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ABSTRACT
Serret-Frenet and Parallel-Transport frame are produced with the help of the generalized quaternions
again by the method in [4].
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GENELLESTIRILMIS KUATERNIYONLARIN
SERRET-FRENET VE BISHOP CATILARI

OZET
Serret-Frenet ve Paralel tasima catilari, genellestirilmis kuaterniyonlar yardimiyla yine [4]te verilen
metot ile olusturulmustur.

1. INTRODUCTION

The Frenet-Serret formulas describe the kinematic properties of a particle which moves along a
continuous, differentiable curve in Euclidean space R3 or Minkowski space R;3. These formulas have a
common area of usage in mathematics, physics (especially in relative theory), medicine, computer
graphics and such fields.

It is known by especially mathematicians and physicists that any unit (split) quaternion corresponds to
rotation in Euclidean and Minkowski spaces. For detailed information it is referred to [1], [2] and [3]. The
rotations are expressed by quaternions that is because the geodesic curves in unit (split) quaternion space
S8 can not be expressed by using Euler angles [4].

2. PRELIMINARIES
Our first goal is to define moving coordinate frames that are attached to a curve in 3D space.

2.1. Frenet-Serret frames:

The Frenet-Serret frame (see, [5], [6] and [7]) is defined as follows: Let gz(t) be any thrice-differentiable
space curve with non-vanishing second derivative. We can choose this local coordinate system to be the
Frenet-Serret frame consisting of the tangent T(t), the binormal B(t), and the principal normal N(t)
vectors at a point on the curve given by
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f(t):@ E(t):M N®)=B(t)xT (t).

o] feoxeol @

The Frenet-Serret frame (also known as the Frenet frame) obeys the following differential equation in the
parameter t:

T'(t) 0 xt 07T®
N'(t) [=v(t)| -x(t) 0  z(t)|| N()
Bi(t) 0 -—z(t) 0 || B(®)

(2.2)
where v(t) = ||a '(t)|| is scalar magnitude of the curve derivative (often reparametrized to be unity, so that

t becomes the arc-length s), the intrinsic geometry of the curve is embodied in the scalar curvature «(t)
and the torsion z(t) . In principle these quantities can be calculated in terms of the parametrized or

numerical local values of «(t) and its first three derivatives as follows:

- Jeof

(') a—"(t)) a™(t)
GE a—"(t)”z

x(t)

z(t) =

(2.3)
If a non-vanishing curvature and torsion are given as smooth function of t, the system of equations can be

integrated theoretically to find the unique numerical values of the corresponding space curve &(t).
2.2. Parallel Transport Frames:

Intuitively, the Frenet frame's normal vector N always points toward the center of the osculating circle
[8]. Thus, when the orientation of the osculating circle changes drastically or the second derivative of the
curve becomes very small, The Frenet frame behaves erratically or may become undefined.

Parallel Transport Frames:

The Parallel Transport frame or Bishop frame is an alternative approach to defining a moving frame that
is well defined even when the curve has vanishing second derivative.

We can parallel transport an orthonormal frame along a curve simply by parallel transporting each
component to the frame. The parallel transport frame is based on the observation that, while T (t) for a

given curve model is unique, we may choose any conventient arbitrary basis (N—l(t),N—z(t)) for the

remainder of the frame, as long as it is in the normal plane perpendicular to f(t) at each point. If the
derivatives of (N—l(t),N—z(t)) depend only on T(t) and not on each other, we can make N, (t)and N, (t)
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vary smoothly throughout the path regardless of the curvature. We therefore have the alternative frame
equations

T'(t) 0 k) kO] TO
N [=vO] -k @®) 0 0 [N
N,'(t) -k, (t) 0 0 || B()

(2.9)

K=k’ +k,?, (2.5)

o(t) = arctan [k—zj :
kl

One can show (see, [10]) that

(2.6)
do:di?) 2.7)

so that k, and k, effectively correspond to a Cartesian coordinate system for the polar coordinates «, 0
with 6 = jrdt.The orientation of the parallel transport frame includes the arbitrary choice of integration
constant g, , which disappears from z (and hence the Frenet frame) due to the differentiation.

