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ABSTRACT. In the present paper with the aid of subordination, the authors introduce a new subclass of univalent
functions namely; starlike functions with respect to symmetric points linked with cardioid domain defined by S, :=

{f eS: f(f;f’f((i) <1+ze = p(z)}, where the function p(z) maps unit disk D := {z € C : |z| < 1} onto a cardioid
domain in the right half plane. We investigate the sharp upper bounds of some of the initial coefficients, Fekete-
Szegd functional and Hankel determinant involving initial coefficients of function f for the class S7’,. Further,
we determine some of the sharp bounds of logarithmic inverse coefficients, Hankel, Toeplitz, Hermitian-Toeplitz
determinant, Zalcman functional, Kruskal inequality as well as the lower and upper bounds for modulo difference
of second and the first logarithmic inverse coefficient for such family. Also we obtained some of our results are

sharp and respective extremal functions are mentioned.
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Keywords: Analytic function, subordination, Hankel, Toeplitz and Hermitian-Toeplitz determinants, modulo differ-
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1. INTRODUCTION AND MOTIVATION

Let A denote the class of functions f which are analytic in the open unit disk D := {z € C : |z] < 1} having
normalized by the conditions f(0) = 0 and f’(0) = 1. Then, the function f can admits Taylor-Maclaurin’s series
expansion of the form:

f@=z2+) am (eD). (L1)
n=2
The subclass of A that consists of analytic and univalent functions in the open unit disk D is denoted by S. In 1959,
Sakaguchi [29] introduced the class of starlike functions with respect to symmetric point as:

Sti= S:R ﬂ) 0; D}.
’ {fe (ﬂa—f&o 7 0ize

These functions are also known as Sakaguchi functions which are close-to-convex and hence univalent. In 2004,
making use of subordination between two analytic functions Ravichandran [25] introduced unified class S5(¢) as:

2zf"(2)

sio-{res: s

<é@) (z€ D)},
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where ¢ is univalent starlike function with respect to 1 which maps D onto a symmetric region with respect to real axis
in the right half plane. For details, see [11] and reference within.
Motivated by aforementioned works, we introduce the following subclass of the class S .

Definition 1.1. A function f € S given by (1.1) is said to be the member of the class S|, if the following subordination
condition holds:
2z1(2)

f@) - f(-2)

where the function p maps the unit disk D onto a cardioid domain in the right half plane.

1+2z¢5=p) (zeD),

Remark 1.2. The left hand side of the subordination appeared in the definition of starlike functions with respect to
symmetrical points. Hence, because the right hand side of this subordination is a function with real positive part, it
follows that these classes are subclasses of the starlike functions with respect two symmetrical points.

Sivaprasad Kumar and Gangania [16] studied radius of convexity and inclusion relation for the class of starlike
functions related to cardioid domain. Also, Shi et. al. [31] determined the sharp bounds of coefficient functionals
related to the Carathéodory functions and investigated the initial coefficient bounds and Fekete-Szego functional on a
subclass of bounded turning functions associated with cardioid domain.

We would like to emphasize here that the class S, is not empty. First, we have to show that the function p(z) :=
1 + ze® is also correctly choose because p’(z) = (1 + z)e?, hence p’(0) = 1 # 0. Also, it’s easy to see that

W@ ol @
p(z) = p(0) p@) -1
Using this fact together with p’(0) = 1 # 0 it follows that p(z) = 1 + ze® is also a starlike (univalent) function in D
(see Fig. 1) and because p(z) = E, z € D, the domain p(D) is symmetric with respect to the real axis. Further, from
Figure 2 we observe that p(z) # 0 for all z € D.
To show that S {7, is non empty for some appropriate choices of q. Let us consider the functions g(z) := z+0.1 872 € A.

From the Figure 3, q(D) C p (D) with the univalency of p(z) = 1 + ze* seen previously for S, class, leads to
q(2) := 2+ 0.182% < p(2).

=Re(1+2) >0, zeD.

FIGURE 2. The images of p(D) FIGURE 3. The images ofp(ei’) (red

FIGURE 1. Starlike function of X .
arlike function of p(z) (multi color) color) and q (e”) (multi color), 7 € [0, 27)

It may be noted that for the Schwarz function w(z) = z, the corresponding extremal function
1, 145 1, 15
= = = — —Z 1.2
h@=z4 52452+ 720+ 22000, 1.2)
and for the Schwarz function w(z) = 72, the corresponding extremal function

1, 3
fR) =z+ §z3+§z5+-~-, (1.3)

are belong to the class S7%,.
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For each functions f € S defined on D, the famous one-quarter theorem of Koebe (see [9]) asserts that its inverse
f~! exists at least on a disk of radius }T. If f € S, the function f~!' which is the inverse of f has expression given by

Fln=w+ ;Anw" (i < ).

Some of the initial coefficients of f~! are given by
Ar = —an, Az = 261% - as, Ay = —ay + Saraz — Sag
As = —as + 6axay — 21d3as + 3a3 + 14a;. (1.4)

The inverse functions are studied by several authors in various subclasses of analytic functions. (see, for details [1] and
reference therein).
The logarithmic coefficients y, := y,(f) (n € N) of the function f € S are defined as

Fr(z) = log@ = ZZ v.Z', (z€D), where logl = 0. (1.5)
Z
n=1
If f is given by (1.1), then comparing the coefficients of z” in (1.5) for n = 1,2, 3,4 it give
a 1 a; 1 Ll
== =—las - = =~ |as —maz + za;
7’12, 72232,73242332,
1 1 1
Y4 = E (615 — aray + (15613 - 561% - Zag)

Very recently, the upper bounds of logarithmic coefficients of functions f in some subclasses of the class S have been
obtained by various authors [1,22,37].

