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1. Introduction  

We show 𝑤 display the set of all sequences 𝑥 = (𝑥𝑘), and 𝑐0, ℓ∞ and 𝑐, the linear spaces of null, 

bounded and convergent sequences with real terms, respectively, normed by ‖𝑥‖∞ = sup
𝑘

|𝑥𝑘|. In all this 

study we use 𝑋 instead of 𝑐0, ℓ∞ and 𝑐. The difference in sequence spaces 

 

𝑋(∆) = {𝑥 = (𝑥𝑘): ∆𝑥 ∈ 𝑋} 

 

first defined by Kızmaz [1]. Et and Çolak [2] generalized this. 

Later, Et and Esi [3] widened the difference sequence spaces to the sequence spaces 

𝑋(∆𝑣
𝑚) = {𝑥 = (𝑥𝑘): (∆𝑣

𝑚𝑥𝑛) ∈ 𝑋} 

where 𝑣 = (𝑣𝑛) be any fixed sequence of non-zero complex numbers and such that 

(∆𝑣
𝑚𝑥𝑛) = (∆𝑣

𝑚−1𝑥𝑛 − ∆𝑣
𝑚−1𝑥𝑛+1), ∆𝑣

𝑚𝑥𝑛 = ∑ (−1)𝑖 (
𝑚
𝑖

)𝑚
𝑖=0 𝑣𝑛+𝑖𝑥𝑛+𝑖 . 

Bektaş, Et and Çolak [4] defined the sequence spaces ∆𝑣
𝑚(𝑋) for 𝑋 = ℓ∞, 𝑐 and 𝑐0, and worked 

out 𝛽 - and 𝛾 - duals of the these. 

 

Definition 1.1. Let 𝑋 be a sequence space. 

𝑋𝛼 = {𝑎 ∈ 𝑤: ∑|𝑎𝑛𝑥𝑛| < ∞

∞

𝑛=1

, for all 𝑥 ∈ 𝑋 } 

𝑋𝛽 = {𝑎 ∈ 𝑤: ∑ 𝑎𝑛𝑥𝑛  converges

∞

𝑛=1

, for all 𝑥 ∈ 𝑋 } 

𝑋𝛾 = {𝑎 ∈ 𝑤: sup
𝑘

|∑ 𝑎𝑛𝑥𝑛

𝑘

𝑛=1

| < ∞, for all 𝑥 ∈ 𝑋 }, 

are called 𝛼-, 𝛽-, 𝛾- dual spaces of 𝑋, respectively. ∅ ⊂ 𝑋𝛼 ⊂ 𝑋𝛽 ⊂ 𝑋𝛾 is shown. Since 𝑋 ⊂ 𝑌, 𝑌𝜂 ⊂ 𝑋𝜂 

for 𝜂 = 𝛼, 𝛽, 𝛾. We have 𝑋𝛼𝛼 = (𝑋𝛼)𝛼. 

Et and Başarır [5] defined the sequence spaces 

∆𝑚(𝑋) = {𝑥 = (𝑥𝑛): ∆𝑚𝑥 ∈ 𝑋(𝑝)} 

https://dergipark.org.tr/mejs
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for 𝑚 ∈ ℕ, where 𝑋 = ℓ∞, 𝑐 or 𝑐0. 

Let 𝑈 be the set of all sequences 𝑢 = (𝑢𝑛) such that 𝑢𝑛 ≠ 0 and complex for all 𝑛 = 1,2, … . 

Throughout the paper we write 𝑤𝑛 = 1/|𝑢𝑛|. 

Malkowsky [6] defined the sequence spaces  

𝑋(𝑢, ∆) = {𝑥 ∈ 𝑤: (𝑢𝑛(𝑥𝑛 − 𝑥𝑛+1))
𝑛=1

∞
∈ 𝑋} 

where 𝑢 ∈ 𝑈 and 𝑋 = ℓ∞, 𝑐 or 𝑐0. 

