seklindeki sdylemiyle
tamamlamigtir. Katilmcimin bu sdylemleri, onun denklem sisteminin ¢dzim
kiimesinin elemanlarmin birer sirali ikili olduguna dair farkindaliginin olmadigim
gostermistir.

Elif’in Tablo 1’de yer alan sdylemleri, sdylemin nesnelestirilmesi baglaminda
ritiel bir katilimin Ornegini sunmaktadir. Katilimeinin sdylemleri ¢ogunlukla
matematiksel nesneleri manipiile edilmesi hakkindadir. Elif, rutinini sergilerken siire¢
odaklidir ve sOylemlerinde prosediiriinii nasil uyguladigini izah etmektedir. Bu
stirecte ““...bence ¢oziim kiimesi boyle olmali ... [525]” gibi ifadeleri ve ¢ozim
kiimesini dogru bir sekilde belirleyememesi Elif’in prosediiriinii ezbere bir sekilde
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uyguladigimi gostermistir. Bu nedenle katilimer bu rutiniyle esneklik baglaminda
ritliel bir katilim o6rnegi sergilemistir. Katilimc1 prosediiriinii uygularken ¢oziim
kiimesinin birer sirali ikili olduguna dair farkindalig1 olmadigini sdylemlerinde [525]
belirtmistir. Bu durum onun “gergeklesme 6 daki adimimin bir 6énceki adimlariyla
baglantili olmamasina sebep olmustur ve katilimcinin BG kodlu rutini baglilik
baglaminda ritiiel bir katilima 6rnek olmustur. Katilimer bu siirecte prosediiriinii
onceki 6grenme tecriibelerine dayanarak prosediiriin nasil gergeklestigini izah ederek
([513], [515]) gerekgelendirmistir. Yine bu durumda gerekgelendirme baglaminda
ritiiel katilima bir 6rnek teskil etmistir.

Elif GD2’de esitsizlik sistemini saglayan reel say1 ikililerinin kiimesini analitik
diizlemde gostermesi istendiginde koordinat sisteminde dogrular ¢izerek prosediirii
uygulamis olsa da birinci arastirmacinin “Mesela burada analitik diizlemde gdsterin
ifadesi olmasaydi, nasil bir ¢éziim yolu kullanirdin? [556]” sekildeki sorusunu
“Burada yok etme metodunu kullanirdim. [557]” seklindeki sdylemiyle yanitlamistir.
Elif’in yok etme metoduyla esitsizlik sistemini ¢ozdiigli rutin prosediirii ise Sekil
1’deki gibidir. Bu siirecte katilimci agagidaki sdylemlerde bulunmustur:

561. E: Soyle iki ile ¢arparim (Sekil 1-ger¢eklesme 1) [...] eksi dort x eksi iki y
kiigtiktiir eksi iki [Sekil 1-gerceklesme 2 de yer alan esitsizlikleri yazarak] boyle
(Sekil 1-gergeklesme 2) olacagi igin birbirini gétiirecek [kalemiyle —2y ve 2y
ifadelerinin iizerini ¢izer gibi yaparak] yani bu da saglamaz [...] Sifir kiigliktiir
11 dort (Sekil 1-gergeklesme 3) hani, olmaz [...] Pardon oluyor, aslinda sagliyor
[0 < 4 ifadesinin dogrulunu kastederek] ama x ve y’ler birbirini gotiirdigii i¢in
¢Oziim kiimesini bulamam [...] yani x ve y degerlerini bulamam. Bu yiizden
¢ozlim bos kiime.

Sekil 1
Elif’in Esitsizlik Sistemini (GD2) Yok Etme Metoduyla Cézme Prosediirii

Gosterge

Gergeklegme 1.....- 2 Lax —Yye- |

ux4lye o

e %

Gergeklegme 2..-.-. Wy + 1 H :
Gergeklegme 3 - O ((,(

Elif’in esitsizlik sistemlerini de denklem sistemleri gibi yok etme metodunu
kullanarak ¢ozebilecegini ifade etmesi [557] ve degiskenler i¢in birer reel say1 araligt
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belirleyemedigi i¢in ¢6ziim kiimesinin bos kiime olacagint belirtmesi [561]
katilimecinin prosediiriinii ezbere bir sekilde uyguladigini gdstermistir. Katilimeidan
GD2’yi tekrar sesli bir sekilde ¢dzmesi istendiginde ise koordinat sisteminde
dogrular1 ¢izerek prosediirii uygulamis ve “Burada 6nce bunu bir dogru olarak kabul
ediyorum, sonra x i¢in sifir yazip y’yi yine bir buluyorum, bildigimiz hani dogru
denklemi yaziyorum [grafikleri gostererek] dogru ¢izmeye calistyorum” [569]
sOyleminde bulunmustur. Bu durum Elif’in prosediiriinii ezbere ve kat1 bir sekilde
sergiledigini dogrulamis ve katilimmin esneklik baglaminda ritiiel oldugunu
gostermistir.Birinci aragtirmacinin “Peki neden bdyle yaptigini biliyor musun? [570]”
sorusu iizerine aragtirmaciyla Elif arasinda asagidaki sdylemsel iletisim
gerceklesmistir:

571. E: Hayir direkt yani [...] hatta bunu gelmeden 6nce videoda izlemistim,
direkt bu sekilde yapilmisti. Yani mesela kiigliktlir var [—2x — y < —1 ifadesini
gostererek] kiigiik-esittir [4x + 2y < —6 ifadesini géstererek] olsaydi buradaki
gibi diiz ¢izgi ¢cekecektim [4x + 2y = —6 dogrusunun tizerinden gegiyor] ama
kiiciik oldugu icin hani noktali noktali yaptim [—2x —y = —1 dogrusunun
tizerinden gegiyor|

572. A: Peki ne tarafi tarayacagina nasil karar veriyorsun?

573. E: Burada orijini sagliyorsa altin1 almam gerekiyordu ya da y’yi [...]
pardon y’yi karsi taraf attifim zaman eksi iki x art1 bir kiigiiktiir y oldugu
icin y’nin yukarisini aliyorum [—2x —y = —1 dogrusunun sagini tarayarak)
yani bu sekilde.