Further, the concept of inverse logarithmic coefficients i.e. logarithmic coefficients of inverse of f has been intro-
duced by Ponnusamy et al. [24]. The inverse logarithmic coefficients I', (n € N) of f are given by the relation:

—1 Ll 1
Fyaw) = log? W(W) =23 L' (wl< 7 (1.6)
n=1

By differentiating (1.6) together with (1.4) one may get

1 1 ! !
Iy = ~50 I = ) (03 - %a%), I3 = ) (a4 ~ dazas + ?Oag)’

1 5, 35
Iy = ) (as —Sasar + 15a3a§ - zag - Zag),
1 126
Ts=-3 (—6a2a5 - 56a3a3 + 21a3 + 21ayd3 + ag + ?ag). (1.7)

Hankel matrices and determinants play an important role in several branches of mathematics and have many appli-
cations [36]. The Toeplitz determinants are closely related to Hankel determinants. Hankel matrices have constant
entries along the reverse diagonal, whereas Toeplitz matrices have constant entries along the diagonal. For a good
summary of the Toeplitz determinant and its applications to wide range of areas of pure and applied Mathematics, we
refer to [36]. Recently, Thomas and Halim [28] have introduced the concept of the symmetric Toeplitz determinant for
analytic functions f of the form (1.1). Finding the upper bounds for the modules of Hankel determinants for various
subclasses of analytic univalent functions is an active area of research in Geometric Function Theory. In 1976, Noonan
and Thomas [20] stated the g-th Hankel determinant for ¢ > 1 and n > 1 of functions f € A represented by (1.1)
denoted by H,(n)(f) is defined as:

an Ap+1 o Ap+g-1

ap+1 apy2 - Aptq

H(m)(f) =| . —_— . @ neN={1,2,3,..)).

Apn+g-1  An+g " Ap2g-2
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It may be noted that for g =2, n = 1 and g = 2, n = 2 we have
Hy(1)(f) = a3 — aj and Hy(2)(f) = aras — a3 (1.8)

are popularly known as Fekete-Szego functional and second Hankel determinant, respectively. Fekete-Szego6 inequality
for the coefficient of univalent analytic functions found by Fekete and Szegé in 1933, which is related to Biberbach
conjecture. Fekete and Szegd [10] have proved that

T+2exp(=-2), 0<u<l,
max |az — pa3| = p(-1%) K
fe8 1, u=1,

hold for any function f € A of the form (1.1). Recently Amourah et. al. [3] introduced a subfamily of bi-univalent
functions connected to the Jacobi polynomial through the imaginary error function and derived the initial coefficients
and the Fekete-Szego inequality. Buyankara and Caglar [6] determined the sharp bounds for the second Hankel deter-
minant and some Toeplitz determinant for of a subclass of analytic functions(also see [5,30]). Recently, Kowalczyk
and Lecko [12] proposed a Hankel determinant whose elements are the logarithmic coefficients of f € S. The concept
of the Hankel determinant H,(n)(F -1 /2) [34], Toeplitz determinant T, (n)(F ;-1/2) [15,35] and Hermitian-Toeplitz de-
terminant T ,(F g-1/2) [19] where the elements of the determinants are logarithmic coefficients of the inverse functions
f € S are expressed as:

rn Iﬂn+1 e 1—‘n+q—1
l_‘n+1 Fn+2 e l_‘n+g{
Hym)(Fpt[2) = | . —_— S (1.9)
I—‘n+q—l Iﬁn+q e Iﬁn-*—2q—2
rn l—‘nJrl e l—‘nJrq—l
Fﬂ+1 rn e Fn+q—2
T =T (1.10)
rn+q—1 1—‘n+q—2 T Fn
and while ¢ Hermitian-Toeplitz determinant T, ,(F s /2) = [I';;] is given by:
_Fn Fn+l e Fn+q—l
| T, o Dhiga
Tq,n(Ff*I/z) = . . . . s (1.11)
Fn+q—l Fn+q—2 e Fn
where F,‘j = F,H.j_,‘, (j=1i)and F,‘j = f,‘j, Jj<i.
For g =2, n = 1, relation (1.9) gives Ho(1)(F-1/2) = ? ? =I5 -T2
2 13
Using (1.7) and after simplification we get
1
Hy(1)(F1/2) = E(13a;‘ — 12d}a; — 1243 + 12axay). (1.12)
Similarly, for ¢ = 2 and n = 1, relation (1.10) yields T5(1)(F-1/2) = ? ? =2 -T2
: 2 1
Making use of the relation (1.4) one may find
T , _ g 2 42 2
2(D)(F 1/2) = 16( 9a; + 4a; — 4a3 + 12a5a3). (1.13)
: . r, I 2 2
Further, for ¢ = 2 and n = 1, relation (1.11) yield T 1(Fy-1/2) = 5 = I =l
2 Iy

Making use of the relation (1.5) in the above expression, one may get

1
To1(Fp1/2) = R(—A;‘ +4A% + 443R(A3) — 41A;3). (1.14)
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Zaprawa [37] obtained the sharp bounds of initial logarithmic coefficients v, for functions in the classes S} and K
(also see [12, 33]). Further, results concerning Toeplitz determinants were introduced by Ali et al. [2]. Moreover,
Cudna et al. [8] studied the third-order Hermitian-Toeplitz determinant for starlike and convex functions of order a.
For more details see [21].

2. PRELIMINARIES RESULTS

Let us define by P the well-known Carathéodory class i.e the family of holomorphic functions d € P that satisfies
the condition Re{d(z)} > 0, z € D, and of the form

dz) =1+ Z d,?", (zeD). 2.1)
n=1

We need the following lemmas in order to prove our main results.