 

After Asma and Çolak [7] defined the sequence spaces  
𝑋(𝑢, ∆, 𝑝) = {𝑥 ∈ 𝑤: (𝑢𝑛∆𝑥𝑛)𝑛=1

∞ ∈ 𝑋(𝑝)} 
where 𝑢 ∈ 𝑈 and 𝑋 = ℓ∞, 𝑐 or 𝑐0. 

 

Recently Bektaş, A. [8] defined the sequence spaces  
𝑋(𝑢, ∆2, 𝑝) = {𝑥 ∈ 𝑤: (𝑢𝑛∆2𝑥𝑛)𝑛=1

∞ ∈ 𝑋(𝑝)} 
where ∆2𝑥 = (∆2𝑥𝑛)𝑛=1

∞ = (∆𝑥𝑛 − ∆𝑥𝑛+1)𝑛=1
∞ . 

Many studies have been carried out on dual and Köthe-Toeplitz dual etc. ([9], [10]). 

2. Main Results 

Let us consider 𝑝 = (𝑝𝑛) as a sequence of strictly positive real numbers thought this study. 

We define the sequence spaces as follows: 

𝓵∞(𝒖, ∆𝒗
𝒎)𝒑 = {𝒙 ∈ 𝒘: (𝒖𝒏∆𝒗

𝒎𝒙𝒏) ∈ 𝓵∞(𝒑)}, 

                𝒄(𝒖, ∆𝒗
𝒎)𝒑 = {𝒙 ∈ 𝒘: (𝒖𝒏∆𝒗

𝒎𝒙𝒏) ∈ 𝒄(𝒑)},  

              𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑 = {𝒙 ∈ 𝒘: (𝒖𝒏∆𝒗

𝒎𝒙𝒏) ∈ 𝒄𝟎(𝒑)} 

for 𝒑 = (𝒑𝒏), 𝒎 ∈ ℕ and 𝒖 ∈ 𝑼. 

Theorem 2.1. 𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑, 𝒄(𝒖, ∆𝒗

𝒎)𝒑 and 𝓵∞(𝒖, ∆𝒗
𝒎)𝒑 are linear spaces. 

Theorem 2.2. Let 𝒑 = (𝒑𝒏) be bounded and 𝑴 = 𝒎𝒂𝒙(𝟏, 𝑯 = 𝒔𝒖𝒑𝒏𝒑𝒏). Then 𝓵∞(𝒖, ∆𝒗
𝒎)𝒑 and 

𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑 are linear topological spaces by 𝒈, defined by 

𝒈(𝒙) = 𝐬𝐮𝐩
𝒏

|𝒖𝒏∆𝒗
𝒎𝒙𝒏|𝒑𝒏/𝑴. 

Furthermore 𝒄(𝒖, ∆𝒗
𝒎)𝒑 is paranormed by 𝒈 if 𝒊𝒏𝒇𝒏𝒑𝒏 > 𝟎. 

Theorem 2.3. For every 𝒑 = (𝒑𝒏), 

           (𝐢) [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
= 𝑫𝜶(𝒖, 𝒑) = ⋂ {𝒂 ∈ 𝒘: ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

< ∞}

∞

𝑺=𝟐

, 

 (𝐢𝐢) [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶𝜶
= 𝑫𝜶𝜶(𝒖, 𝒑) = ⋃ {𝒂 ∈ 𝒘: 𝒔𝒖𝒑

𝒏≥𝒎+𝟏
|𝒂𝒏||𝒗𝒏| [ ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

]

−𝟏

< ∞}

∞

𝑺=𝟐

. 

Proof. (i) Let 𝒙 ∈ 𝓵∞(𝒖, ∆𝒗
𝒎)𝒑 and 𝒂 ∈ 𝑫𝜶(𝒖, 𝒑). We choose 𝑺 > 𝒎𝒂𝒙{𝟏, 𝒔𝒖𝒑𝒌|𝒖𝒌∆𝒗

𝒎𝒙𝒌|𝒑𝒌}. 