>

Burada Elif, rutinini “...videoda izlemistim, direkt bu sekilde yapilmstt. ...’
sOylemiyle gerekcelendirmis ve bu siirecte bir otoriteye glivenmistir. Bu durum Elif’in
gerekgelendirme  baglaminda  ritiel bir  katilm  sergiledigini  ortaya
koymustur.Bununla birlikte Elif’in ... buradaki gibi diiz ¢izgi ¢ekecektim ... oldugu
icin hani noktali noktali yaptim” ve “... alttm1 almam gerekiyordu ... yukarisini
altyorum ...” bi¢imindeki kisisel sdylemlerini de iceren sdylemleri, onun rutinine
argliman sunmada bagimsiz kararlar alamadigini ve ezbere bir prosediirii uygulamaya
calistigini gostermistir. Boylece katilimcinin yetkinligi baglaminda ritiiel bir katilim
ornegini sergileyen Elif, GD1’deki prosediiriinii de (Tablo 1) ezbere bir sekilde
uyguladigim Sekil 1°deki prosediiriiyle tekrar gdstermistir.

Sekil 2’de ise Elif'in GD2 i¢in uyguladigi prosediiriindeki farkli
gergeklesmelerin yer aldigi gergeklesme agaci yer almaktadir.
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Sekil 2
Elif’in GD2 deki Esitsizlik Sistemi Coziimiine Ait Gergeklesme Agaci

x,y € R olmak tizere,

2= yi=—1

4x +2y<=—6
esitsizlik sistemini saglayan reel say1
ikililerinin kiimesini analitik diizlemde
gosteriniz.

/\

beRaeligstsst rgme Grafiksel gergeklesme
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Elif’in GD2’ye ait Sekil 2’deki gerceklesme agaci incelendiginde, katilimeinin
cebirsel ve grafiksel olmak iizere farkli gergeklesmeler aracilifiyla soylemini
onayladig1 goriilse de, yok etme metodunu kullandigi cebirsel gerceklesmesinin
matematiksel olarak dogru olmadigi goriilmiistiir. Ayrica katilimcinin sdylemleri
([571], [573]), onun cebirsel gerceklesmeler ile grafiksel gerceklesme arasindaki
mantiksal iliskileri kurmada giicliik yasadigini gostermistir. Bu durum onun séylemi
nesnelestirmede giigliik yasadigina dair bulgular olmus ve sdylemin nesnelestirilmesi
baglaminda ritiiel katilimin 6rneklerini sunmustur. Katilimeinin prosediiriindeki hatali
islemler ve farkli gergeklesmeler arasindaki gecisleri matematiksel olarak dogru
yapamamasi aynt zamanda hem baglilik hem de esneklik baglaminda da Elif’in ritiiel
bir katilim sergiledigini ortaya koymustur.

Elif’in odak grup goriismelerindeki sdylemleri incelendiginde ise katilimcinin
denklem ve esitsizlikleri ¢dzme siireclerine dair sdylemlerinin ¢ogunlukla sonug
odakli oldugu goriilmiistiir. Elif’in sonu¢ odakli bu rutini kesif rutini olarak OG
seklinde kodlanmustir. Katilime1 bu rutininde denklem ve esitsizlik sistemleri igin
sistemi dogrulayan elemanlar1 (sirali ikililer) belirlemeyi gorev olarak gdrmiistiir.
Elif, odak grup goriismelerinde prosediiriinii “Neye ulasmak istiyorum?” sorusuna
yanit arayarak uygulamis ve matematiksel anlatilar tiretmistir. Bireysel goriismeden
farkli olarak Elif’in denklem sisteminin ¢6ziimlerinin birer sirali ikili olduguna dair
farkindaliginin olustugu goézlemlenmistir. Katilimeci, GD3’te yer alan denklem
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sisteminin ¢0ziim kiimesi hakkinda konusurken “Iu [...] bu da iki denklemin ortak
¢Oziimii ve 1 [...] swrali ikili olarak ifade etmemiz gerekiyor. Yani ¢oziim kiimesi
esittir dérde sifir [“C. K = {(4,0)}” ifadesini yazarak]. [145]” bigimindeki ifadeleriyle
belirtmistir. Bununla birlikte Elif ile tahtada prosediiriinii uygularken denklem
sisteminin ¢dziimiinii bulmada giicliik yasayan arkadas1 O1 arasinda asagidaki gibi bir
iletisim de gerceklesmistir:

36. E: Simdi burada sdyle olmasi gerekiyor bence [...] burada x’leri buldun ya.

37. O1: Evet.

38. E: Bunlar bir sirali ikili olmak zorunda [...] o yiizden de x’i buldun.
39. O1: Himm.

40. E: Sral1 ikili olacagindan x’i yerine yazip y’yi bulman lazim.

41. O1: Evet.

42. E: x, y sirali ikilileri olacak ¢6ziim kiimesi.

43. O1: Daha mantikli [...] sanirim ben y nin bir degeri biri sagladig1 i¢in ikisini
yazinca bdyle [...] ikisi denk geldi dyle yaptim ama gimdi yok [...] tamam
anladim.