Lemma 2.1 ( [7,23,26]). Let d € P be of the form (2.1).
(i) Then, forn > 1

|d,| < 2. 2.2

. . . . 1+ A4z

The inequality holds for all n > 1 if and only if d(z) = A =1

1-2z
(ii) Also, if u > 0 then

2, if 0<u<l,

. (2.3)
212u — 1], otherwise.

\dsic — il < 2max {15 2u - 1) = {

n+k

If 0 < u < 1, the inequality is sharp for the function d(z) = In the other cases, the inequality is sharp for the

1= Zn+k'

1+
function d(z) = I—Z
-z

Lemma 2.2 ([4], Lemma 2.2.). Ifd € P has the form (2.1), then
|adf — Bd\d, + yd3| <2(le|+ B -2a|+|la-B+7v]). 2.4

Lemma 2.3 ([32], Proposition 1). Letd € P be given by (2.1). Let By, B, and B3 be numbers such that B; > 0, B, € C
and B3 € R. Define Y. (dy,d») and y_(dy, dy) by

¥.(dy,d2) = |Bods + Bydo| — |Bidyl, and y_(dy, da) = —y.(dy, da).

Then,
4B, + 2B;3| - 2B h 2B, + B3| > |Bs3| + By,
uldy.do) < |48, 3] 1 when | B, 3| > |Bs| + By 2.5)
2|Bs| otherwise,
and
2B — By B, > B4 + 2|B3],
Yo(d,db) <281 \[5E5% when B} < 2IBs\(By + 2Bs)), (2.6)
2
2|Bs| + ﬁ otherwise,

where By = |4B; + 2B3|. All the inequalities in (2.5) and (2.6) are sharp.
Lemma 2.4 ([17]). Let p € P be given by (2.1). Then,

2d; =d? + t&,
4dy =d; + 2d,1€ — dy1€* + 21(1 - |EP)n,
8dy =d} + 3dHE + (4 = 3d)te? + &€ + 4t(1 — €)1 - InlP)y 2.7)

+41(1 = P (din = dién = &),
forsome €,n, yeDandt=(4-d?).
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3. Bounps oN INITIAL COEFFICIENTS AND HANKEL DETERMINANT FOR THE CLASS S[7,

In this section, we determine the upper bounds for the first four initial coefficients, Fekete-Szego functional |a; — ua%l
and second Hankel determinant |ayas — agl for our defined class S (.

Theorem 3.1. Let the function f € A given by (1.1) be a member of the class S7,. Then,

1 1 5 78226
— — J— < — =
las| < > las| < >’ las| < 6 las| < 196476 0.3981453205.

The first two coefficient estimates are sharp.

Proof. Assume that, f € S7,. Hence, by Definition 1.1, there exists Schwarz function w(z) with w(0) = 1 and |w(z)| < 1
such that

22f"(2)

2 =1 +w(@e"? (zeD). 3.1
f(@) = f(=2)
Expressing the Schwarz function w in terms of d € P, i.e.,
1+
dz) = M) _ l+diz+dry? +ds? +-++ (zeD),
1 -w(2)

or equivalently,

w(z) —diz+|zdy - 1

Td+1 2 2
Making use of (3.2) in the r.h.s of (3.1) we obtain

dz)-1 1 1, 1 1, 1 1
_ 4@ ( df)zz + (gdf — 5 + §d3)z3 +oee (3.2)

1 1 dy d
1+w(z)e"@ =1+ sdz+ Edzzz + (73 - l—é)f
(g m Zay+ Las) s (zeD) (3.3)
24T 161 T g M)t e '
On the other hand, it follows from (1.1) that
2zf"(2) 2 3 2y 4
——————— =1+ 2apz+ 2a37" + (4a4 — 2axa3)z” + (4as — 2a5)7" + - - . 34
-1 2 327+ (4ay — 2a2a3)7” + (4as — 2a3) (3.4)
Comparing the coefficients of various powers of z from the relations (3.3) and (3.4), we obtain
= ld 3.5
ap = 4 1» .
az = 1a? (3.6)
3= 79 .
- L —2didy - 8d (3.7)
ag = 64|41 142 30 .
_1ds 3 5 L d%
as = Z ? Edl dy + ﬁdl + ? . 3.8)

Taking modulus on both sides of (3.5) and (3.6) and then using the inequality (2.2) of Lemma 2.1 we get the desired
estimates bounds of |a;| and |as| respectively. The bounds of |a,| and |as| are sharp and the corresponding extremal
function is given in (1.2).

Taking modulus on both sides of (3.7) and using (2.4) of Lemma 2.2 with @ = 1,8 =2 and y = —8 we get

1 5
S =—QMN+2-2/+[1-2-8]]=—.
lasl < = I+ 12 =2 +| 8l = 1¢
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Further, rearranging the terms in (3.8) and applying (2.7) of Lemma 2.4 we get

111 _
as= 7 [Ew‘f + 3L + (4 = 3dDtl* + d3d + 411 = 1P — InPyy + 4t(1 — L) (din — didn — D7)

3 1 1
—S—de(df +10) + ﬁd‘f + 3—2(d‘1‘ + 1207+ 2uLd?)