Since 

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

> ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒎

𝒊=𝟏

 

for arbitrary 𝑺 > 𝟏 (𝒏 = 𝟐𝒎, 𝟐𝒎 + 𝟏, . . . ) and |𝒖𝒊∆𝒗
𝒎−𝒊𝒙𝒊| ≤ 𝑴 (𝟏 ≤ 𝒊 ≤ 𝒎) for some constant 𝑴, 𝒂 ∈

𝑫𝜶(𝒖, 𝒑) implies 

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎−𝒊𝒙𝒊|

𝒎

𝒊=𝟏

< ∞. 
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Since, 

𝒙𝒏 = |𝒗𝒏|−𝟏 (| ∑ (−𝟏)𝒎 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎𝒙𝒊 +

𝒏−𝒎

𝒊=𝟏

∑(−𝟏)𝒎−𝒊 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎−𝒊𝒙𝒊

𝒎

𝒊=𝟏

|), 

we can write 

∑|𝒂𝒏𝒙𝒏|

∞

𝒏=𝟏

= ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

(| ∑ (−𝟏)𝒎 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎𝒙𝒊 +

𝒏−𝒎

𝒊=𝟏

∑(−𝟏)𝒎−𝒊 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎−𝒊𝒙𝒊

𝒎

𝒊=𝟏

|) 

  ≤ ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎𝒙𝒊| +

𝒏−𝒎

𝒊=𝟏

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎−𝒊𝒙𝒊|

𝒎

𝒊=𝟏

 

  ≤ ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊 +

𝒏−𝒎

𝒊=𝟏

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎−𝒊𝒙𝒊|

𝒎

𝒊=𝟏

 

< ∞. 

Therefore 𝒂 ∈ [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
. 

Conversely, let 𝒂 ∉ 𝑫𝜶(𝒖, 𝒑). Then for some integer 𝑺 > 𝟏, we have 

  

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

= ∞. 

If we define the sequence 𝒙 = (𝒙𝒏) by 

𝒙𝒏 = 𝒗𝒏
−𝟏 ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

            (𝐧 = 𝐦 + 𝟏, 𝐦 + 𝟐, . . . ), 

then we obtain that 𝒙 ∈ 𝓵∞(𝒖, ∆𝒗
𝒎)𝒑 and ∑ |𝒂𝒏𝒙𝒏|𝒏 = ∞. So 𝒂 ∉ [𝓵∞(𝒖, ∆𝒗

𝒎)𝒑]
𝜶
. 

(ii) Let 𝒂 ∈ 𝑫𝜶𝜶(𝒖, 𝒑) and 𝒙 ∈ [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
= 𝑫𝜶(𝒖, 𝒑), by part (i). Then for some 𝑺 > 𝟏, we 

can write  

∑|𝒂𝒏𝒙𝒏|

∞

𝒏=𝟏

= ∑ |𝒂𝒏||𝒗𝒏|

∞

𝒏=𝒎+𝟏

[ ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

]

−𝟏

|𝒙𝒏||𝒗𝒏|−𝟏 ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

 

                    ≤ 𝐬𝐮𝐩
𝒏≥𝒎+𝟏

{|𝒂𝒏||𝒗𝒏| [ ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

]

−𝟏

} ∙ ∑ |𝒙𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝒎+𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

. 

Hence ∑ |𝒂𝒏𝒙𝒏|∞
𝒏=𝟏 < ∞, i.e., 𝒂 ∈ [𝓵∞(𝒖, ∆𝒗

𝒎)𝒑]
𝜶𝜶

. 

    Conversely, let 𝒂 ∈ [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶𝜶
, but 𝒂 ∉ 𝑫𝜶𝜶(𝒖, 𝒑). Hence for all integers 𝑺 > 𝟏, we can 

write 

𝐬𝐮𝐩
𝒏≥𝒎+𝟏

|𝒂𝒏||𝒗𝒏| [ ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

]

−𝟏

= ∞. 