Burada Elif’in prosediiriin uygulanmasi siirecinde bagimsiz kararlar alabildigi
([36], [38], [42])ve arkadas1 i¢in bir otorite roliinde ([37], [43]) sOyleme katildigin
goriilmiistiir. Bu nedenle Elif odak grup goriismesindeki bu katilimi katilimcinin
yetkinligi baglaminda kesifsel katilimin 6rnegi olmustur. Bireysel goriismeden farkl
olarak Elif’in birinci dereceden iki degiskenli denklemlerin ¢6ziim kiimelerinin birer
strali ikili olduguna dair farkindaliginin olustugu goriilmiistiir [42]. Burada Elif,
sOylemlerinde sonu¢ odakli olmus ve kanonik anlatilar {iretmistir. Bununla birlikte
odak grup goriismelerinde cebirsel ve grafiksel gergeklesmeler arasindaki gecisi
kanonik bir sekilde yapmistir. GD3’e dair Sekil 3’teki prosediiriinii tahtada diger
katilimcilarla paylagma firsati bulan Elif, bu siiregte kanonik anlatilar iiretmistir. Bu
durum sdylemin nesnelestirilmesi baglaminda kesifsel katilimin 6rneklerini
sunmugtur:

64. 02: In x’e sifir verip y’yi, y’ye sifir verip x’i bulurum ya da [...] 11 hani bir
yontem vardi ya mesela [...] sifir verince ora ne ¢ikiyor [...] deneyebiliriz de
[...] 6yle denemeyle de belki olabilir.

65. A: Olabilir belki.

66. E: Hocam ama bunun ¢6ziim kiimesi [...] yani hani x ve y reel sayilar ya
[...] bir say1 sonsuz tane ve sonsuz tane nokta var. <“x — 2y = 4” denkleminin
¢oziim kiimesi hakkinda konuguyor>

74. A: Ama bunu gostermenin bir yolu olmali, sizce bu yol nedir?

75. Ol: Diizlemde gosterebiliriz ama bence bu ¢oziim kiimesi degil yani
diizlemde gosterdigimiz sey.
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76. E: Grafigini ¢izmis oluyoruz.

79. O1: Aynen, ¢dziim kiimesine ulasmanmz icin, sadece grafigini ¢iziyoruz biz
su an.

80. A: Diizlemde gdsteriyoruz, nasil bir yol izlersin?

81. E: Hocam en basta x’e sifir verip ¥’ yi bulurum, bunu yapmamin sebebi
aslinda eksenleri kestigi noktalar1 bulup [...] o dogrunun gectigi yeri gdstermek.

83. E: x sifir ise [x = 0 ifadesini yazarak] m bir dakika sifir eksi iki y esittir
dort [0 — 2y = 4 yazarak] iki y eksi dort [2y = —4 ifadesini yazarak) y esittir
eksi iki [y = —2 ifadesini yazarak] Dogru yaptim herhalde? [Islemini kontrol
ederek] m sifira eksi iki noktasi [(0, —2) ifadesini yazarak] bir de y’ye sifir
verecegim [y = 0 ifadesini yazarak]. O da x esittir direkt dort olur [x = 4
ifadesini yazarak] Bu da dorde sifir noktast [(4,0) ifadesini yazarak] bunu da
zaten koordinat diizleminde gosterimi sdyle [koordinat sistemini ¢iziyor ve
diizlemde buldugu noktalar: isaretliyor] soyle bir dogru olur. [ x — 2y = 4
denkleminin ¢éziim kiimesinin elemanlarmin analitik  diizlemde belirttigi
dogruyu ¢iziyor)

86. A: Bu dogru ile ¢ozlim kiimesi arasinda nasil bir iligki var?
87. 03: Coziim kiimesi dogrunun igindeki noktalardan biri olabilir mi?

88. E: Hepsi.

101. A: Tamam, ¢izdik. [...] Cizdigimiz dogru ile ¢dziim kiimesi arasindaki
iligki ne?

102. E: Hocam bu dogru aslinda bu denklemin ¢6ziim kiimesi yani grafikte
gosterilmis. Buradaki noktalarin [ x — 2y = 4 dogrusunu géstererek] hepsi.

116. E: Tamam [...] x sifir icin y iste sekiz olur [x = 0 = y = 8 ifadesini
yazarak)] buradan sifira sekiz [(0,8) ifadesini yazarak] y sifir i¢in x eksi dort olur
[ ¥ = 0 = x = —4 ifadesini yazarak] yanls yaptim, dort olur [+4 yazarak] m
sey dorde sifir [(4,0) ifadesini yazarak] koordinat diizlemi de sdyle olur
[koordinat diizlemi ¢izerek] surasix noktasi surast y [diizlemde buldugu
noktalar: temsilen igaretliyor ve y + 2x = 8 dogrusunu ¢iziyor] bu sekilde. Tek
bir noktada kesisiyorlar.
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117. A: Simdi yine bu ¢izmis oldugun dogru grafiginin ¢dziim kiimesiyle iliskisi
nedir?