U1, 3 G=3dDi 1, (A=A =Py 1A= 1Pdin 1= 1ZP)didn

- 4{16‘1‘ M T T T 4 Ty 4

(1 - P’ 3 4 3 2 1oy
4 34 T pldit gt

1 1 1

—dt+ =P+ —1id? 3.9
34t 53¢ Tt (3:9)
Taking t = 4 — df from Lemma 2.4 and without loss of any generality we can write d; = d € [0, 2], relation (3.9)

and || = x < 1l and || = y < 1. Taking modulus on both sides of (3.9) and then applying triangle inequality with
x,y € [0,1] and d € [0, 2], we obtain

U=3D)4-d)P  (@4-d)x 5 (1-2)1-y)

Lpro, 3 2\ 2 2
< | = (4 _
las| < 1 16d + 16(4 d)xd” + 16 6 d ) 4 -d)

G- -xHdy @G- -xDdxy @A-d*>(1-x)x?* 3 ,
+ ) + 1 + 7 + 32d

3 1 1 1 1
2l Pyd® + —d + —d* + — 24— P+ —(4 — PVxd?
+32( d)xd +24d +32d +32x( d°) +16( d”)xd

1
=Z[F(d,x,y)] (say), where 0<d<2,0<x<1,0<y<I.

Now, we have to find the maximum of F(d, x, y) in the cuboid w = {(d, x,y) € [0,2] x [0, 1] x [0, 1]}. Let us consider
for the corner points of the cuboid w.

3 3 2 2
F(07070)= 17 F(O’ 1,0)2 5’ F(ana 1):09 F(07 17 1)= E’ F(Z’O’O)z 5’ F(29 190): 55
2 2
F2,1,1)==, F(Q2,0,1)=-.
( ) 3 ( ) 3
Next, considering the following different cases as faces of the cuboid w.
F(0,x,y) = 322 +(-2+ ) (= + 1)+ (- + 1) xy? < FO. 1, D) = 3
, X, 2 < > 1, ok
1 5 5 7 1 1 1 1 3
F(d, x,0) = ﬁd“ - §d4x + gdzx + §d4x2 —d*x + 5x2 - Ed“f + Zd2x3 - Zdz +1<F0,1,0)= 3,
(P +1)(-+4) (- +4)dy 2
F = — <F =1, FQ2 < =
(dao’y) 24+ 4 + 4 — (O’O’O) ) ( ,x,)’)— 3’
2
1@+ (38 +4)(-+4) (-d*+4) 3
Fdd,1,y)= — <F(0,1,y) = =,
@ln=p+r——%5 * 16 TR ©0.1.5)=7
1 5 3 7 5 3 1 1 1 1
F Dz —dt = 2t ol —d* P — 2P+ o — —d* B 4+ B + B2 — =P
d, x,1) 24d 32dx+8dx+32dx 4dx +2x 16dx +2dx +4dx 4d

1 1 23552 32786 78226
—dxX*+d+ Zd3x3 - Zd% —dXP +dx-xX +x< F( ) = = 1.59258128248404818.

23159°51627° )~ 49119
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Next is to check for the interior of the cuboid w. Taking partial derivative of F(d, x, y) with respect to d, x and y we get
the following.

Z—Z = —%d +y+ %d3x2 + %dy2 - Xy -y + éd3 + %dx —2dx* + %dx3 - %dzy - %dxzy2 + %dzxzy
+ %d2x3y + %dx3y2 - Zdzxy + xy — %dxy2 - §d3x - id3x3

Z—I; =x+ 17—6d4x - %d“x2 + %dzx2 - %dzyZ - 3x%? - %d3y - %dzxy2 —2d%x + %dzxzy2 + %aﬁxzy
—-3dx’y + %aﬁxy - ;—2d4 + gdz +y* = 2dxy + dy + 2xy*

(?9_5 = —%dzxzy + %dzy +2x%y -2y + %d3x2 - %d3 —dx*+d

1 1 1 1
+ A—‘aﬁx3 - Zd3x —dxX +dx+ zdzxz’y - zdzxy - 2x%y + 2xy.

Solving g—g =0, ‘f,—f =0and ‘;—f = 0 we get (0,0,0) is the only critical point which is not a interior point. Hence, it has
no critical point in the interior of the cuboid. Hence, we get

1\/78226\ 78226
(! _ — 0.3981453205.
'“5'—(4)(49119) 196476 ~ 03981453205

This completes the proof of Theorem 3.1. O

Next theorem gives Fekete-Szego functional |az — pa%l bounds for the class ST’ as follows.

Theorem 3.2. If f € S, has of the form (1.1), then for any complex number p1, we have

€
1 -2
las —ya%l < zmax{l,"uT }
This bound is sharp.

Proof. Assume that f € S7’,. Making use of (3.5) and (3.6) in the functional a3 — ,ua% and taking the modulus on the
both sides and then applying (2.3) of Lemma 2.1, we get

1 -2
las —,ua%l < Emax{l,‘#T}}.

This bound is sharp for the schwarz function w(z) = z> and the corresponding extremal function is given in (1.3). This
completes the proof of Theorem 3.2. O

Letting u = 1 in the Theorem 3.2, we obtain the following result in the form of corollary.
Corollary 3.3. If the function f € A given by (1.1) belongs to the function class S*’,, then

s,e’

N =

2
las — azl <
The estimate is sharp and the extremal function is given in (1.3).

In following theorem, we investigate the upper bound of Hankel determinant of order two for the function that
belongs to the class S (7.

Theorem 3.4. If the function f € A given by (1.1) belongs to the class S*,, then

s,e?

2
aras — az| < —.
lazas — aj5) 1

This bound is sharp.
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Proof. From (3.5), (3.6) and (3.7) it follows that
—di 1, ddi 4

— 2: —_ —_ —_ =
@i~ 5= o5 F gt 5 T T
1 4 2
256[ ~d} +2d}d; + 8dsdy — 1645 |-
By applying (2.7) of Lemma 2.4 above expression simplified into the following
1

tras - &% = =— |24} = 3d31¢ — 20 — 422 + ddi(1 — P,

256

Taking r = 4 - d% from Lemma 2.4 and without loss of any generality we can write d; = d € [0, 2], in the above relation
and |£] = x < 1 and |p| < 1. Taking modulus on both sides of the above relation and then, applying triangle inequality
with x € [0,1] and d € [O, 2] we obtain

lazay — a3)< ﬁ [2d4 +3d%(4 — d*)x + 2d%(4 — d*)x® + 44 — d*)’X* + 4d(4 - d*)(1 - x )]

:—Fd 0<d<20<x<1. 3.10
5 6[ d,x)] 0<d< x (3.10)
Now, we need to determine
max{F(d,x) : (d,x) € [0,2] x [0, 1]}.

