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1. Introduction

We show w display the set of all sequences x = (x;), and ¢,, £, and c, the linear spaces of null,
bounded and convergent sequences with real terms, respectively, normed by ||x||. = sup|x,|. In all this
k

study we use X instead of c,, £, and c. The difference in sequence spaces
X(A) = {x = (x): Ax € X}

first defined by Kizmaz [1]. Et and Colak [2] generalized this.
Later, Et and Esi [3] widened the difference sequence spaces to the sequence spaces
X(A7) = {x = (xx): (A7'xy) € X}
where v = (v,,) be any fixed sequence of non-zero complex numbers and such that
(A7) = (A7, — AP 20), A = X0 (~ D () Vnsitnss:
Bektas, Et and Colak [4] defined the sequence spaces AT (X) for X = £, ¢ and ¢, and worked
out § - and y - duals of the these.

Definition 1.1. Let X be a sequence space.

X® = aEW:Zlanxnl < oo,forallx € X

n=1

X =laew: Z a,x, converges, for all x € X}

n=1
k

n=1
are called a-, 8-, y- dual spaces of X, respectively.  c X* c X# c XV is shown. Since X c Y, Y7 c X"
forn = a, B, y. We have X%* = (X)),

Et and Basarir [5] defined the sequence spaces
A™(X) = {x = (x,):A™x € X(p)}

XY ={a € w:sup
K

<00,foralleX},
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form € N, where X = £, ¢ Of ¢,.

Let U be the set of all sequences u = (u,,) such that u, = 0 and complex for all n =1,2,....
Throughout the paper we write w,, = 1/|u,,|.

Malkowsky [6] defined the sequence spaces

X(u,A) = {x € w: (U, (xn — xnﬂ)):):1 € X}
whereu € Uand X = £, ¢ Of c,.

After Asma and Colak [7] defined the sequence spaces
X(w,A,p) = {x € w: (upAxy)y=, € X(p)}
whereu € Uand X = £, c O ¢,.

Recently Bektas, A. [8] defined the sequence spaces
X(u,4%,p) = {x € w: (u,A%x,)7; € X(p)}
where A%2x = (A%x,)5; = (Axy, — Axpi) ;.
Many studies have been carried out on dual and Kéthe-Toeplitz dual etc. ([9], [10]).

2. Main Results
Let us consider p = (p,,) as a sequence of strictly positive real numbers thought this study.
We define the sequence spaces as follows:
200 (1, A1), = {x € w: (W, Ax,) € €0 (D)),
c(u, A7), = {x € w: (UpA7'x,) € c(P))},
co(u, 07", = {x € w: (UpAy'x,) € €o(P)}
forp = (p,), meNandu € U.
Theorem 2.1. ¢o(u, A7), c(u, A7), and €., (u, A7), are linear spaces.

Theorem 2.2. Let p = (p,) be bounded and M = max(1, H = sup,p,). Then £,,(u,A}"), and
co(u, A7), are linear topological spaces by g, defined by

g(x) = sup|u,A7'x, [Pr/M.
n

Furthermore c(u, A7"),, is paranormed by g if inf,p, > 0.

Theorem 2.3. For every p = (p,),

oo [ee) n-m

: my 1% — - . -1 n—i—-1Neyp

(D) [0 (2,3, —Da(u,p)—ﬂ{aew.zlmnnvnl Z( s w,<oo],
§=2 n= i=

[oe]

n-m
. m aa _ . n—-i—1 1/pi w.
(i) [ (u, 83, = Dea(u,p) = U{ae w.nglgl|an||vn||z (") s rw,

5§=2 i=1

-1
. m}.