We recall that ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝒚𝒊

𝒏−𝒎
𝒊=𝟏 = 𝟎  (𝐧 < 𝐦 + 𝟏)   for optionally 𝒚𝒊. Therefore, there is a strictly 

increasing sequence (𝒏(𝒔)) of integers 𝒏(𝒔) ≥ 𝒎 + 𝟏 such that 

|𝒂𝒏(𝒔)||𝒗𝒏(𝒔)| [ ∑ (
𝒏(𝒔) − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏(𝒔)−𝒎

𝒊=𝟏

]

−𝟏

> 𝒔𝒎+𝟏  (𝒔 = 𝒎 + 𝟏, 𝒎 + 𝟐, … ). 

We define the sequence 𝒙 = (𝒙𝒏)  with 
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𝒙𝒏 = { |𝒂𝒏(𝒔)|
−𝟏

 , 𝒏 = 𝒏(𝒔)                                                 

    𝟎            , 𝒏 ≠ 𝒏(𝒔)   (𝒏 = 𝒎 + 𝟏, 𝒎 + 𝟏, … ).  
    

Then for all integers 𝑺 > 𝒎 + 𝟏, we can write 

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

≤ ∑ |𝒂𝒏(𝒔)|
−𝟏

|𝒗𝒏(𝒔)|
−𝟏

∞

𝒔=𝒎+𝟏

∑ (𝒏(𝒔) − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏(𝒔)−𝒎

𝒊=𝟏

 

                                         ≤ ∑ |𝒂𝒏(𝒔)|
−𝟏

|𝒗𝒏(𝒔)|
−𝟏

𝑺−𝟏

𝒔=𝒎+𝟏

∑ (𝒏(𝒔) − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏(𝒔)−𝒎

𝒊=𝟏

 

                                                                                + ∑|𝒂𝒏(𝒔)|
−𝟏

|𝒗𝒏(𝒔)|
−𝟏

∞

𝒔=𝑺

∑ (𝒏(𝒔) − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏(𝒔)−𝒎

𝒊=𝟏

. 

Hence 𝒙 ∈ [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
 and ∑ |𝒂𝒏𝒙𝒏|∞

𝒏=𝟏 = ∑ 𝟏∞
𝑺=𝟏 = ∞. Thus 𝒂 ∉ [𝓵∞(𝒖, ∆𝒗

𝒎)𝒑]
𝜶𝜶

. 

 

Theorem 2.4. For every 𝒑 = (𝒑𝒏) and 𝒖 ∈ 𝑼, 

            (𝐢) [𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
= 𝑴𝜶(𝒖, 𝒑) = ⋃ {𝒂 ∈ 𝒘: ∑|𝒂𝒏|𝒗𝒏

−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺−𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

< ∞}

∞

𝑺=𝟐

, 

(𝐢𝐢) [𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑]

𝜶𝜶
= 𝑴𝜶𝜶(𝒖, 𝒑) = ⋂ {𝒂 ∈ 𝒘: 𝒔𝒖𝒑

𝒏≥𝒎+𝟏
|𝒂𝒏| [ ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝑺−𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

]

−𝟏

< ∞}

∞

𝑺=𝟐

. 

Proof. (i) Let 𝒙 ∈ 𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑 and 𝒂 ∈ 𝑴𝜶(𝒖, 𝒑). Then there is an integer 𝑺 > 𝟏 such that 

|𝒖𝒏∆𝒗
𝒎𝒙𝒏|𝒑𝒏 ≤ 𝑺−𝟏. Since  

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺−𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

> ∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺−𝟏/𝒑𝒊  𝒘𝒊

𝒎

𝒊=𝟏

 

𝒂 ∈ 𝑴𝜶(𝒖, 𝒑) implies 

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎−𝒊𝒙𝒊|

𝒎

𝒊=𝟏

< ∞. 