120. E: Hocam bence yine direkt dogrunun kendisi, dogrunun [...] zaten dogru
sonsuz noktalardan olusuyor, bu sonsuz noktalarm hepsi bu [y +2x =8
ifadesini gostererek] denklemin ¢6ziim kiimesi.

121. A: O noktalar nasil ifade ediliyor peki?
122. E: Yani siral1 ikili seklinde.

135. A: Simdi bir de yerine koyma metoduyla ¢ézmeye ¢alis Elif az 6nce
bahsettigin.

136. E: Evet[...] aslinda ikisinin ¢dziim kiimesi [...] aslinda bu noktay1 [kesisim
yerini gostererek] noktay1 bulmak i¢in sdylemistim.

138. E: Surasi x esittir dort art1 iki y olur [...] her tarafa iki y ekledim. [...] m
sonra burada [y + 2x = 8 ifadesini gdstererek] x yerine bu ifadeyi yazacagim.
[...]y art1 iki carp1 dort art1 iki y esittir sekiz [...] y art1 sekiz art1 dort y esittir
sekiz [...] sunlar gider [8 sayisimin iizerini ¢izerek] dorty [...] eksi y [...] bir
dakika buradan bir sey ¢ikarmamiz gerekiyor [...] yanlis yaptim [tekrar kontrol
ederek] dort y art1 sekiz esittir y art1 sekiz.

143. E: Bes y esittir sifir [5y = 0 ifadesini yazarak] y buradan sifir geldi [y = 0
ifadesini yazarak] tamam. Dogru tamam, dogru. [Emin olup ilerliyor] y buradan
sifir geldi. y sifirsa herhangi bir denklemde yerine yazarim. Burada da mesela
sifir art1 iki x esittir sekiz [0 + 2x = 8 ifadesini yazarak] x de buradan dort gelir
[x = 4 ifadesini yazarak]

144. A: Bu ne anlama geliyor?

145. E: In bu da iki denklemin ortak ¢oziimii ve [...] 11 sirali ikili olarak ifade
etmemiz gerekiyor. Yani ¢oziim kiimesi esittir dérde sifir [C.K = {(4,0)}
ifadesini yazarak]

149. Ol: Aaaaa! Kesistikleri nokta zaten ortak ¢oziim kiimeleri oluyormus
[Farkina vararak, hayret ederek)
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Sekil 3
Elif’in GD3 i¢in Uyguladigi Prosediirii
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Bu soylemsel iletisimde Elif’in birinci dereceden iki degiskenli denklemlerin
¢6zliim kiimesinin elemanlarmin birer sirali ikili olduguna dair farkindaligi ([66], [88],
[120], [122]), onun cebirsel ve grafiksel gerceklesmeler arasindaki gegisleri kanonik
bir sekilde yapmasini saglamistir ([77], [120], [136], [145]). Katilimcinin kavramin
cebirsel ve grafiksel gerceklesmeler arasindaki kanonik gegislere dair farkindaligi,
onun sdylemin nesnelestirilmesi baglaminda kesifsel bir katilim sergilemesine katk1
saglamistir. Boylece bu durum sdylemin nesnelestirilmesi baglaminda kesifsel
katilmm bir ornegini teskil etmistir. Bireysel goriismede c¢oziim kiimesinin
elemanlarin1 analitik diizlemde gostermesi istendiginde ezbere bir prosediir
uygulayarak (6rnegin, Tablo 1 ve Sekil 1) dogru grafiklerini ¢izen Elif, odak grup
goriismelerinde bu prosediiriine matematiksel argiimanlar ([81], [120], [136], [145])
sunmustur. Bu siiregte Elif’in arastirmaci ve arkadaslarinin sorularina (6rnegin, [80],
[86], [87], [101], [117], [121], [144]) kanonik anlatilar iireterek kendinden emin bir
sekilde yanit verdigi ([81], [83], [88], [102], [120], [122], [145]) gbzlemlenmistir.
Arastirmacinin “ ... Cizdigimiz dogru ile ¢dziim kiimesi arasindaki iliski ne? [101]”,
“Simdi yine bu ¢izmis oldugun dogru grafiginin ¢ézliim kiimesiyle iligkisi nedir?
[117]”, “O noktalar nasil ifade ediliyor peki? [121]” ve “Bu ne anlama geliyor? [144]”
bi¢imindeki sorularna Elif, “ ... bu dogru aslinda bu denklemin ¢dziim kiimesi yani
grafikte gosterilmis. Buradaki noktalarin [x — 2y = 4 dogrusunu gdstererek] hepsi.
[102]7, “... dogrunun kendisi, dogrunun [...] zaten dogru sonsuz noktalardan
olusuyor, bu sonsuz noktalarn hepsi bu [y + 2x = 8 ifadesini géstererek] denklemin
¢Oziim kiimesi. [120]”, “ Yani siral1 ikili seklinde. [122]” ve *“ ... bu da iki denklemin
ortak ¢6ziimii ve [...] w1 sirali ikili olarak ifade etmemiz gerekiyor. Yani ¢6ziim
kiimesi esittir dérde sifir [C. K = {(4,0)} ifadesini yazarak] [145]” bigiminde anlatilar
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iireterek argiimanini inga etmistir. Boylece gerekcelendirme baglaminda kesifsel
katilimm Orneklerini sunan bu bulgular katilimcmin gerceklesmeler arasindaki
gecisleri ustaca yapabildigini de ortaya koymustur. Elif’in bu sOylemleri ayni
zamanda arkadaglarinin mantiksal ¢ikarimlar yapmasini da ([79], [149]) saglamustir.
Bu durum onun bir otorite olarak sdyleme katilimda rol aldigina dair bulgular
olmustur. Elif’in sdylemlerinin arkadaslarinin mantiksal ¢ikarimlar yapmasina katki
saglamasi, onun arkadaglart icin bir otorite olarak sdylemde rol {iistlenmesi ve
soylemlerinde kendinden emin olmasi ise katilimcinin yetkinligi baglaminda kesifsel
katilima bir 6rnek teskil etmistir. Bununla birlikte Elif’in, ger¢eklesmeler arasindaki
gegisleri kanonik bir sekilde yapabilmesi ona prosediiriinii Sekil 3’teki gibi farkli
gerceklesmeleri kullanarak matematiksel olarak dogru bir sekilde uygulamasina katk1
saglamis ve Elif’in bu rutini hem esneklik hem de baghlik baglaminda da kesifsel
katilimin bir 6rnegini sunmustur.