3. GENERALIZED QUATERNION FRAMES

Definition 3.1. The set H, , ={q=a,1+aji+a,j+ak:a,,a,a,,a,a, fcll} isa vector space over R
having basis {1,i, j,k} with the following properties:

i2=—a, ?=-p, K*=—af

ij=—ji=k
jk=—kj =i
ki=—ik=aj

Every element of the set H_, is called a generalized quaternion [9].

Definition 3.2. A generalized quaternion frame is defined as a unit-lenght generalized quaternion
g=a,l+aji+a,j+ak
and is characterized by the following properties:

Two generalized quaternions g and p obey the following multiplication rule,
qp = (aobo —aab - fab, _aﬂa3b3)+(aob1 +a,by, + Bah, _/Ba3bz)i
+(agh, +a,b, + aasb —cab,) j+(agh, +a;b, +ab, —ab k. (3.1)
The conjugate of q is defined as
g=al-ai-a,j-ak.

A unit-length generalized quaternion's norm is defined as:
N, =qq=0q=2a," +aa’+fa,” +afa’ =1.
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Every possible rotation R (a 3%3 special generalized orthogonal matrix) can be constructed from either of
two related generalized quaternions, q=a,1+aji+a,j+ak or —q=-a,1-ai-a,j—ak , using the
transformation law:

q -W-a =R-w

_ 3
j=1
where w =v,i+V, j+V,K is a generalized pure quaternion. We compute R; directly from (3.1)

a,” +aa’ - fa,’ —apa;’ 28,8, —2fa,a, 2faya, + 20583,
R=| 2083, +20a8, &’ -ca’+fa’-afa’  2af8,3,-2083
2088, — 28,8, 2a,a, +2a,a, a," —aa’ - fa,’ +apa;’

All rows of this matrix expressed in this form are orthogonal but not orthonormal. Dividing first, second
and last column by «, f and af, respectively we get

1 2 ]

—a,’ +a’ —ﬁaf - pa;’ 2a,a, — 2a,a, —a,3, +2a,a,

(04 (04 a

, 1 2
R = 2aa,a, +20a,a, Eaﬂz —%af +a,” —aa 2a,a, —ana1
2 2 1 1 1
2a,8, ——aya, —a,3, +2a,a, —a,’-—a’-—a’+a

L a yij afp B a | (3.2)

All rows of this rotation matrix expressed in this form are orthonormal and create a roof. The quadratic
form (3.2) for a general orthonormal frame coincides with Frenet and parallel transport frames.

Special cases:
(i) For o = g =1, the generalized quaternion algebra H_, coincides with the real quaternion algebra

H . In this case the rotation matrix R’ becomes

a, +a’-a,’—a,  2aa,—2a., 2a,a, +2a,a,
R'=| 2aa,+2caa, a’-a’+a’-a° 28,8223
2a,a, — 23,3, 2a,3, +22,8, @, —a’-a, +a,

These matrices form the three-dimensional special orthogonal group SO(3). Since the matrix R’ can be
obtained by the unit quaternions g and ¢’, there are two unit quaternions for every rotation in Euclidean

space [1°.

(i) For a =1, g =-1, the generalized quaternion algebra H_, coincides with the split quaternion algebra
H'. In this case the rotation matrix R’ becomes

32



DPU Fen Bilimleri Enstitiisii Dergisi Generalized Quaternions Serret-Frenet and Bishop Frames
Say1 29, Aralik 2012
E. Ata, Y. Kemer, A. Atasoy

a, +a’+a, +a,’  2aa,—2a3, 22,2, + 22,3,
R'=| 2aa,+2caa, -a°+a’+a,’—-a’ 28,3 +2a,3
2a,a, — 28,3, 22,3, +28,8, -8, +a’°—a,’ +a,

These matrices form the three-dimensional special orthogonal group SO(1,2). Similarly the matrix R’ can
be obtained by the unit split quaternions q and -q, there are two unit timelike quaternions for every
rotation in Minkowski 3-space [ ,°.