Proof. (i) Let x € £, (u,A}"), and a € D, (u,p). We choose S > max{1, sup;|u, A7 x; [Pk}

Since
n-m ) m )
2. (3w ) (7, 1) s

for arbitrary § > 1 (n = 2m,2m + 1,...) and |w; A7 'x;| < M (1 < i < m) for some constant M, a €
D, (u,p) implies

[ee] m

- n—-i—-1 -
Dlanllval™ Y ("7 ) janing] < co.
n=1 i=1
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Since,
n-m m
— -1 _ mn_i_1 m,.. _1\m-i n—i—1 m—i,.
= v (Z( o (" ey omi (- Y xl>,
i=1 i=1
we can write
[ee] [ee] n-m
_ n—i— —-i—1 —i
D lagtal = ) lag| v, 1(2(—1)’”( 3 Amxl+2( prei(tot ’x.—D
n=1 n=1 i=1 i=1

m

Z|an||vn| 12( |A’"x|+2|an||vn| DN [
i=1
m

[oe]

Zlannm lz( LD we Y Janlival )y (Y [anix

n=1 i=1
< oo,
Therefore a € [£,,(u,AM),]".

Conversely, let a ¢ D, (u,p). Then for some integer § > 1, we have

Z|an||vn| 12( S s = o

If we define the sequence x = (x;,) by

n-m

x, _vnlz(nn_ll__ll)sl/mwi (m=m+1m+2..),
i=1

then we obtain that x € £,,(u,A™), and ¥,|a,x,| = ©. S0 a & [£,,(u,Am),]".

(i) Let @ € Doy (u,p) and x € [£.,(u,A7),]" = D, (u,p), by part (i). Then for some § > 1, we
can write

-1 n-m

—i-1 )
Zlanxnl— Z Ianllvnl[z i sl/l’twl] Fallval (" ) sV
n=m+1 i=1
n-m
n—i—1\ c1p Z 12 —i-1\qy
< Pi w. Pi
—,,Z?,‘}L{'“"”""'[;( s wll } D, il -t

[} H aa
Hence ¥ qla,x,| < o, i.e., a € [€,,(u,A),] .

Conversely, leta € [£.,(u, A,,’")p]““, but a ¢ D, (u,p). Hence for all integers § > 1, we can
write
-1
sl/pl l = o0,

nm

sup |a,||v,|

n2m+1 m— 1

i=1

We recall that 7= (nn_l ‘__1 1) yi=0 (n<m+ 1) foroptionally y;. Therefore, there is a strictly
increasing sequence (n(s)) of integersn(s) = m + 1 such that

n(s)-m -1

|@ncs) || Vncs)| Z n(s)—l )S””iwi

We define the sequence x = (x,) with

>s™l (s=m+1m+2..).
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-1
xn={lan@| ,n=n(s)
0 ,nEn(s) m=m+1m+1,..).

Then for all integers § > m + 1, we can write

n(s)-m

® n-m
Zlan”vnl_l Z (nr:l l__l Sl/pl w; < Z |a"($)|_1|vn(5)|_1 Z (n(-s;zl__ll— 1) Sl/pi w;
n=1 i=1 s=m+1

n(s)-m
Z |an(s)|_1|vn(s)|_1 Z (n(s;z[__ll_ 1) sl/pi w;
s=m+1

n(s)

+Z|an(s)| |vn(s)| Z (n(s;zl_—il_ 1) S1/pi

i=1

Hence x € [£.,(w, A1),]" and Ty lan x| = Y321 1 = 0. Thus a & [€,,(u,A™),]™.

Theorem 2.4. For every p = (p,) andu € U,

) [co(u,Av’")p]a =M,(up) = U{a Ew: Zlanlv Z S Uriw, < oo},

§=2 n=1 i=1
-1

[oe]

n-m
(i) [eo (80,1 = Mou(up) = [|{a € w: sup |a,| [Z (r-io ) s wl-] <o,
i=1

n2m+1
§=2

Proof. (i) Let x € co(u, A7), and a € M, (u, p). Then there is an integer S > 1 such that
|lu,A™x, [P < $~1. Since

n-m m

Z =1\ g1/p w; > Z (n"_l 1__11) S~ Upi

i=1 i=1

a € M, (u,p) implies

[ee) m

- n—-i—-1 —i
Dlanlivl Y (" ) janing] < oo
n=1 i=1

Then

Zm Xl = Z|an||vn| 1(

Z( 1)m m— 1 Am’”z( ™ mil)Aml

i=

)

n-m m
s2|an||vn| lz ("t s w, +Z|an||v,.| lzl(”nj‘_l ) lazix|
n=1 i=1 =

_8

Hence a € [co(u,A,,m)p]“.