Elifin odak grup goriigmelerindeki sdylemleri g¢ogunlukla matematiksel
nesneler hakkinda ve sonug odakli olmustur. Katilimc1 GD4 i¢inde kanonik anlatilar
iiretmis ve bireysel goriismede birinci dereceden iki degiskenli esitsizlik sistemlerini
yok etme metodu kullanarak ¢dzmesinin kanonik olmadigimni sdylemlerinde ([90])
ifade etmistir:

78. E: Oray1 saglamamasinin nedeni orada kii¢lik-esittir gibi bir ifade yok yani
esitlik olmadigi igin o bdlgeyi [eliyle havada dogruyu ¢iziyor] almiyoruz [...] o
dogruyu saglamiyor yani. <GD4’te “y < 8 — 2x, x,y € R” esitsizliginin ¢oziim
kiimesi hakkinda konusurken>

90. E: Ama sonra ikisi de bir esitsizlik sistemi ve bence koordinat sisteminde
gostermem gerektigini diisindim.

114. E: Hocam orada biiyiiktiir yani 111 sebebi su, biz zaten oray1 bir esittir olarak
diistindiik, aslinda o sembolde 6yle bir sey igermedigi i¢in o ¢dziim kiimesini
ifade etmiyor o yiizden. <GD4'de 8 —2x —y > 0,x,y € R” esitsizliginin
¢oziim kiimesi hakkinda konusurken>

123. E: Dogrunun {izerinde o nokta, o yizden (esitsizligi) saglamiyor <(0,8)
swraly ikilisinin 8 — 2x — y > 0 dogrulamadigini belirtirken>

Elif, bireysel goriismeden farkli olarak, esitsizligin “<” ya da “>” bagintilarini
icermesi durumunda analitik diizlemde ¢izilen dogru grafiginin kesikli bir sekilde
cizilerek temsil edilme sebebini kanonik anlatilarla ([78], [114], [123])
gerekgelendirmistir. Elif’in GD4’e yonelik prosediirlerini igeren gerceklesme agaci
ise Sekil 4’teki gibidir.
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Sekil 4
Elif’in GD4 teki Esitsizlik Sistemi Coziimiine Ait Ger¢eklesme Agact
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Burada Elif’in Sekil 4’teki gerceklesme agaci incelendiginde, bireysel goriismede
yapmada giigliik cektigi gecisleri (Sekil 2) odak grup goriismesinde kanonik bir
sekilde yaptig1 goriilmiistiir. Katilimei bu rutinini sylemleriyle de onaylamistir ([78],
[114], [123]). Bu durumda sdylemin nesnelestirilmesi, esneklik ve bagllik
baglaminda katilimcinin kesifsel bir katilim sergiledigine dair bulgular sunmustur.

Ozetle, Elif'in sdyleme katilimi nesnelestirme baglaminda ele alindiginda,
katilimemin BG kodlu rutin prosediirii ritiiel bir katilimin, OG kodlu rutin prosediirii
kesifsel bir katilimin 6rnegi olmustur. BG kodlu rutin prosediiriinde Elif’in sdylemleri
¢ogunlukla matematiksel nesneleri manipiile etme hakkinda (Tablo 1 ve [561], [571],
[573]) iken, OG kodlu rutin prosediiriinde matematiksel nesneler hakkinda olmus ve
katilimc1 kanonik anlatilar ([66], [81], [102], [120], [145]) liretmistir. Bununla birlikte
BG kodlu rutininde kavramin farkli gergeklesmeleri arasinda gegiste giigliik yasayan
([561], [571], [573]) katilimc1, OG kodlu rutininde bu gegisleri kanonik bir sekilde
([77], [120], [136], [145]) yapmustir.

Elif’in sdyleme katilim1 esneklik baglaminda ele alindiginda, katilimcinin BG
kodlu rutin prosediirii ritiiel bir katilimin, OG kodlu rutin prosediirii kesifsel bir
katilimmn 6rnegi olmustur. Elif BG kodlu rutininde, Tablo 1 ve Sekil 1°deki gibi
denklem ve esitsizlik sistemlerinin ¢oziim kiimesini belirlemek i¢in ezbere bir
prosediir uygulamigtir. Katilimer goérev durumlaria yonelik cebirsel ve grafiksel
gerceklesmeleri yapabilse de (Sekil 2) bu gerceklesmeler arasindaki iligkileri kanonik
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bir sekilde kurmada giicliik yasamistir. Buna karsilik Elif, odak grup goriigmelerinde
cebirsel ve grafiksel gergeklesmeleri araciligiyla denklem ve esitsizlik sistemlerinin
¢Oziim kiimesini belirleyebilmis ve bu farkli prosediirler arasindaki matematiksel
iligkiyi kurabilmistir.

