Dumlupinar Universitesi ¥ Fen Bilimleri Enstitiisii Dergisi

Say1 28, Agustos 2012 ISSN - 1302 - 3055

QUADRATIC FORMULAS FOR GENERALIZED QUATERNIONS

Erhan ATA*, Yasemin KEMER, Ali ATASOY

Dumlupinar University, Faculty of Science and Arts, Department of Mathematics, KUTAHYA
E-mail: eata@dpu.edu.tr

ABSTRACT
In this paper, we aim to find basic methods for calculation of th eroots of a generalized quaternionic

quadratic polynomial.
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GENELLESTIRILMIiS KUATERNIYONLAR iCiN KUADRATIK FORMULLER

OZET
Bu makalede, bir genellestirilmis kuaterniyonik kuadratik polinomun kdklerini bulmak i¢in temel
yontemleri bulmay1 amaglamaktayiz.

1. INTRODUCTION

Let R be the set of real numbers and K, 5 be the set of generalized quaternions of the form

q=q,+qi+q,j+qk where set q,,9,,9,,9;,2,# €] and
iP=-a, j =, kK =—af

y=—ji=k
Jk=—kj = pi
ki =—ik = .

For g =g, +q,i+q,j+q;k, the conjugate of g is 5 =q, -4,i-4,J - q;k. Then norm, real part and imaginary part
of g are defined as N, = qg =q, +aq’ +pq,’ +afq’ Req = (q +c_1) /2 =g,and
Img =q—-Req=qi+q,j+q,k, respectively. For g,p € K, ;, we say that g is similar to p if there is a nonzero

acK, , suchthat g=a"'pa orequivalently Req =Re p and |g|=|p|. For the basics of generalized

quaternions, see [1].
In this paper, we are interested in explicit formulas for computing the roots of a quadratic polynomial of the form
2
X" +bx+c

whereb,c €K, ;. Let x=x,+xi+x,j+xk, b=b,+bi+b,j+bkand c=c,+ci+c,j+c;k. Then

x> +bx+c=0
becomes the real system of nonlinear equations
x,) —ax’ - px, —apfx; +byx, —abx, — Bb,x, —afibx, +c, =0

2x,x, +byx; +bxy + pbyx, — Bbx, +¢, =0
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2x,%, + byx, + b,x, + abx, —ab,x, +c, =0
2x,x; +byx; +byx, +bx, —b,x, +¢; =0.

It is not obvious at all that this nonlinear system will have an explicitsolution. By solving a real linear system,
Zhangand Mu proposed to compute some roots of a quadratic polynomial in [2]. But, they did not discuss how to
find all the roots. In [3], Porter reduced solving a quadratic polynomial to a linear polynomial of the form
px+xp+r provided a root of the given quadratic polynomial is already known. However, he did not discuss

how to find such root. In [4], given determined how many roots a quadratic polynomial can have, but he did not
give the explicit formulas for computing the roots. In Section 2, we adopt the idea in [5] of Huang and So to
compute the roots of a quadratic polynomial using explicit formulas in terms of itscoe_cients.Then, we discuss
some consequences and two applications of the generalized quaternionic quadratic formulas.

2. GENERALIZED QUATERNIONIC QUADRATIC FORMULAS
Firstly, we solve the monic standard quadratic equation

¥ +bx+c=0
whereb,c € K, ,. Now, we give two well-known lemmas about solutions of some special polynomials without

their proofs.
Lemma2.1.Let B, E, andD be real numbers such that
i. D #0,and

ii.  B<O0implies B’ <4E.
Then the cubic equation

¥ +2By’ +(B*—4E)y-D* =0

Has exactly one positive solution y.
Lemma2.2. LetB, E, andD be real numbers such that
1. E>0, and

ii.  B<Oimplies B*<4E.
Then the real system

N*~(B+T*)N+E=0
T°+(B-2N)T+D=0
has at most two solutions (7, N) satisfying 7 €[] andN> 0 as follows.

a. T=0,N= (BJ_r\/BZ —4E)/2pr0vided that D = 0, B* > 4E.

b. T =+2JE -B,N =E provided that D =0, B> < 4E.
c. T= i\/;,N = (T3 + BT +D) / 2T provided that D = 0 and z is the unique positive root of the real
polynomial z* + 2Bz + (32 - 4E) z-D*.

Theorem2.1. The solutions of the quadratic equation x* +bx + ¢ = 0 can be obtained by formulas according to the
following cases:

Case 1. Ifb,c e[l and b* < 4c, then
x=%(—b+xli+x2j+x3k)

where ax” + fx,” +afix,’ = a(4c—b2) and x,,x,,x,a,fell.
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Case 2. Ifb,c e[l and b* > 4c, then

—b+~b* —4c
=
2
Case 3.Ifbell,c gl then
w=liP bzl 3Gy
2 p PP

Case 4.Ifb ¢ then

whereb'=Imb,c'=c —Rib(b —%ij and (7, N) is chosen as follows.