A simple computation shows

oF

e 3d2(—d? + H)x + 2d* + 2d*(=d* + D)% + 4(=d* + 4’ + A(-d* + Hd(-x* + 1) >0 ((d,x) € [0,2] X [0, 1]).

X

As a result, F(d, x) is an increasing function of x on the closed interval [0,1]. This means that the function F(d, x)
attains its maximum at x = 1. Hence

max F(d, x) < F(d, 1) = 5d° (-d” + 4) + 2d* + 4(-d" + 4)2 = G(d)(say).

Using the fact that G'(d) = 4d> — 24d < 0 Vd € [0,2].
Hence, G(d) will be decreasing on [0,2] which implies that

G(d) < G(0) = 64. 3.11)
According to the inequalities (3.10) and (3.11) we deduce that
max {F(d, x) : (d,x) € [0,2] X [0,1]} = F(0,1) = 64. (3.12)

The desire estimates follows from (3.10) and (3.12). Here, the bound is sharp and the extremal function is given in
(1.3). This completes the proof of Theorem 3.4. O

4. Bounps oN LoGARITHMIC INVERSE COEFFICIENTS FOR THE CLASS S 7%,

In this section, we investigate initial coefficient bounds, Hankel determinant, Toeplitz determinant and Hermitian-
Toeplitz determinant of logarithmic coefficients of inverse function f~! for the class S se
The following theorem gives the bounds of initial logarithmic coefficients of inverse function f~! for the class S ser
Theorem 4.1. Let the function f € A given in the form (1.1) be the member of the class S¥,. Then,

7

1 1 1
I<-, |IL<- r I
|1|_4, |2|_4, I3 < |4|_16

The first three estimates are sharp.

Proof. Assume that f € A given by (1.1) is in the function class S {,. Then using (3.5)-(3.8) in the expression (1.7) we
obtain

r =4 4.1

(d2 - —dz), 4.2)
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d’; 7 3
Iy=-—= 4,
3 2[8 3d‘d2+192d} “+3)
and
1[dy 1, 13 , 19 , 5
Ty=— |2 - cdd - ——d' + —d’dy - —dds]|. 44
N 2[8 827 30727 T 12871 T 31 44

Taking modulus on both sides of (4.1) and (4.2) and then using the inequalities (2.2) and (2.3) of Lemma 2.1, we get
the desired estimates bounds of |[';| and |I';, respectively. The bounds of |I';| and |[';| are sharp for the function given
in (1.2) and (1.3) respectively.

Applying Lemma 2.4 in the expression (4.3), we have

+t§) ” (d? +2dit¢ — ditd? + 21(1 —|§|2)77)}
2 4

1
[3= 3442
3= 384 [ 7d +42d, (

= 33 [8d3 +9d1¢ + 6dy18 — 121(1 = )] .

Taking t = 4 — d|2 from Lemma 2.4 and without loss of any generality we can write d; = d € [0, 2], in the above
relation and |¢] = x < 1 and || < 1. Taking modulus on both sides of the above relation and then applying triangle
inequality with x € [0, 1] and d € [0, 2], we obtain

T3] < i [Sd3 +9d(4 - d*)x + 6d(4 — d)x* + 12(4 — d*)(1 - 7))

= ﬁ[F(d ,x)] where 0<d<2, 0<x<1. 4.5)

Now, we need to determine
max{F(d, x) : (d,x) € [0,2] x [0, 1]}.
Now, consider the corner point of the rectangular region
F(0,0)=48, F(2,0)=64, F(2,1)=64, F(0O,1)=0

Next is to check for the interior of the rectangular region. Taking partial derivative of F(d, x) with respect to d and
x we get the following

oF
7= —18d%x* — 27d%x + 24dx* + 24d> + 24x> — 24d + 36x,
aF 3 3 2
o= —12d°x = 9d&° + 24d%x + 48dx + 36d — 96x.
X

Solving g—; = 0and g—f = 0, we get (0,0) is the only critical point which is not a interior point. Hence it has no critical
point in the interior of the rectangular region. Hence, we get
MaxF(d, x) = 64. (4.6)
According to the (4.5) and (4.6), we deduce that

1
3] < 6

Here, the bound of [['3] is sharp for the schwarz function w(z) = z and the corresponding extremal function given in
(1.2). Rearranging the terms in the relation (4.4) and taking modulus then applying triangle inequality we have

19 13 ]

Todda + —d;
27 480
Applications of inequalities (2.3) of Lemma 2.1 and (2.4) of Lemma 2.2 with @ = 480, B= % and y = 1, one may get

1]1 5
Tl < 5 [—|d4 -d3| + —|d1|

1 5113 19 13 13 19
SPEIEL L SN I U LERIER M
8 161480 (20 240| 1480 20 16
The proof of Theorem 4.1 is thus completed. O

Next theorem gives the upper bounds of Hankel determinant of logarithmic coefficients of inverse function for the
class S35.
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Theorem 4.2. Let the function f € A given in the form (1.1) be the member of the function class S,. Then,

1
|Hy(D)(Fp-1/2)] < 6
This bound is sharp.