Elif’in sdyleme katilimi1 baglilik baglaminda ele alindiginda, katilimc1 OG kodlu
rutin prosediiriinde BG kodlu rutin prosediiriine gore daha kesifsel bir katilim
sergilemistir. Her iki rutin prosediiriinde de Elif, birbirine denk acik 6nermeler yazmis
ve prosediiriindeki bir dnceki adimimin ¢iktisin1 bir sonraki adiminda girdi olarak
kullanmustir. Odak grup goriismesinden farkli olarak katilimer bireysel goriismede
¢Oziim kiimesini dogru bir sekilde belirlemede giiclik yasamistir (Tablo 1°de
gerceklesme 6). Buna ragmen Elif, hem bireysel hem de odak grup goriigmelerinde
islemsel prosediirlerini gogunlukla kanonik bir sekilde uygulamistir.

Elifin soyleme katilimi gerekgelendirme baglaminda ele alindiginda,
katilimemin BG kodlu rutin prosediirii ritiiel bir katilimin, OG kodlu rutin prosediirii
kesifsel bir katilimim 6rnegi olmustur. Katilimer bireysel goriismede prosediiriinii
gerekcelendirirken onceki dgrenme yasantilarina (hafizaya) basvurmus ([571]) ve
prosediiriin adimlarini nasil uyguladigini ([571], [573]) aciklamistir. Buna karsilik
odak grup goriismelerinde  kanonik  anlatilar  iireterek  prosediirlerini
gerekeelendirmigtir ([66], [81], [102], [120], [136], [145]).

Elif’in sdyleme katilimi, katilimcinin yetkinligi baglaminda ele alindiginda,
katilimemin BG kodlu rutin prosediirii ritiiel bir katilimin, OG kodlu rutin prosediirii
kesifsel bir katilimim 6rnegi olmustur. Katilimer bireysel goriismede prosediiriini
ezbere bir sekilde uygulamaya galistigi igin, prosediiriinde nasil ilerleyecegi ve
prosediiriinii nasil sonlandiracagi konusunda bagimsiz kararlar almada giigliik
yasamustir. Denklem ve esitsizlik sistemlerinin ¢6ziim kiimelerini belirlemede
tereddiitler yagamig ve “... bence boyle olmali”, “...boyle olmasi lazim” ve “ ...
almam gerekiyordu” gibi ifadelere séylemlerinde yer vermistir. Buna karsilik Elif,
odak grup goriismelerinde arkadaslari i¢in bir otorite roliinde olmus ([36], [38], [42])
ve onlarm mantiksal ¢ikarimlarda bulunmasina (O1’e ait sdylemler: [41], [75], [149])
katkida bulunmustur. Katilimer herhangi bir otoriteye ihtiyag hissetmeden
prosediiriinii uygulamis (Sekil 3 ve Sekil 4) ve bu siiregte bagimsiz kararlar
alabilmistir.

Elif’in s6yleme katilimi, uygulanabilirlik baglaminda ele alindiginda, katilimci
her iki rutininde de kesifsel bir katilim sergilemistir. Elif, tarama formunda uyguladig:
rutinini bireysel goriigmede tekrar ustaca uygulayabilirken, odak grup goriismelerinde
de benzer gérev durumlarinda rutinini basarilt bir sekilde uygulayabilmistir.

Sonug¢, Tartisma ve Oneriler

Bu ¢alisma, bir lise 6grencisinin denklem ve esitsizlik sistemlerini i¢eren gérev
durumlarinda sdyleme katilimina odaklanmis ve rutinlestirme baglaminda 6grenmeye
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dair ampirik Ornekler sunmayi amacglamistir. Bu dogrultuda, belirli  gorev
durumlarinda katilimcinin ritiielden kesfe gecisin goriildiigii bir rutini araciligiyla
sOyleme katilim bigiminin nasil oldugu; nesnelestirme, esneklik, baglilik,
gerekgelendirme, katilimemin yetkinligi ve uygulanabilirlik 6zellikleri baglaminda
izah edilmistir.