. T=0,N= (Bi\/Bz —4E)/2provided that D =0, B> > 4E.

2. T =+yJ2JE —B,N =+/E provided that D = 0, B* < 4E.

3. T= i\/;,N = (T3 + BT +D) / 2T provided that D = 0 and z is the unique positive root of the real
polynomial z* + 2Bz’ +(32 —4E)Z—D2,

where B=b'b'+Rec', E=c'c'and D = 2Rebl'.

Proof:
Case 1.b,c €[J and b* < 4c. Note that x, is a solution if and only if ™' x,q is also a solution for ¢ # 0, and there

are at least two complex solutions

—b+~Jdc—b*i
—
Hence, thesolution set is

{q_l —b+~JAo—bi

> q:q# 0}2{%(—b+xli+x2j+x3k):ocx]2 +px, +afx’ = a(4c—b2)}_

Case 2. b,cell and b* > 4c. Note that x, is a solution if and onlyif¢'x,q is also a solution for ¢ # 0, and
hence, there are at most two solutions, both are real

_—bEb’ —4c
-
Case3.bel,cell .Let x=x,+xi+x,j+x,kand ¢ =c,+ci+c,j+ck.Then x* +bx+c =0 becomes the

X

real system
x,) —ax’ - px, —apx; +bx,+c, =0
(2x,+b)x, =—¢,
(2x,+b)x, =—c,
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(2x, +b)x, = —c;.
Since c ¢U,2x, +b # 0 andso x,, x,, x, can be expressed in terms of x, and be substituted into the first equation

to obtain
(2x, +b)" +(4c, = b*)(2x, +b)’ —4(ac + Be, + afc;’) = 0.

It follows that2x, +b = i\/(b2 —4c, + \/(bz —4c, )2 +l6(0:c12 + fe,” +afey ))/2 and

therefore x, = (~b+ p)/2 where p = \/(b2 —4c, J_r\/(b2 —4c, )2 +16(ozc]2 + e, +ape )j /2 # 0 since

¢ ¢ .Finally

(& . c, . C3
X=Xx,- i— Jj-
2x,+b  2x,+b" 2x,+b
SELRW:E SVE ST 35V
2.2 p pop

Case 4.b ¢ . Rewrite the equation x* +bx +¢ = 0 as

Y +b'y+c'=0,
where y =x+R%J’,b‘= Imb ¢l andc':c—R%b(b—R%b].

Following the idea of [4], we observe that the solution of the quadratic equation y* +5b'y +c'= 0 also satisfies
Y =Ty+N=0
where N = yy>0and T = y+y el]. Hence (b'+T)(c'-N)=0, and so
y= (b'—i—T)f1 (¢'-N)

because T € and b'¢[] implies thatb'+T #0.. To solve for T and N,we substitute y back into
definitions7 = y+ y and N = yy and simplify to obtain the real system

N*~(B+T*)N+E=0

T°+(B-2N)T+D =0
where B=b'b'+c'+c'=b'b'+Rec', E=c'c'\D=bc'+ch'=2Rebc', D= 2Reb'c' are real numbers. Note
that £ = ¢'c' > 0.
IfB< 0 thenc'+c'<0and B> —4E =b'b'B +b'l7(c'+(?)+(c’—;)2 <0, that is
because (c'— c_’)2 < 0. Then B> —4F < 0, otherwise B> —4E = 0 andtherefore b'b'B= b'l?’(c’+ c_') = (c'— ;)2 =01e

, b'=0€l,, a contradiction. Hence by Lemma 2.2 suchsystem can be solved explicitly as claimed.
Consequently

w="RED Ty (e N,

Corollary2.1.The quadratic equation x* + bx + ¢ = 0 has infinitely many solutions if and only
ifb,c €0 and b* < 4c.

Example2.1.For the quadratic equation x> +4 =0, i.e, b=0and ¢ = 4. This is the Case 1 in Theorem 2.1. Then
x=(x"i+x', j+x' k)/2where ax'’+ fx',’+afx'y =16a.

Corollary2.2.The quadratic equation x* + bx +c = 0 has a unique solution if and only if either
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i. b,cel and b*—4c=0, or
. bgll and D=0=B>-4E.
Example2.2.Consider the quadratic equation x* — x +% =0,i.e, b=—land c¢=1/4. This is the Case 2 in
Theorem 2.1. Then the unique solution is x = 1/2.
Example2.3.Consider the quadratic equation x* + 2ix—a = 0, i.e, b=2i and ¢ = —a. This is the Case 4 in
Theorem 2.1. Then b'=2i and ¢'=-a. Moreover, B=2a,E =¢a* and D = 0.1t is Subcase 1 in Case 4.
HenceT'=0,N =«.
Consequentlyx = i.
Corollary2.3.The quadratic equation x* + bx + ¢ = 0 has exactly two solutions if and only if either
i.  b,cel and b*—4c>0, or
ii. bell and c¢0, or
144 bell and D=0,B*>—4E #0, or
iv. bell and D#0.
Example2.4.Consider the quadratic equation x* +3x—4=0,i.e, b=3and ¢ = —4. This is the Case 2 in Theorem