Then 

∑|𝒂𝒏𝒙𝒏|

∞

𝒏=𝟏

= ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

(| ∑ (−𝟏)𝒎 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎𝒙𝒊 +

𝒏−𝒎

𝒊=𝟏

∑(−𝟏)𝒎−𝒊 (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) ∆𝒗

𝒎−𝒊𝒙𝒊

𝒎

𝒊=𝟏

|) 

                    ≤ ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺−𝟏/𝒑𝒊  𝒘𝒊 +

𝒏−𝒎

𝒊=𝟏

∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) |∆𝒗

𝒎−𝒊𝒙𝒊|

𝒎

𝒊=𝟏

 

                    < ∞. 

Hence 𝒂 ∈ [𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
. 

Conversely, let 𝒂 ∉ 𝑴𝜶(𝒖, 𝒑). Hence we can define a strictly increasing sequence (𝒏(𝒔)) of 

integers such that 

𝑴𝜶(𝒖, 𝒑) = ∑ |𝒂𝒏||𝒗𝒏|−𝟏

𝒏(𝒔+𝟏)−𝟏

𝒏=𝒏(𝒔)

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) (𝒔 + 𝟏)−𝟏/𝒑𝒊  𝒘𝒊 > 𝟏   (𝒔 = 𝟏, 𝟐, … )

𝒏−𝒎

𝒊=𝟏

 

where 𝒏(𝟏) = 𝟏. 

We define sequence 𝒙 = (𝒙𝒏) such that 
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𝒙𝒏 = 𝒗𝒏
−𝟏 ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) (𝒔 + 𝟏)−𝟏/𝒑𝒊  𝒘𝒊.

𝒏−𝒎

𝒊=𝟏

 

Then |𝒖𝒏∆𝒗
𝒎𝒙𝒏|𝒑𝒏 =

𝟏

𝒔+𝟏
(𝒏(𝒔) ≤ 𝒏 ≤ 𝒏(𝒔 + 𝟏) − 𝟏; 𝒔 = 𝟏, 𝟐, … ). Hence  

∑|𝒂𝒏𝒙𝒏|

∞

𝒏=𝟏

= ∑|𝒂𝒏||𝒗𝒏|−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) (𝒔 + 𝟏)−𝟏/𝒑𝒊  𝒘𝒊 > 𝟏

𝒏−𝒎

𝒊=𝟏

 

and 𝒙 ∈ 𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑. Hence 𝒂 ∉ [𝒄𝟎(𝒖, ∆𝒗

𝒎)𝒑]
𝜶
. This is a contradiction. Therefore 𝒂 ∈ 𝑴𝜶(𝒖, 𝒑). 

(ii) Proof is smilar to [11]. 

 

Theorem 2.5. For every 𝒑 = (𝒑𝒏), 

[𝒄(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
= 𝐃𝒗

𝒎(𝒑) 

where 

𝐃𝒗
𝒎(𝒑) = 𝑴𝜶(𝒖, 𝒑) ∩ {𝒂 ∈ 𝒘: ∑|𝒂𝒏||𝒗𝒏

−𝟏|

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝒘𝒊 < ∞

𝒏−𝒎

𝒊=𝟏

}. 

Proof. Let 𝒂 ∈ 𝐃𝒗
𝒎(𝒑) and 𝒙 ∈ 𝒄(𝒖, ∆𝒗

𝒎)𝒑. Then there is a complex number 𝝀 such that |𝒖𝒏∆𝒗
𝒎𝒙𝒏 − 𝝀|𝒑𝒏 →

𝟎 (𝒏 → ∞). We define 𝒚 = (𝒚𝒏) with 

𝒚𝒏 = 𝒙𝒏 + 𝝀 𝒗𝒏
−𝟏 ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝒖𝒊
−𝟏.