Proof. Assume that f € S77,. Making use of (3.5), (3.6) and (3.7) in (1.12) and substituting the values of d, and d; in
terms of d; from Lemma 2.4 in the relation and after simplification

1
Hy(1)(F1/2) = m(—?ﬁd‘f — 60t&ds — 24182 d5 — 48127 + 484, 1(1 — |€1*)). 4.7)

Taking t =4 — df from Lemma 2.4 and without loss of any generality we can write d; = d € [0, 2], relation (4.7) gives

Hy(1)(F-1/2) = ﬁ[—%d“ — 60d>(4 — d*)¢ - 24d*(4 — dH)&?

—48(4 — d*)*&* + 48d(4 — dH)(1 - |EP)n], 4.8)

where |§] = x < I and || < 1. Taking modulus on both sides of (4.8) and then applying triangle inequality with

x € [0,1]and d € [0, 2], we obtain

|Hy(1)(F -1/2)| < ; 2; g 8(35d4 +60d*(4 — d®)x + 24d*(4 — d*)x* + 48(4 — d*)*x*
+48d(4 — d*)(1 - x*)) =: F(d, x)(say). (4.9)

Now, we need to determine
max{F(d,x) : (d, x) €[0,2] x [0, 1]}.
A simple computation shows

ol 1 2 2 2
4 4 - — > .
=1 ( d)5d” +4x(8 —d 2d) >0 ((d,x)€[0,2]x[0,1])
As a I'CSUlt, F(d, x) is an increasing function of x on the closed interval [0,1] I'his means that the function F(d, x)

attains its maximum at x = 1. Hence,

1
MaxF(d,x) < F(d, 1) = —m[d“ +484° — 768] = G(d)(say). (4.10)
Using the fact that G'(d) = —5ad(d? +24) < 0 Yd € [0,2]).
Hence, G(d) will be decreasing on [0,2] which implies that
768 1
< = — = —, .
Gld) < 6O) 12288 16 @10

According to the inequalities (4.10) and (4.11) we deduce that

Max{F(d,x) : (d,x) € [0,2] x [0, 1]} = F(0,1) = :

—. 4.12

6 (4.12)
The desire estimates follows from (4.9) and (4.12). Here the bound is sharp and the extremal function is given in (1.3).
This completes the proof of Theorem 4.2. O

The next theorem gives the bound of Toeplitz determinant for logarithmic coefficient of inverse function for the
class S5%.

Theorem 4.3. Let the function f € A given by (1.1) be a member of the class S,. Then,

1
IT(DFp /D < 1¢-

This bound is sharp.
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Proof. Assume that f € §77,. Then making use of (3.5) and (3.6) in the relation (1.13) we get

1] 9 d 4 3

To(D)(F1/2) = — |—s=d} + = = 2 + —did>|. 4.1
2D(Ef1/2) 16[2561+4 4 T @.13)
Expressing the values of d, and dj in terms of d; by virtue of (2.7) of Lemma 2.4 and without any loss of generality

we assume that d; = d € [0, 2], from (4.13) we have

1 1 a1 1
TlF_Z:—__4 ___4_222__24_2 ) 414
2(D(F-1/2) 16[256d+4 g -d)E - md@-di (4.14)
Application of triangle inequality to the relation (4.14) and assuming || = x < 1, we have
1] 1 a1 1
Tr(1)(F¢- | A= — 24—
|2()(f1/2)|_16[256d+4+16( d)yx +32d( d*)x
=y(d, x)(say). (4.15)
Now, we need to find Max{y(d, x) : (d, x) € [0,2] X [0, 1]}. A simple computation shows
oy 11 2.9 1, ’
—=—|z¢@- —=d" (4 - > 2 1].
o 16[8( d)X+32d( d)| >0 (d,x) €[0,2] x[0,1]

Clearly y¥(d, x) is increasing on [0,1]. As a result at x = 1, the function ¥(d, x) attains its maximum value.

6 256 3 = a(d)(say). (4.16)

Using the fact that o’(d) = G—‘f‘ 9‘121g'6] . Setting o’(d) = 0 we geteitherd =0 ord = ‘3—‘. Further, o’ (d) = 1'—6 [%d2 - }T]
Atd=0,0"(d)=-% <0anda”(d) = & >0atd = 3.
This shows that the function a(d) attains its maximum value at d = 0. Therefore,

maxty(d, )} < ¥(d. 1) = i[ 9w lp

a(d) < a(0) = %. 4.17)

It can be deduced from the inequalities (4.16) and (4.17) that
1
max{y(d, x) : (d,x) € [0,2] X [0, 1]} = (0, 1) = T (4.18)

The result follows from (4.15) and (4.18). Here the estimation is sharp and the extremal function is given in (1.3). This
completes the proof of Theorem 4.3. O

Theorem 4.4. Let the function f € A given by (1.1) be a member of the class S,. Then,

1 15
—= < T (Fp1/2) £ —.
5 < 21(F g1/ )_256

Proof. If f € S, then by applying (1.14) we have

1
To1(Fp1/2) = E(—A;‘ +4A% + 4ASRA; — 4|45,
By making use of (1.4), we obtain
1
Toi(Fp1/2) = R(—ag +4a3 + 43R (~a3 + 2a3) — 4| — a3 + 243).