Bireysel goriismesinde Elif, denklem ve esitsizlik sistemlerini igeren gorev
durumlarinda bagkalarini taklit etme yoluyla ([571]) ezbere bir prosediir uygulamis ve
siire¢ odakli bir ritiiel rutin sergilemistir. Rutinlestirme baglaminda 6grenmede bu
katilim bigimi, sdyleme yeni katilan bir katilimer igin ilk ve gerekli adimlar olarak
goriilmektedir (Lavie ve dig., 2019; Nachlieli ve Katz, 2017; Sfard ve Lavie, 2005;
Sfard, 2008; Viirman ve Jacobsson, 2023). Bireysel goriismesinde g¢ogunlukla
sOyleme ritiiel bir bicimde katilan Elif, prosediiriinii uygularken daha dnceki 6grenme
yasantilarindan hangilerini ise kosmasi gerektigi {izerine diigiinerek katilim gostermis
ve bu durumu sdylemlerinde paylasmustir ([561], [571], [573]). Elif bu siiregte bir
yandan bagkalarini taklit etme yoluyla s6yleme katilirken, bir yandan da yaptiklarimi
(prosediiriinii) anlamlandirmak i¢in ¢aba gostermistir. Sfard (2008) bu tiir taklidi
“diistinerek taklit etme (thoughtful imitation)” olarak isimlendirir. “Diisiinerek taklit
etme” terimiyle Sfard (2008), 6grenenin, uzmanin eylemini yeniden iiretmeye
calisirken, bu eylemin hangi 6zelliklerinin korunmasi gerektigini ve hangilerinin yeni
bir durumun taleplerine gore degistirilmesi gerektigini dair siirekli kendine soru sorma
ihtiyact duydugu siirecini kastetmektedir. Elif, arastirma siireciyle es zamanl
yiiriitiilen matematik derslerindeki 6grenme yasantilarini benzer gérev durumlarinda
ise kogmus ve anlatilar liretmeyi amaglamistir. Rutinlestirme baglamida 6grenmede
katilimcinin bu g¢abasi, ritiiel bir rutinini kesif rutinine doniistiirebilmesi igin 6nemli
goriilmekte (Lavie ve dig., 2019; Nachlieli &Tabach, 2022; Sfard, 2020) ve bu
¢aligmanin bulgulart da bu fikri desteklemektedir. Ciinkii Elif, bireysel goriismesinde
denklem ve esitsizlik sistemlerini ¢ozerken farkli gerceklesmeler arasindaki gegisleri
anlaml bir sekilde yapmada giicliik ¢ekmis ve ayni zamanda yaptiklari {izerine
arastirma boyunca diisiinmeye devam etmistir. Bu c¢abast onun odak grup
goriismelerinde anlatilar tiretmesine ve farkli gerceklesmeler arasindaki gegisleri
anlaml bir sekilde yapabilmesini saglamistir. Boylece Elif, sdyleme daha yetkin bir
sekilde katilabilmis ve sdylem igerisinde bagimsiz ve esnek bir sekilde hareket
edebilmistir. Diisiik basarili 6grencilerin denklem kavramina dair anlamlandirma
stireglerine odaklanan Macchioni ve digerleri (2023) de ¢aligmalarinda az da olsa
benzer bulgulara rastlamistir. Aragtirmanin yiriitiildiigi iki 6grenciden biri digerine
gore daha esnek bir sekilde rutinini sergilemis ve prosediiriinii uygularken denklem
iceren farkli gorev durumlarinda farkli gerceklesmeleri ise kosmustur.
Arastirmacilara gore (Macchioni ve dig., 2023) bu O6grenci hala ritiiellere
giivenmesine ragmen bu esnekligine dair ¢abasi onun sdyleme katilimini diger
ogrenciye gore daha kesifsel kilmistir. Ogrencilerin denklem ¢ozme siireclerine
rutinlestirme baglaminda odaklanan Roberts ve le Roux (2019) da benzer bulgulara
ulasarak diigiik basarili 6grencilerin ritiiellere glivendigini ve rutin prosediirlerini kati
bir sekilde uyguladigin1 ve ¢dzme siirecinde anlati iiretemediklerini belirtmistir.
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Ogrencilerin prosediir ¢dziimiindeki esnekliginin ya gok az oldugunu ya da hig
olmadigini belirten arastirmacilar rutinlestirme baglaminda 6grenme siireclerinde
kesifsel katilima dair ¢ok az bulgu elde etmistir. Bu ¢alismanin bulgulari ise denklem
ve esitsizlik kavramlart baglaminda herhangi bir 6grencinin kesifsel séyleme gecis
yaptigini gosteren yeterli kaniti igermeyen ¢alismalara (Macchioni ve dig. 2023; Nisa
ve dig., 2021; Roberts ve le Roux, 2019) ritiiel katilimdan kesifsel katilima gecise dair
sundugu oOrneklerle katki sunmaktadir. Diger caligmalardan farkli olarak, Elif’in
akademik basaris1 yiiksek bir 6grenci olmasinin, bu ¢alismada ritiielden kesfe gecisi
stirecine dair daha zengin amprik drnekler sunmaya firsat sagladig: diisiiniilmektedir.
Bu nedenle ¢alismanin bulgulari, basari arttik¢a 6grencilerin daha kesifsel bir katilim
sergiledigini ve nesnelestirilmis bir sdylemin gelismis bir performansla iliskili
oldugunu iddia eden ¢alismalarla da (Essack, 2015) uyumlu olmustur.