The equations obtained as a result of this coincidence are quaternion valued linear equations. If we derive
the rows equation of (3.2) respectively, then we obtain following results;

1
Lo, o Lo, pa, s
B (24 (24 da1
aT=2 & a a 3 | ‘|=2[A]d]
1 1 %
-8 & —;ao a || da
—a,  a, a -a |03
— 1 a da,
dN =2|— -—a a, -« =2|B||q’
s g % aa | =2[B][d]
1 1 d
—8 —& a &, %
p P ] ] (3.3)
1 1
Eaz 8 —& & da0
= 1 1 da,
dB=2|-—a -— a =2(Cl||q’
5% % & & =2[C]d]
B da,
B 8 i 8 o2 8 ]
3.1. Generalized Quaternion Frenet Frame Equation:
The Frenet equations themselves must take the form
2[A][9']=T"=vkN (3.4)
2[B][q']:W:—VKf+Vr§ (3.5)
2[C][q’]=§=—wﬁ (36)
where
daO bO bl b2 b3 aO
q_ | da C & G G|&
q'|= = .
[ ] daZ dO dl 2 3 aZ
da3 eO el e2 e3 a3
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Therefore; with the help of (3.4),(3.5) and (3.6) we obtain the following equations:
byaya, +baa, +b,a,a; +b,a’ +Caa, +aa, +6,8," +C,a,a, +d,3a +d,a’ +d,aa,
1

2 _Vv 2 & 2 2
+d3a:1_33 +6,a, +€a,q +€,a,a, +€,a,a, —EK' an Eal +4a, aa,

2 2
_boaoas _blala3 - bzazaa _bzas +Cpaa, +€,a,a, +C,a, +C;a,8;

+dy3,8, + d,a’ +d,aa, + d;aa, _eoaoz —€3,8 —6,8,8, —€;8,3,
ﬂazz—ﬂafjﬂ{zaoaﬁZaiag)
2 \a

[21

3.7)

v (1 5, o

1 1. , 1 1 1, 1 1 1
Eboaoa1+zb131 +Ebza1a2+zb3a1a3+zcoao +zclaoa1+zcza0a2+zcsa133

+dya,a, +d,aa, +d,a,a, +d,a” +6,a,a, +€aa, +6,a,” +e,a,a,

V 2 \' 1 2 1 2 1 2 2
=——K(2a1a3——aoazj+—r(—ao -—a’-—a, +a3]
2 a 2 \ap g a (3.9)

1 1, , 1 1 1, 1 1 1
_Zboaoai _Ebla:l _ZbZalaZ _Eb3a1as _Ecoao _chaoal _Eczanaz _5033133

+d,a,a, +d,aa, +d,a,a, +d,a,’ +6,a,a, +€aa, +e,a,° +6e,a,a,

v (1 2 A _o 2 2}
=—17|=a’-—a’+a}’ —aa,
2\p B (3.10)

Finally, we get

VT v
CO:E;’ c, =0, C2:§K1 c, =0,
VK
d0= y dlz—az, d2 =O, d3= o,
VK VT
eo :Eg, el=0, 62 :—E;, 63 :O.
Therefore, the generalized quaternion Frenet frame equation:
[0 —ta 0 —«p]
da, I 0 «x 0 |[a
Al da | v 3
[q']= dal=3lo -5 o .
a| 2 3 o e,
day &
K 9 _T )
LB a ]
Special case:
Q) For « = 8 =1we get the real quaternion Frenet frame equation
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da, 0 - 0 —«|la
- lda | viz 0 x O0|a
9] da, 200 « 0 ¢ a,
da, x 0 -z 0]la
for quaternion algebra H .
(i) For ¢ =1, B =-1we get the split quaternion Frenet frame equation
da, 0 -« 0 —x|a
L lda| vz 0 x 0| a
[a7]= da, 210 x 0 = a,
da, -« 0 - 0]la
with the split quaternion algebra H'.
3.2 Parallel-Transport Generalized Quaternion Frame Equation