Now, substituting the values of a; and a3 from (3.5) and (3.6) in above expression and using the Lemma 2.4 for p € P
and letting d; = d, we get

To1(Fp1/2) = ﬁ(—d“ + 64d* — 84*(4 — AR (&) — 128(4 — d>)*|EP). (4.19)

Using —R(£) < |£] and |£] = x € [0, 1] and d € [0, 2], the above expression becomes

1
To1(Fp-1/2) < m(—d“ +64d* + 847 (4 — d*)x — 128(4 — d*)*x?) = S (d, x)(say).
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For the maximum value of the functions on w = [0, 2] X [0, 1]; we have to consider following cases:
Case-I (Interior of w)

as 1 2 2 212
— = — 4 — - 256(4 — =
o 0 = 4096(8a’( d)—256(4 -d")"'x)=0
&2 [128
ﬁx:me(o,l).whend< ge(O,Z)
Now, substituting the value of x in % = (, then it becomes

1
= M(_MS +128d + 16d(4 — d*)x — 16d°x + 512d(4 — d*)x*) = 0.

By substituting the value of x, we have following,
= 1024d - 284d° +8d° = 0

which is not possible for d € (0, 2) i.e. there is no zeroes inside (0, 2). The function S has no maximum value in the
interior of w. Hence the maximum value of the function D attained on the boundary.
Case-II (On the boundary w)

1 1 15
= ——(-2048x%) = —=x? < 0; 2,X) = —;
5(0,x) 4096( 8x7) 7% <0; SQ2,x% 556"
5(d,0) = L(—d“ +64d?) < E'S(d 1= L(—md“ +1120d% — 2048) < 5
» 4096 T 256777 4096 = 256°

Hence, from above cases, the upper bound on 75,1 (F4-1/2) is % On using the identity —R (&) > —|¢|and x = |£] € [0, 1]
in (4.19) we have,

1
To1(Ff1/2) > ——(=d* — 8d*(4 — d*)x + 64d” — 128(4 — d*)*x*) = D(d, x).

= 4096
Let D(d, x) € w
9D _ 0 = L(—8d2(4 —d*) - 256(4 - d*?x) =0 (4.20)
dx 4096
and
Z—I; =0 = ﬁ(—w —16d(4 — d*)x + 16d°x + 128d + 512d(4 — d*)x*) = 0. (4.21)

The solution satisfying equation (4.20) and (4.21) is only (0, 0). So, it doesn’t have any solution in the interior of w.
Hence, the minimum value of the function D attained on the boundary.

1 1 1 1
D0, x) = —Exz > -2, D2, x) = e D(d,0) = m(—d“ +64d*) >0,

1 1
D, 1) = —m(lﬂd“ — 1120d% + 2048) > -5

Hence, from the above discussed case it is concluded that

1 15
__ < . < —.
5 STu(Fp/2) < 52

This completes the proof of Theorem 4.4. O

5. Bounp oF DIFFERENCE OF LoGARITHMIC INVERSE COEFFICIENTS FOR THE CLASS S 7,

In the present section, we investigate the upper and lower bounds of the mudulo difference of second and first
logarithmic inverse coefficients for the such family.

Theorem 5.1. Let the function f € S,. Then,

1
———= < (=) <

25

NP
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Proof. Suppose that f € ST7,. From the relation (1.7) and using (3.5) and (3.6), we have

e

Now, we verify the conditions of Lemma 2.3. Here, By = 7 > 0, By =
SO, |2B2 + B3| * |B3| + B].
Therefore, application (2.5) of Lemma 2.3 yield,

2Ll - D)) = ( ‘ . ') =y (dy,do).

By =1, 2B,+B;| = & and |B3|+B; =}

32’ 4> 16

1
2(a = D) < 21Bs| = 2 = L= < (5.1

1
e
Further, 2(|I";| — |T2]) = —l//+(d1,d2) =y_(di,dp).

By =} and B4 +2|Bs| = 3. Hence, By # By +2|B;|,

where B? = & and 2|B3|(B4 +2|Bs]) = &%. So, B? < 2|B;|(B4 + 2|Bs|). By virtue of (2.6) of Lemma 2.3 gives

/ 2|B;| 1
_(dy,d») <2B _— = — 5.2
Y_(d,dr) £ 2B B+ 20Bs 5 (5.2)

1
= 2| =) < —.
V5
= 20|02 -d = D=l > -5
Therefore, from (5.1) and (5.2), we obtain
1
———= =<2l < 5.
2 \/_ 4
This completes the proof of Theorem 5.1. O

6. GENERALIZED ZALCMAN FUNCTIONAL OF LoGARITHMIC INVERSE FUNCTION
Lawrence Zalcman posed the conjecture that if f € S given by (1.1), then
la? — azy_1| < (n—1)* (n2>2). 6.1)

Equality in (6.1) holds for the Koebe function k(z) = ﬁ (z € D) or its rotation. The area theorem shows that the
conjecture is true for n = 2 [9]. Kruskal proved that the conjecture is true for n = 3 [13] and latter for n = 4,5, 6.
However, the Zalcaman conjecture remains an open problem for n > 6. For f € S, Ma [18] proposed the generalized
Zalcman conjecture
Jm,n(f) = |anam — pim-1l < (m = Dm—-1) (n, m>2),

and has proved this conjecture for the classes S* and the class of all functions in S with real coefficients. In 2017,
Ravichandran and Verma [27] proved it for the classes of starlike and convex functions of given order and for the class
of functions with bounded turning. Now, we discuss Zalcman functional bounds in terms of I',, instead of a, by fixing
n=m=2andn=2, m=3.