Matematiksel sdylemde 6grenmeyi arastirmak, rutinlerin nasil ortaya ¢iktigi ve
daha sonra nasil gelistigi sorusunu yanitlamakla esdeger goriilmektedir (Lavie ve dig.,
2019; Sfard, 2008). Matematiksel sdyleme odaklanan arastirmalar (Lavie ve dig.,
2019; Nachlieli & Tabach, 2019; Sfard, 2017), 6grenmenin ilerlemesi i¢in bireyin
baslangicta baskalarna bagl bir sekilde taklit ederek sergiledigi rittiel rutinlerini;
baskalarindan bagimsiz, esnek ve yetkin bir sekilde uygulayabildigi kesif rutinlere
doniistiirmesi gerektigini iddia etmektedir. Bununla birlikte Heyd-Metzuyanim ve
digerlerine (2019) gore ritiielden kesifsel katilima gecise odaklanmanin matematigi
ogrenme siireglerinin dogasini, semasini, hizini ve altta yatan mekanizmalarini net bir
sekilde gorebilmemizi saglamaktadir. Calismanin bulgulari, Elif’in ritiielden kesfe
gegis siirecinde, katilimcinin kavramin yapisina ve 6zelliklerine dair farkindaliginin
olusmasinin etkili oldugunu ortaya koyarak rutinlestirme baglamda 6grenmenin
yapisina dair ilgili literatiire katkilar sunmaktadir. Elif, birinci dereceden iki
degiskenli bir denklemin ¢6ziim kiimesinin bir sirali ikili olduguna ve bu sirali ikilinin
diizlemde bir noktaya karsilik geldigine dair farkindaliginin olugsmasiyla ([36], [38],
[40], [42]), kavramlarin farkli ger¢eklesmeleri arasinda gegisleri kanonik bir sekilde
yapmis ve bu gegislere yonelik kanonik anlatilar ([66], [81], [102], [120], [136],
[145]) iretmistir. COoziim kiimesinin elemanlarmi dogru ve iligkili bir sekilde
belirlemeye baslayan Elif, prosediir adimlarini daha bagl ve kanonik bir sekilde
yazmig ve prosediiriinii esnek bir sekilde uygulamistir (Sekil 3 ve Sekil 4). Boylece
katilimcimin sdylemleri nesnelesmeye baslamis ve Elif matematiksel argiimanlar
sunarak ([78], [81], [102], [114], [123]) sOyleme daha kesifsel bir bicimde katilmistir.

Ozetle, ¢alismanin bulgularina gore, &grencilerin kendilerine otorite ve
kendilerinden daha tecriibeli olarak gordiigii katilimcilarin rutinleri izerine diistinerek
kendi rutinini uyguladiginda, o6grencilerin rutinlerinde bir gelisimin meydana
gelmesinin  s6z konusu olabilecegi sonucuna varilmistir. Yani rutinlestirme
baglaminda 6grenmenin gergeklesebilmesi igin bireylerin bir yandan sdyleme
katilmalari, bir yandan da rutinlerinin siire¢ odakli olmaktan sonu¢ odakli olmaya
dogru gelismesi i¢in ¢aba gostermeleri gerekir. Caligmanin bulgularindan ulasilan bir
diger sonug ise, Ogrencilerin matematiksel kavramlarin yapisina ve &zelliklerine
yonelik farkindaliginin olusmasinin; onlarin sdylemini nesnelestirmesini, anlatilarini
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zenginlestirmesini, matematiksel argiimanlar sunmasini ve boylece ritiiel rutinlerini
kesif rutinlere doniistiirmesini saglayabilecegidir. Ayni zamanda Ogrencilerin
matematiksel kavramlarin farkli gerceklesmeleri arasindaki iligkilere yonelik
farkindaliginin  olusmasinin  onlarin  prosediiriindeki bagliligi, esnekligi ve
uygulanabilirligi artirmasim1 ve bdylece sdyleme daha kesifsel bir sekilde
katilmalarini saglayabilecegi tespit edilmistir.

Oneriler

Ogrencilerin rutinlestirme siireglerine yonelik heniiz yeterli caligmalarm
olmamasindan dolay1, arastirmacilar farkli cebirsel ya da geometrik kavramlar
baglaminda 6grencilerin rutinlestirme siireglerine yonelik bu ¢caligmaya benzer sekilde
calismalar yiiriitebilir. Boylece dgrenci 6grenmelerinin nasil gerceklestigine dair az
sayidaki sOylemsel calismalara katki sunabilir. Bu ¢alismanin baglaminda olmadigi
icin ritiiel katilimdan kesifsel katilima gegcisin, kavramin yapisindan bagimsiz
faktorlerin neler olabilecegi detayli bir sekilde bu ¢alismada arastirilmamigtir. Bu
nedenle 6grencilerin rutinlestirme siireglerine odaklanmay1 hedefleyen arastirmacilar,
hem ilgili hem de farkli kavramlar baglaminda ritiiel katilimdan kesifsel katilima
gecisin nedenleri iizerine caligmalar sunabilir. Ogrenmenin gergeklestigini gosteren
bu ge¢isin detaylandirilmasinin, hem kavramin O&gretim siirecinde O6gretmen
adaylarina ve dgretmenlere fikirler sunacagi hem de ilgili literatiire katki saglayacagi
diistiniilmektedir.

Ogrencilerin hem kendi ¢abalartyla hem de bir kavramin yapisma ve
ozelliklerine dair farkindaliginin olugmasiyla soyleme daha kesifsel katilabilecegi
sonucundan dolay1 da 6gretmenlere, ders siirecinde kavramin 6gretimi ile ilgili ¢esitli
oneriler siralanabilir. Ogretmenler 6grencilerine matematik dgrenme ortamlarinda
sOyleme katilmalarma firsat ve olanaklar sunmalidir. Bu siiregte 6gretmenler,
Ogrencilere sunacag1 gorev durumlarinda kavramin farkli gerceklesmelerine (s6zel,
cebirsel, grafiksel vb.) yer verebilir. Denklem ve esitsizlikleri ¢cozme siireclerinde
kavramlara yonelik kanonik anlatilari igeren sozel ger¢eklesmeler esliginde cebirsel
ve grafiksel gergeklesmeleri icerecek sekilde ¢oziimlerini gergeklestirebilir.
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