Conversely, leta ¢ M, (u,p). Hence we can define a strictly increasing sequence (n(s)) of
integers such that

n(s+1)-1 n-m
— n—i
M,(up) = Z |an||vnl 12( 1 )(s+1) Vi, >1 (s=1,2,..)
n=n(s) i=1

where n(1) = 1.
We define sequence x = (x;,) such that
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Z (s+1) Ypiw,,
i=1
Then |u,Ax, |Pr = —(n(s) <n<n(s+1)-1;s=1,2,..). Hence

Z'“ xn|—2|an||vn|lz NP [CES VL S

and x € co(u, AT),. Hence a & [co(u,A7),]". This is a contradiction. Therefore a € M, (u, p).
(ii) Proof is smilar to [11].

Theorem 2.5. For every p = (p,),

[c(w,am),]" = DI*(p)
where

[ee] n-m
- n—i—1
DY(p) = Mq(w,p) N {a € w:zlmnuvm Z ("l Jwi< oo}.
n= i=

Proof. Let a € D}'(p) and x € c(u, A}"),,. Then there is a complex number 4 such that |u,A7x,, — A|Pr —
0 (n - o). We define y = (y,,) with

n-m

- n—i—1) _
yn:xn+lvnlz( 1 )u,-l.
i=

Then y € ¢o(u, A}, and

- —-i—1\_ _
Zlanxn|—2|an| —Avnlzl("m‘ L uit
Z|an||yn| + |A|Z|an||v-1| Z W,

< 0,

Hence a € D7 (p).
Now let a € [c(u, A,,"‘)p]a. Since [c(u, A,,’")p]a c [eo(n, A,,’")p]aand [co(u, A,,’")p]a = M,(u,p) by
Theorem 2.1 (i), then a € M, (u, p). If we put

n—

-1

m
_l_
=Vy Wi,
1

i=

then x € c(u, A", and therefore

(e n-m

- n—i—1
Dlaalivit] Y (" wi<oo
n=1 i=1

Thus a € DI*(p).

Theorem 2.6. For every p = (py,),
(i) [ (. 83, = DE ),
(ii) [£ (. A7), ]" = DY (),
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where

Df(p) = ﬂ {a Ew: ) a,v;! Z (nr; 1__11)51/1’1' w; converges and
s=2 n=1 i1

n-m+1

E 2 n—i—1) e,
1|R,n| ( m-—2 )S w; < ¢,
n=

i=1
© n-m
-1 n—i— 1) 1/pi
a,v ( SH/Piw;
Z non Z m-—1 :
n=1 i=1
n-m+1

E E n—i—1\gi/p
1|Rn| ( m—2 )S w; < ©,
n=

i=1

< 0o,

D' (p) = ﬂ {a € w:sup
§=2 "

andR, =¥, vila; (n=1,2,..).

Proof. Proof is smilar to [11]. So we omitted it.

3. Conclusion

Numerous branches of mathematics use the theory of sequence space, such as the structural theory
of topological vector spaces, summability theory, and function space theory. However, the convergence
issues that arise from the subject place it under analysis rather than algebra.

Given that sequence convergence is a crucial concept in the foundational theory of mathematics,
numerous convergence notions arise in areas such as summability theory, classical measure theory,
approximation theory, and probability theory, with discussions focusing on the relationships between
them.

Researchers in this field may explore the topological and geometric characteristics of these
sequence spaces.
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