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ABSTRACT

In this paper the exact solution for Cauchy problem of first
order nonlinear partial equation with piece-wise initial condition
described scalar conservation laws without convexity of the
state function. In particular, the state functions having four and
one point of inflection are considered. The structure of solutions
is investigated.
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convexity, convex and concave hull, weak solution

OZET

Bu makalede biikeyligi olmayan durum fonksiyonuna sahip
birinci mertebeden nonlineer kismi tiirevli diferansiyel denklem
icinyazilmigparcalisiirekli baslangic kosullu Cauchy probleminin
gercek ¢oziimleri elde edilmistir. Ozel olarak, sirastyla dort ve
bir doniim noktalarina sahip durum fonksiyonlar: ele alinmis ve
¢Oziimiin yapist incelenmistir.

Anahtar Kelimeler: Scaler korunum kanunlari, biikeyligi
olmayan durum fonksiyonu, konveks ve konkav katman, zayif

¢ozim.
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1. INTRODUCTION

In this study we construct the exact solutions of a scalar
conservation law in one dimension as

W AW
ot ox

t>0. (1)

We assume that the flux function is in C'(R') and has finite
number of infection points. The equation (1) with the following
initial condition

u(.x,O) = uO (.X), Xe Rl (2)

have been investigated in [2], [4]-[7], [11]-[13], when
u,(x)e L_(R"). In [3] has been construct fundamental solution of
the equation (1) with initial condition

limu(x,1)=MS&(x), xeR',1>0,
f—>c0

where the initial value in distribution sense and M € R' is the total
mass, and &(x) is the Dirac function. It should be noted the

problem (1), (2) has been investigated in [1] from practical point of
view. In [8]-[11] the method for obtaining the exact solution of
this kind problem is proposed.

2. CONSTRUCTION OF THE EXACT SOLUTION

In this section we will construct two problems for different state
functions with piecewise constant initial function. As the state

cos2u u

function f(#) we consider the functions — and 5
respectively.

cos2u
2.1. The case of f(u) = 5

In order to find the exact solutions of these problems, according to
[4], [12] we formulate the following definitions. We denote by N
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the set functions of f defined on [, 8] which satisty the

inequality 7 > f(u).

Definition 1. The function defined by the relation f‘ =inf jN‘(u) is
fex

called a convex hull on [e, ] of a function f(u) .

Definition 2. The function defined by the relation f =inf ]N‘(u) is
fen

called a concave hull on [a, ,B] of a function f(u).

1. At first we will consider the problem (1), (2) for the case

2 575
fu)=- cosau on the interval [— TE,TE} As it is seen from the
Figure 1a) the function 0.5cos2u has four inflection points on the

. St 5 . ) . .
interval [— Tﬂ’ Tﬂ} that is we consider the following equation

@Jrsin%t@zo (3)
ot ox

with the following initial distribution

57”, x <0,
w@=1 4 @
-—, x>0
4

According to Definition 1, we construct the convex hull of the

57t 5
on the interval [—TE,TE} It is obvious that

) cos 2u
function —

T /4 :
= Y and u :E are the roots of the equation cos2u =-1 on

5t 5
the interval [—TE,TE} In order to construct the convex hull of

. cos2u - .
the function — — we draw the tangential lines from the points

cos 2u

2

5 5 .
[—TE,OJ and [TE’OJ to the graph of the function —
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respectively. We denote the abscissa of points of intersection of

C i cos 2u
these tangential lines with graph of the f(u)=- by v, and
V2 ‘
f(u)=-0.5cos2u X
25 1
15
0.8 x=t
il
Sni4
- 7 ox "3 o ] 0.6 7 arcsin(uty+
0 Y4 A u e —
.o_'sfm\f/gm_m -k \E/[m w2 Shlh % yia 3 I
-1 h\
0.2 et
-1.5
" % 02 04 __ 06 08 !
a) ; i :

Figure 1: a) The convex hull of the function f(#)=—0.5cos 2u ; b) weak
solution on (x,7) plane

2
s n the

Therefore, the convex hull of the function — 0

: Sz 5 . : -
interval [—TE,TE} consists of the following: tangential line from

: 5 : :
the point [—TE,OJ, the part of the graph lying [vl,—%}, the line

. . 1 1
connecting the points A4 = —Z,— and B = z,— , the part of
2°2 2°2

the graph lying on the interval {%,vz} and the tangential straight

line from the point (STE,OJ. The graph of the convex hull of the

: cos2u . S
function — is shown in Fig.1a.

