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AssTrACT. This study explores the solvability and solution of a Robin problem for a higher-
order differential equation in the upper half-plane. Using the framework of the higher-order
Cauchy-Riemann operator, we extend classical techniques to handle complex boundary in-
teractions.

Necessary conditions are established by analyzing the boundary operator’s structure.
To construct solutions, we apply an integral method that reduces the problem to a more
manageable form, employing higher-order Cauchy-type transforms and kernel functions
suited to the upper half-plane.

1. INTRODUCTION

Different boundary value issues are investigated in [1-5] for various domains with ex-
plicit solutions. Boundary value problems play a fundamental role in mathematical anal-
ysis and its applications, particularly in understanding physical phenomena modeled by
partial differential equations. Among these, Robin boundary value problems represent a
versatile class that interpolates between Dirichlet and Neumann conditions, offering a rich
framework for both theoretical exploration and practical applications. While significant
progress has been made in the study of classical boundary value problems in the complex
plane, the investigation of higher-order equations in the upper half-plane, especially under
Robin boundary conditions, remains an open and challenging area of research. The current
work focuses on a Robin boundary value problem associated with a higher-order partial
differential equation in the upper half-plane. These problems are of particular interest due
to their intricate coupling of boundary and interior conditions, as well as their connection
to advanced operators such as the higher-order Cauchy-Riemann operator. Such equations
naturally arise in a variety of contexts, including fluid dynamics, elasticity, and electromag-
netic theory, where higher-order derivatives and mixed boundary conditions are integral to
the models. Our primary objective is to establish the conditions under which the Robin
boundary value problem admits a solution and to provide an explicit integral representa-
tion of the solution. By employing tools from complex analysis, we develop a framework
that reduces the complexity of the higher-order equation and reveals the interplay between
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the boundary conditions and the solution’s analytic structure. The integral representation
not only provides a practical method for constructing solutions but also offers deeper in-
sights into the properties of the underlying operator. This study contributes to the broader
theory of boundary value problems in complex analysis and lays the groundwork for fur-
ther investigations into higher-order equations in more general domains. Additionally, the
techniques and results presented here may find applications in mathematical physics and
engineering, where the study of such equations is both theoretical and practical.

2. PRELIMINARIES

Let H := {z € C : Imz > 0} denotes the upper half plane and R its boundary (the x-axis).
Here L, (H; C) means the space of complex-valued functions f defined in H. T is Pompeiu
integral operator. The Cauchy—Riemann operator is a fundamental tool in complex analysis

and is defined as
9. _1(9 ., .9
oz 2\ox  ay)’

where z = x + iy. A complex-valued function w : H — C is said to be analytic if and
only if w; = 0, that is, if it lies in the kernel of the Cauchy—Riemann operator. The
inhomogeneous Cauchy—Riemann equation w; = f, where f is a given function, arises
naturally in the context of boundary value problems involving non-analytic functions and
serves as a starting point for constructing solutions using integral representations.

In this study, we extend the classical theory by considering higher-order versions of

the Cauchy—Riemann operator. These operators are crucial for analyzing more intricate
boundary conditions, such as those appearing in Robin-type problems for higher-order
partial differential equations.
In this study, we formulate the problem in the upper half-plane H due to its analytical
convenience and compatibility with classical integral operators such as the Cauchy and
Pompeiu transforms. The upper half-plane provides a natural setting where the boundary
R allows explicit use of well-known kernels and boundary value techniques. Although
the analysis is carried out in H, the approach can be extended to the lower half-plane
L :={z € C: Imz < 0} by symmetry or by adapting the kernel functions accordingly.

Theorem 2.1. [3]] The Robin problem w: = 0 in H, aw + d,w = y on R, w(i) = Cy for
@ € OE)NC(HC),y € L2 (R;C) N C(R;C) and Cy € C is uniquely solvable if and
only if
[ (V)

— —=dt=0 2.1

21 ) o -2 @D
for z € H. The solution is given by

Z . 1 0 Z I Z .
W(2) = Coe™ s _ 2 f y(0) f Am(S) fFiotords g4 gy 2.2)
T Jowo i lt—s?

Here O(H) denotes the set of analytic functions in H.

Proposition 2.2. [5] The Robin problem for the inhomogeneous Cauchy—Riemann equa-
tion
w; = finH,
w—0y,w=7yonR,
w(0) =c+Tf(0)
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forgiven f € L,»(H; C)ﬂCl(ﬁ; C), p>2andy e L*(R;C)NC (R;C) is uniquely solvable
if and only if for z € H

s f (1) + f( )
2mi t—
The solution is given by

dt +iTf@) + To,f@) = (2.3)

—1 l

(@) = ce + —— f " ) = 2if (1) 0 f Cdca T 4
21 J oo il

-t
3. RoBIN BounparYy VALUE ProBLEM For HIGHER ORDER EQUATION

This section explores the Robin Boundary value problem associated with higher order
partial differential equations in the upper half complex plane. By generalizing the classical
techniques, we aim to establish conditions fort he existence and uniqueness of the solu-
tions. Additionally, explicit representations are derived, highlighting the interplay between
boundary conditions and solution’s analytical structure.