Similarly, it can be easily shown that a parallel transport frame system with (Wl(t),f(t),ﬁz(t)) (in that

order) corresponded to columns of equation (3.2) is completely equivalent to the following parallel-

transport generalized quaternion frame equation:
2[B][a']=T" =k N, +Vk, N,
2[A][a]=N,’

2[C][a']= N, = -vk,T

! (3.11)
=~viT (3.12)

(3.13)
where

daO bO bl b2 b3 aO
[q]= da, _|% & & G |a
da, d, d, d, d;l|la,
da, €& & & & &
Therefore; with the help of (3.11),(3.12) and (3.13) we obtain the following equations:
-b,a,a, —ba,a, —b,a,a, —ba’ +c,a,a, +caa, +¢,a,° +¢,a,a,

+d,8,a, +d,a” +d,a,a, +d,aa, —6,a," —€,2,3, —€,3,3, —€,3,3,

-2k (3%2 var-Lay —ﬂafjﬂkz [anaz +2a1a3)
a a 2 a

H
o O

(3.14)

lbaa1+lblaf+lb aa Ly aa Lo a02+lcaoa1+£caa L a,a,
ﬁOO ﬂ ﬂZ 2 ﬁS 3 ﬂO ﬂl ﬁZOZ ﬂ3

2 2
+d,a,8, +d,a 8, +d,a,a, +d,a," +e,a,a, +ea,a, +€,a,” +€,a,a,

:Xkl(zalaS _anazj""xkz (iaoz _iaiz _iaz2 +a32)
2 a 2 \ap p a (3.15)
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b,a,a, +baa, +b,a,a, +ba,’ +c,a,a, +¢,aa, +¢,a,° +c,a,a, +dya,a +d,a’+d,aa,

d 2 -V 1 ., a_, 2 .2
0,88, + 88, +€8,8 +8,8,8, +€,8,8 = o ﬂao ﬂa:l +ta, —ag

(3.16)
1 1 1 1 1 1 1 1
_Eboaoai _Eblaiz _Ebzaiaz _EbSalaS _Ecoao2 _Eclaoa:l —— G838, ——C,8,8;
+dya,a, +d,aa, +d,aa, +d,a,’ +e,aa, +€aa, +e,a,° +6,a,a,
= _%kz {iaoz _Zaiz +a22 _aa'sz]
s B (3.17)
Finally, we get
v v
bo:Ov blz_EkZ' b2=0, b3=5 B,
v Kk, vk pg
C - =V, — T T :0!
0 2 a Cl 2 2 a 3
v
d, =0, d, =—k, d, =0, d, =—k,,
v K, v k
g, =———, =0, e, =———=%, e, =0.
0 2 a 1 2 2 a 3
Therefore, the generalized quaternion parallel-transport frame equation:
I 0 _kz 0 klﬂ_
Bl kg kB %
[q'] — dai :X o o a:l.
da,| 2| 0 k0 k, [|a&]
da,| | ko, k4 la
L « a J
Special case:
M For a = f# =1we get the real quaternion parallel-transport frame equation
da, 0 -k, 0 k|a
[q]- da, v k, 0 -k O0]la
W, 720 kK 0 k|a|
da, -k 0 -k, 0]la
for quaternion algebra H .

(i) For a =1, f#=-1we get the split quaternion Frenet frame equation
dao 0 _kz 0 _k1 2
(q]- da, v k, 0 k 0 |a&a
da, | 2| 0 k 0 k, ||a,
da, -k 0 -k, 0 |la

with the split quaternion algebra H'.

36



DPU Fen Bilimleri Enstitiisii Dergisi Generalized Quaternions Serret-Frenet and Bishop Frames
Say1 29, Aralik 2012

E. Ata, Y. Kemer, A. Atasoy

3.3.

Conclusion

While the rotations can be expressed by using the Euler angles, the rotations between the geodesic curves
in the unit (split) quaternion space can not be obtained by the Euler angles. In addition, it is necessary to
solve a nine-component equation for a rotation or a translation made by using the Euler angles. Whereas,
instead of this, it can be made by a unit (split) quaternion.
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