𝒏−𝒎

𝒊=𝟏

 

 

Then 𝒚 ∈ 𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑 and  

∑|𝒂𝒏𝒙𝒏|

∞

𝒏=𝟏

= ∑|𝒂𝒏| |𝒚𝒏 − 𝝀 𝒗𝒏
−𝟏 ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝒖𝒊
−𝟏 

𝒏−𝒎

𝒊=𝟏

|

∞

𝒏=𝟏

 

                     ≤ ∑|𝒂𝒏||𝒚𝒏|

∞

𝒏=𝟏

+ |𝝀| ∑|𝒂𝒏||𝒗𝒏
−𝟏|

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝒘𝒊

𝒏−𝒎

𝒊=𝟏

 

                     < ∞. 

Hence 𝒂 ∈ 𝐃𝒗
𝒎(𝒑). 

Now let 𝒂 ∈ [𝒄(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
. Since [𝒄(𝒖, ∆𝒗

𝒎)𝒑]
𝜶

⊂ [𝒄𝟎(𝒖, ∆𝒗
𝒎)𝒑]

𝜶
and [𝒄𝟎(𝒖, ∆𝒗

𝒎)𝒑]
𝜶

= 𝑴𝜶(𝒖, 𝒑) by  

Theorem 2.1 (i), then 𝒂 ∈ 𝑴𝜶(𝒖, 𝒑). If we put  

𝒙𝒏 = 𝒗𝒏
−𝟏 ∑ (

𝒏 − 𝒊 − 𝟏
𝒎 − 𝟏

) 𝒘𝒊,

𝒏−𝒎

𝒊=𝟏

 

then 𝒙 ∈ 𝒄(𝒖, ∆𝒗
𝒎)𝒑 and therefore 

∑|𝒂𝒏||𝒗𝒏
−𝟏|

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝒘𝒊 < ∞

𝒏−𝒎

𝒊=𝟏

. 

Thus 𝒂 ∈ 𝐃𝒗
𝒎(𝒑). 

 

Theorem 2.6. For every 𝒑 = (𝒑𝒏), 

(i) [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜷
= 𝐃𝒗

𝜷
(𝒑), 

(ii) [𝓵∞(𝒖, ∆𝒗
𝒎)𝒑]

𝜸
= 𝐃𝒗

𝜸(𝒑), 
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where 

𝐃𝒗
𝜷(𝒑) = ⋂ {𝒂 ∈ 𝒘: ∑ 𝒂𝒏𝒗𝒏

−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

 𝐜𝐨𝐧𝐯𝐞𝐫𝐠𝐞𝐬 𝐚𝐧𝐝 

∞

𝑺=𝟐

 

   ∑|𝑹𝒏|

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟐
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎+𝟏

𝒊=𝟏

< ∞}, 

                                            

𝐃𝒗
𝜸(𝒑) = ⋂ {𝒂 ∈ 𝒘: 𝐬𝐮𝐩

𝒏
|∑ 𝒂𝒏𝒗𝒏

−𝟏

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟏
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎

𝒊=𝟏

| 

∞

𝑺=𝟐

< ∞,  

                                                         ∑|𝑹𝒏|

∞

𝒏=𝟏

∑ (
𝒏 − 𝒊 − 𝟏

𝒎 − 𝟐
) 𝑺𝟏/𝒑𝒊  𝒘𝒊

𝒏−𝒎+𝟏

𝒊=𝟏

< ∞}, 

and 𝑹𝒏 = ∑ 𝒗𝒊
−𝟏𝒂𝒊

∞
𝒊=𝒏+𝟏    (𝒏 = 𝟏, 𝟐, … ). 

Proof. Proof is smilar to [11]. So we omitted it. 

3. Conclusion 

Numerous branches of mathematics use the theory of sequence space, such as the structural theory 

of topological vector spaces, summability theory, and function space theory. However, the convergence 

issues that arise from the subject place it under analysis rather than algebra. 

Given that sequence convergence is a crucial concept in the foundational theory of mathematics, 

numerous convergence notions arise in areas such as summability theory, classical measure theory, 

approximation theory, and probability theory, with discussions focusing on the relationships between 

them. 

Researchers in this field may explore the topological and geometric characteristics of these 

sequence spaces. 
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