2.1. Then the two solutions arex = -4 arex = 1.
Example2.5.Consider the quadratic equation x> —x+i =0, i.e, b=—1land ¢ =i. This is the Case 3 in Theorem

2.1.Then ¢, =¢, =¢; =0,¢, =1, and p= (liM)/Z.Hence the two solutions are x = (1+ p)/2—i/ p
are x=(1+p)/2+i/ p.

Example2.6.Consider the quadratic equation x* +afx—a’f’ =0, i.e, b=afk and ¢ =-a’ . This is the Case
4 in Theorem 2.1. Then b'=afk and c¢'=—-a’B*. Moreover, B=-a’*,E=a"* and D = 0.1t is Subcase 2
in Case 4. Hence N = o* 82, T = +a8+/3. Hence two solutions are x = —2a>3 (aﬂk + aﬁ\/g)il and

x =20 f* (apk - ap3)
Theorem?2.2. If the quadratic equation x* + bx + ¢ = 0 has exactly two distinct solutions x, and x,, then x, +5/2
and —(x, +5/2) are similar. Indeed, there exists nonzero g € K, , such that bg = gb and
q(x1 +b/2)q'l = —(x2 +b/2).
Proof: ByCorollary 3, wehaveseveralcasestodealwith.
i.  .Ifb,cel and b* > 4c, by Case 2 in Theorem 1, it is clearthatx, +b/2 =—(x, +b/2).

7. Ifbel,c el by Case 3 in Theorem 1, it is clearthatx, +5/2 = —(x2 +b/2).
iii. a) Ifb¢l]l , D =0and B> —4E > 0, then by Subcase 1 in Case 4 of Theorem 1, wehave

_Reb (0 {c,_ B+\B —4E]_

X
2 2 2

Thus, it is easy to see that

'

m] p [Imm]
2

and

b'b'

JB? —4E] b {Imc,+ JB? —4EJ
2 2 '
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Clearly, Re(x, +b/2) = Re(—(x2 +b/2)) =0and|x, +b/2|2 =|—(x2 +b/2)|2 ,thusx, +b/2andx, +b/2are

b'(xl +§J(b’)1 = —(x2 +§j

b) Ifbgll ,D=0and B> —4E <0,then by Subcase2 in Case 4 of Theorem 1, we have

X, = —R2eb —(b’i \,2\/5_3)—1 (c’—\/f).

also similar. Then it is easy to see that

Thus,

T Rec)
b bNE-B

b’ Imc

2 2 (1_\E—R'ec'j
2WE-B (—b”r\/m)lmc'

2 Z(x/E—Rec’)

b b —b’+\/2\/E—Bl( _JE)

— c'—

Similarly, we have

(o) =2 [--aE= e

2T R -Ree)

AR B )

b

X +—
2

Thus, it is clear that

and

Thus, x, +b/2and —(x, + b /2) are similar. Since

-1
Im(xl +§) =—(b'+\/2\/f—B) Imc'
and

Im[—(xz +§D = (Imc')(b'+\/2x/fi—8)il.

Note that Im[—(x2 +b/2)] =Im(x, +b/2), itis easy to prove that

(bv+m)1m(xl+gjzlm[_(xz+gjj(b.+m).

Thus, we have
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-1
(b'+\/2\/E—B)(xl +§j(b’+\/2\/f—3) = —(xz +§j
iv. Ifb ¢ and D # 0, from Theorem?2.1, Case 4, Subcase 3, we have

3
. :_Reb_(b,JrT)fl (C,_ T +BT+DJ
2

2T
and
3 —
x2=—Reb—(b‘+T)71 c’—T +BT-D
2 2T

where T = +/z and z is the unique positive solution of the cubic equation z* + 2Bz* + (Bz —4E ) z—-D*=0.By
usingb'=Imband B = |b‘|2 +2Rec', we have

b T T-b . D
+_:__ﬁ Imc'-
22 7 4fp 2T

And also the fact that D = 2Reb'c ', we have

Re{(T—b’)(Imc’—Ej} =0.
2T
Hence, Re(x, +b/2)=T/2and

Im(x] +§j = —#w{(T—b')(Imc’—%)}

X

Similarly, we have

Re(—(x,+b/2))=T/2and

el 3)

3. CONCLUSION
The results obtained from quadratic formulas of generalized quaternions; in particular
i. Fora = g =1, , are reduced to the results obtained from [5] for quadratic formulas of quaternions.
il. Fora = -1, f =1, are reduced to the results obtained from quadratic formulas of split quaternions (see

[4] and [6]).
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