Theorem 6.1. Let f € S, be of the form (1.1) and its logarithmic inverse coefficients F -1, is given by (1.8). Then,
2754681

Joo(Fpip) =03 -5 < 19202938 = 0.1939243198.
Proof. Assume that, f € §77,. Substituting the values of I'; and I'; from the relation (4.2) to (4.3), we have
[s—T3= 384d3 " 6_4d1d2 116d3 B ;l_i 2§6d%d2 40996d4
= 3% 8[ 768ds — 224d; + 1344d,d; — 192d; + 144d;d, — 27d]]. (6.2)
Applying Lemma 2.4 in the expression (6.2), we have
I;-T3= ! ———[256d; +288d;t, + 192d,1* - 3d} — 4827 — 24d5 1 — 384(1 — |¢1)n]

12288
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Taking t = 4 — df from Lemma 2.4 and without loss of any generality we can write d; = d € [0, 2], in the above relation
and |¢] = x < 1 and || < 1. Taking modulus on both sides of the above relation and then applying triangle inequality
with x € [0, 1] and d € [0, 2], we obtain

T — T3] < [256d° + 288d(4 — d*)x + 192d(4 — d*)x* + 3d* + 48(4 — d*)*x* + 24d*(4 — d*)x + 384(1 — x%)]

12288

<d< <x<l.
12288[F(d)c)] where 0<d<2,0<x<1

Now, we have to find the maximum of F(d, x) in the rectangular region w = [0,2] X [0, 1]. Let us consider for the
corner points of the rectangular region w

F(0,1) =768, F(2,1)=2096, F(2,0)=2480, F(0,0) = 384.

Next is to check for the interior of the rectangular region w. Taking partial derivative of F'(d, x) with respect to d and x
we get he following.

oF
i 19243 5% — 96d°x — 576d%x* + 12d° — 864d>x — 768d x> + 768d> + 192dx + 768x> + 1152x,
oF
oy = 96d'x = 24d" — 384d’x — 288d" — T68d"x + 96d” + 1536dx + 1152 + 7681
X

Solving %7 9E — () and OF = 0, we get (0,0) is only critical point which is not a interior point. Hence, it has no critical
point in the interior of the rectangle. Now further, to check on the edges of the rectangular region w.

F(0,x) = 384x* + 384 < 768, F(d,0) = 3d* + 256d° + 384 < 2480,
2754681

F(2,x) = —384x> + 2480 < 2480, F(d,1) = 27d* — 224d° — 288d° + 1920d + 768 < 56

Hence, we conclude that [I's —T° 2| (m) (%) = % =0.1939243198. This completes the proof of Theorem

6.1. O

Theorem 6.2. Let the function f € S5, Then, Iy — 213 < —76

Proof. Suppose that f € §7,. Substituting values of I'; (i = 2(1)4)’s from (4.2)-(4.4) in the expression I'y — I’5I'3, we
get

19 13 5 91 3
Ty —Tols =di |—=—didy + ——d; + —ds |+ d} dyds + d
M 1( 25672 T 61421 " 62 3) 1( 12288'> T 1024
3 _ g2\ _ - _
—8192d) e s~ d3) 128d2 (d3 dldz) (6.3)

Taking modulus on both sides of (6.3) and followed by triangle inequality and applying inequalities (2.2), (2.3) of
Lemma 2.1 and (2.4) of Lemma 2.2, we have

13 19 13 13 19 5
— < EY AR o B YR )
[Ty — Tal3) 4{ 6144 +'256 3072 " le144 ~ 256 64'}

NNV R
8192 12288 4096 8192 12288 1024
1 1 7 917
+ gmax{l,|2— 1|} + 6—4max{l,'§ - 1'} = ﬁ

This completes the proof of Theorem 6.2. O
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7. KRUSHKAL INEQUALITIES FOR THE CLASS S ’;*E
We observe from Corollary 3.3 that the well-known inequality:
lal — ab" V| < op=Dn” (7.1)

holds for particular pair of values of n = 3, p = 1. We will investigate smaller upper bounds for the above inequality
for the logarithmic inverse coeflicient I', for the class ST7,. The inequality (6.1) was originally introduced and proved
by Krushkal for the class of normalized univalent function f € S and integers n > 3, p > 1, while it is sharp and
equality holds for the Koebe function ( see [14], Theorem 6.1, p.7).

The following theorem gives upper bounds of 1.h.s of (7.1) for logarithmic inverse coefficients when n = 4 and p = 1
for the class S, .

Theorem 7.1. Assume that f € S7,. Then, T4 —T2°| < 65

Proof. Suppose that f € S77,. Making use of (4.2) and (4.4) in the expression I'y — F3, we have

1 19
I,-I3=- -d)+ —d|d did d;
4—I5 16( )+ 1(3 2012+480
9 27 1
2 2 4
7.2
512d (d2 sdl) 76814~ gD 72
Application of triangle inequality on both sides of (7.2) gives
1 19 13 9
I 2 e 3y 1P las = 22
Iy —Ta <qglds —dyl + = Id1| d3 = S5didy + ondy| + 512Ia'zl 234
27
dil*|d> - d2
32768| -3
By virtue of inequalities (2.2), (2.3) of Lemma 2.1 and (2.4) of Lemma 2.2 with @ = %, B = ;—3 andy = 1, we get
1 1 1 1 1
|r4—r*|_—(2) LEI L +‘—3——9+1‘
16 16 480 |20 240] [480 20
8 9 495
+5?m“x{1 '1_1'} 32768(1 0= 1528
This completes the proof of Theorem 7.1. O

Concluding Remark: In the present paper with aid of subordination between two analytic functions, the authors
introduced a class of starlike functions with respect to symmetric points associated with cardioid domain. We mainly
investigated the upper bounds of the first four initial coefficients, Fekete-Szegd functional and Hankel determinant
of order two for Taylor-Maclaurin’s coefficients of f for the class S ve- Further, we determine Initial bounds, Han-
kel determinant, Toeplitz determinant, Hermitian-Toeplitz determinants, Zalcman conjecture, Krushkal inequality and
Modulo difference for logarithmic inverse coefficients for the class S57,. Most of the results are sharp; however, for the
remaining bounds that are not, researchers can work on improving them.
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