Since the tangential lines are symmetric, it is easily shown

: T : 5
that the equations of the tangential line from the point [_TE’OJ

5 :
and (TE,OJ are x=—kt and x=kt, respectively. Here,
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=sin2y,. We can not obtain the values of v, v, and

e fO)
vl
k naturally, but we may say that v, is the least positive root of the

_ Sz Saw
equation cot2v,= —2v,, and v, +v, = o vy = By

Since all solutions of the equation (1) are lines having slopes
f'(u) and passing through the origin of the (x,f) plane, we

-V.

X .
convert the function & = " = f'(u) = sin 2u on the interval [—7,0]
1 .
and [0,7]. Solving this equation we find u(x,7) = —Earcsm% and
1 . X .
u(x,t)= 5 arcsin e respectively.

The graph of the weak solution of the problem (3), (4) on the

(x,1) plane is illustrated in Fig. 1b. Therefore, the exact solution of

the problem (3), (4) is

5
—7[, x <kt
4
1 .
—Earcsmz, —kt<x<0,
u(e,0)=4 x’ ()
—arcsin—, 0<x <kt
2 t
—5—7[, x>kt
4

The time evaluation of the solutions of (5) at value 7'=1.0 is
shown in Fig. 2a.
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g(x,t) t(u)=-0.5*cosu
2

15

3
1
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Figure 2: a) Time evaluation of the exact solution %(x,¢) a) 7' =1.0:b) The
concave hull of the function f(#)=—0.5cos2u

Now, we investigate the Eq. (3) with the following initial
function

_5_7[7 x<07
U, (1) =4 (©)
—, x>0
4

In this case we construct the concave hull of the function
cos 2u 5t Srx
fw)=-

on the interval [—T,T} For this aim, we first
find the solutions of cos2u =1, which are #=—-7 and u=7. We

denote by 4 and B the points (—7[,—%} and [ﬂ,—%j,

respectively, and we connect the points A and B by a straight line.
We draw the tangential lines from points [—%[,OJ and (STE,OJ,

respectively. We also denote the intersections of these tangential
cos2u

lines with the graph f(u)=— by v, and v,, respectively.

s2u

Therefore, the concave hull of the function — © n the

: Sz 5 . : N
interval [__7[’77[} consists of the following: tangential line from
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; 5 . :
the point [—TE,OJ, the part the graph lying [vl,—%}, the straight
; ) 1 1
line connected of the points 4 = —7[,—5 and B= 7[,—5 , the
part of the graph lying on the interval [vz,%} and the tangential
: . Sz .
line from the point [T’Oj’ Fig. 2b.

As above, since the tangential lines are symmetric, their
equations are x =—k;t and x =k, respectively. The values of v,,

v, and k, can not be found, in general, but we may say that v, is

: . cos 2y .
the least positive root of the equation —k =— L =sin2v, and
2w
. Sz Sr
V4V, =— v, = V
1 2 2 1
27 2
u(xt
X ux)
. R
08 X—k1t | 5 i
SV
0.6f  0.5arcsin(x/t)-n 1 1
0.4 -0.5arcsin(x/t)+n , -1
-5
02 x=kt 1 -3 s
i i i t 5
% 02 o4 a)06 08 1 I T 3 5%

Figure 3: a) weak solution on (X,7) plane; b) Time evaluation of the exact
solution #(x,#) 7'=1.0

Now, we must find the inverse function of f'(#)=sm2u on

. 5 5 : .

the interval [—Tﬂ,—ﬂ} and [7[, Tﬂ}, respectively. It is clear that
. . 1 X

these inverse functions are u(x,7)= ) arcsin——7x  and

1 . X
u(x,t)zaarcsm?Jrﬁ.
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As a result, the exact solution of this problem is

—5—7[, x <kt,
4
1 .
—Earcsmz—;z, —kit<x<0,
u(,0)=y xl (7)
Earcsin—+7z, 0<x<kt,
5
—7[, x>kt
4

The graph of the weak solution of this problem on the (x,7)

plane is illustrated in Fig. 3a. The time evaluation of the solution
(7) at 7=1.0 is shown in Fig. 3b.