Theorem 3.1. Lety; € LAR;C)NCR;C), p>2, we L,r(H;C)N C"(H;C) N Ly(R; C),
and ¢; € C fori = 1,...,n. The Robin boundary value problem for the homogeneous
Cauchy-Riemann equation is:

dw=0in H (3.1)

ﬁlz‘w - aya’gw =Yr+1 0n R, (3.2)

6g_lw + 8),8§_1w =vy,on R, (3.3)
Fw(0) = cpe1 + TOE'w(0), (3.4)
F'w(i) = ¢, (3.5)

is uniquely solvable if and only if for z € H,

1 (i ! !
— f M dt +iTu(2) + TOu1(2) =0 forO<k<n-2, (3.6)

27i t—-2
1 (2
— 7() -0 fork=n-1, 3.7)
21 ) oo t—
and the solution is given by

. 1 00 . z—t 1{
w(z) = cre“ + Tuy(z) + — f (y1(t) = 2iuy (1)) €79 f —d¢ dt, (3.8)

21 J_oo PR 74

where the auxiliary functions uy,1(t) and u.1(2) are defined as:

f
U1 () = cryae™" + f (iYk2() + Uupsa(s)) €77 dg, (3.9)
0

e

i 1 0 ) iz
Us1(2) = crne™ + Tugen(2) + - f Vrs2 () = 2iugs(t)) € L)f b dfdt (3.10)

—t
for0<k<n-3,
and

s
Un-1(£) = cpe’ — f iya(s)e™ ™ dg, (3.11)

Un_1(2) = Cpe+ = ! f (1) f i ” Im(s) ds dt (3.12)
fork=n-1.
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Proof. For n =1, we consider w(z) as

w(z) = u1(2) : (3.13)
w(z) = et - ! f ¥(®) f ’(”) m(s) > dsdr. (3.14)

For n > 1, the problem reduces to the following sequence of equatlons:
(1) wz =u;,w—0,w=7y; onR,
w(0) = ¢1 + Tu1(0);
(2) wi, = uiy1, u; — Oyu; = yip1 on R,
1;(0) = cip1 + Tui(0), 1<i<n-2;
(3) (up-1)z =0in H, u,_1 + Oyut,_1 =y, on R,
Up-1(i) = cp.
The condition u; — 0yu; = ;4 implies
ui(t) + iu;(t) = iyir1(t) + w1 (t) onR.

Solving this differential equation, we obtain
!
ui(t) = ciyre” + f (1Yis1(S) + i1 () €7 dg.
0

Combining the solutions and solvability conditions completes the proof. O

Theorem 3.2. Lety; € LAR;C)NCR;C), p>2, we L,,(H;C)N C"(H;C) N Ly(R; C),
and ¢; € C fori = 1,...,n. The Robin boundary value problem for the higher-order
inhomogeneous Cauchy-Riemann equation is formulated as

dw = f(z) inH, (3.15)
with the following boundary and point conditions:
6§w—8y8§w=7k+1 onR,0<k<n-1, (3.16)
Fw(0) = cpst + Tigs1(0), 0<k<n-2, (3.17)
and
F'w(0) = ¢, + T £(0). (3.18)

The problem is uniquely solvable if and only if the following solvability conditions hold
forze H

1
- f M dt + iTwe@ + T =0, forl<k<n—1,  (3.19)

Lf Mdt+le(z)+T3(f(Z) =0, fork=n-1. (3.20)

2mi t—
The solution w(z) is given by

. 00 . 7=t zg’
w(z>=c1e—'Z+Tu1(z>+l. f (1) — 2iuy (1)) €7 f — d¢ dt, (3.21)
2 J o il

—t
where ui(z) and uy(t) are defined recursively:

Yol f

. 1 e .
up(z) = crr1€ + T (2) + - f (Y1 (8) = 2iuge1 (1)) el(t_Z)f _g“ d{dt, (3.22)

—t

'
ut) = ceme™ + f (Y11 (6) + i1 (6)) €7 ds (323)
0
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forl1 <k<n-2

Fork=n-1:
) 00 ) Z—t il
Unr(2) = cne™ + T + —— f () — 20f (1) 2 f Cacd, (324
2711 J oo PR 74
() = coe™ + fo (iya(6) + F(6)) € d. (3.25)

Proof. Forn =1, take u; (f) = f(¢) and u; (z) = f (z). Substituting these into w(z) verifies
the result. Assume the theorem holds for n-1 and consider the case for n. The problem
decomposes into two systems

3'w(z) = u(z) in H, (3.26)
Fw—0,0fw =1 onR,0<k<n-2, (3.27)
Fw(0) = ¢y + T (0), 0<k<n-3, (3.28)
F272w(0) = ¢,y + T£(0); (3.29)
and
u: = f(x)inH, u—0yu=7y, onR, (3.30)
u(0) = ¢, + TF(0). (3.31)

Solving these systems recursively using the solvability conditions and integrating the solu-
tions yields the desired result.
O

4. CONCLUSION

In this study, we analyzed the Robin boundary value problem for higher-order equations
in the upper half complex plane. Through a systematic exploration of existence and unique-
ness conditions, we provided explicit integral representations for solutions. Our findings
demonstrate the feasibility of generalizing classical boundary value problem techniques
to higher-order equations, with particular emphasis on the complex interaction between
boundary conditions and the operator’s structure.The results have potential applications in
mathematical physics and engineering, especially in problems involving mixed boundary
conditions and higher-order derivatives. Future work may extend these methods to more
complex domains and investigate numerical approaches for practical implementations. The
theoretical results obtained from the Robin boundary value problem for higher-order equa-
tions, particularly in the context of the Cauchy-Riemann equations, can be applied in vari-
ous fields, including signal processing in communication systems.
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