3

2.2. The case of f(u)= u?

According to Definition 1, at first we will construct the convex hull
3

of the function f(u)= u? on the interval [— 2,2]. For this aim we

8
draw the tangential line from point (2, gj to graph of f(#) and

3
note by [uo ; ?0} the point of intersection of this line with curve

Sfw=u’3 “

x=4t

Y
U=-sqri(/t) x= (3t

Y,

0 1 2 3 4 5
b)

3
u
Figure 4. a) The graph of the convex hull of the function f(u) = ? :b) The

weak solution of %(x,7) on (x,7) plane
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3
— . It is clear that, the value of u, is found from the relation

flu)=fm)

Uy —U,

s u, =—1.

m=f'(uy) =

3
Therefore the convex hull of the function u? on the interval

[— 2,2] consists of the following: tangential line from the point
3

8
(2, Ej and the part of the graph of u? lies between point of

1 1
(— 1,— —j and (— 2,——] , Fig. 4a.
3 8

It is clear that the solution is exposed to jump on the line
x=¢&t, t>0 which is paralel to the tangential line. From

Suy)— f(uy)

U, —u,

=1. This

Rankino-Hugoniot condition we have & =

jump lies between u, =—1 (x>§l) and l//[?} Here, l//[?} is
inverse function of the &= f'(u)=u*on the interval [-2—1].

Hence, uz@//@}z(f’)l :_\/? 1<&<4.

. : . ) X N
It is clear that intersection of the function l//[;} with line

u, =—2 take place on the ray x =4¢. But this ray is paralel to the

u3
tangential line leaving from point (u2 , S (u, )) = (uz, ?2 .

Therefore, the solution of the problem (1), (8) is
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2, x<t
u(x,t)= —\/g, I <x<4t (8)
—2, x >4

The weak solution of the problem (1), (8) is shown in Fig. 4b. The

time evaluation of the solution (1), (8) is demonstrated in Fig. 6b.

3f(u):u°/3 5 5U(KY)

2 15

1 3 1

(uo‘ Uo’,?il‘/ 05

0 — 1

1 /// 1 09
2 ./ -1.5
-3 u .

-2 1 a) 0 1 2 —2.5_32 0 3 1 s X

Figure 6. a) The exact solution of #(x,7) at the value 77=1.0 ; b) The
3
u
concave hull of the function f(u) = - on the interval [— 2,2]

Now, we will investigate the case #; =—2 and u, =2, u; <u,. In

u3
this case we will construct the concave hull the function f(u)= ?
on the [ul,uz]. Let us draw the tangential line from point

8
A(— 2. f (u)):A[— 2,—§j to graph of the function f(u). It is

clear that, this tangential line will be intersect the graph of f(u) at
u 1
the point | #,,— |=| 1, — |.
|Y [ 073 ( 3j
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u(x.t) 4
2
3
1 x=4t
0 2
Uy Ai=sqri(x/t) y=t

1 1
2 U

) 0 : : : ‘ t
) 0 2 a) 4 Bx 0 1 2 b) 3 4 5

Figure 7. a) The graph of the function (9); b)The weak solution of the problem
(1), (8) on the (x, t) plane

3
Therefore, the concave hull of the function f (u):u? on the

interval [— 2,2] consists the part of the graph of f(u) lies between

1
points of (l, 5] and [— 2,—%} , and tangential line leaving from the

point of [— 2,—2}, Figure 6a. In this case the solution is exposed to
jump on the ray x=¢&1¢, ¢>0 with is paralel to tangential line
originated from point [— 2,—%}. As above, from Rankino-
Hugoniot condition we get £ =1. This jump take place between

u, =2 (for x>t) and l//[%} Here l//[%} is inverse function of

E= f'(u)=u’ on the interval [1,2]. From here we have u = \/E ,
1<£ <4 . Therefore the exact solution of the problem (1), (8) (in

the case u, <u,)is
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-2, x<t
u(x,t)= \/%, I<x<4t 9)
2 x> 4.

2

The graph of the function (9) is shown in Figure 7a. The weak
solution of the problem (1), (8) is given Figure 7b.
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