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ABSTRACT

In this paper, we introduced a novel mathematical model to simulate the spread of the
zoonotic viral disease monkeypox, incorporating both human and rodent populations to capture
the disease dynamics. Unlike previous models, we included a quarantine compartment for
infected humans, a social distancing compartment for susceptible individuals, and vaccination
with direct transmission to the recovered compartment, offering a more comprehensive
framework for controlling the spread of monkeypox. We then compared the effectiveness of
these three control measures in reducing disease transmission. To investigate the dynamics of
the model, we first demonstrated that it has a unique, positive, and bounded solution. Next, we
calculated the basic reproduction number, R, for the proposed model. A sensitivity analysis is
then conducted to identify key parameters, followed by an assessment of their effects on Rj.
Additionally, we analyzed the local stability of both the disease-free and endemic equilibrium
points to identify the conditions under which the disease dies out or remains endemic. We first
showed in stability analysis section that these three control parameters play important roles in
stability of equlibrium points. After that our findings in sensitivity analysis indicated the critical
role of recovery rates and incubation periods in shaping the outbreak trajectory. Besides them,
our analysis of R, in 3-D plots showed that the human-to-human transmission (/) has about
3 times greater impact than rodent-to-human transmission (f,,) on R,. Finally, we presented
simulations to show single and combined effects of the control parameters: quarantine, social
distancing and vaccination on the transmission of monkeypox virus.

Keywords:  Mpox, Sensitivity analysis, Infectious disease, Basic reproduction number,
Stability analysis.
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1 INTRODUCTION

Monkeypox is a zoonotic viral disease caused by the monkeypox virus, a member of the
Orthopoxvirus genus, which also includes the smallpox virus. First identified in 1958 in
laboratory monkeys, the disease is primarily transmitted to humans through direct contact with
infected animals, particularly rodents, or through respiratory droplets and contaminated objects
from human-to-human contact [1]. Symptoms typically include fever, headache, muscle aches,
and swollen lymph nodes, followed by a characteristic rash that often begins on the face and
spreads to other body parts. The incubation period ranges from 5 to 21 days, and while the
disease is generally less severe than smallpox, it can still lead to complications and, in rare

cases, death, with mortality rates varying by geographic region and viral strain [2], [3].

Various mathematical models have been employed to investigate the transmission
dynamics of monkeypox, focusing on interactions among different population groups. [4]
introduced a SIQR-SEI model to analyze rodent-to-human transmission, highlighting the role
of quarantine in controlling infection spread. Another study developed a deterministic model
incorporating vaccination to explore monkeypox dynamics, revealing that epidemic outcomes
depend heavily on vaccination efficacy (categorized as weak, medium, or strong) [5].
Additionally, a study by authors [6] emphasized quarantine and public awareness campaigns as
essential strategies for reducing human-to-human transmission. However, these studies often
excluded the exposed (E) compartment in their frameworks, which limits their application to

diseases with significant latent periods.

Conversely, other studies have included the exposed compartment to capture more
realistic transmission dynamics. [7] applied an SEIR model with low-infectious and high-
infectious compartments alongside quarantine measures. [8] extended this by incorporating a
quarantine compartment for infected individuals, improving insights into isolation's
effectiveness. Similarly, [9] expanded the SEIR framework with a compartment for vaccinated
individuals and [13] expanded with isolated individuals to model monkeypox transmission
comprehensively. A recent study by [10] analyzed SEIR-based frameworks, highlighting their
utility in understanding human-animal transmission interactions and guiding public health
interventions. These contributions demonstrate the growing reliance on SEIR models to better

reflect the disease's natural history and control strategies.

Unlike other studies on monkeypox modeling, we did not include a separate

compartment for vaccinated individuals. Instead, vaccinated individuals were directly moved
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to the recovered compartment, assuming immunity acquisition based on vaccine efficacy and
vaccination rates among susceptible individuals. By grouping vaccinated and recovered
individuals, we simplified the model, reflecting their shared immune status. Given monkeypox's
primary transmission via direct contact with infected fluids or objects, we assumed negligible
infection risk within the isolated (social distancing) compartment and focused on high-risk
interactions. Our model incorporated vaccination, social distancing, and quarantine to analyze
their combined effects on monkeypox virus transmission. Such control measures are well
studied on COVID-19 virus [24-27]. For instance, the effects of social distancing, quarantine,

and lockdown on COVID-19 dynamics were carefully analyzed in the study presented by [24].

The recent spread of monkeypox beyond its usual regions has shown the need for
effective strategies to control its spread. Measures like vaccination, social distancing, and
quarantine are known to work well individually, but their combined effects are less understood.
It is important to study how these measures interact, especially since public compliance with
social distancing and quarantine can impact the success of vaccination efforts. Understanding
how to combine these strategies effectively can help manage monkeypox outbreaks and
improve readiness for future pandemics, ensuring public health responses are both efficient and

flexible.

In the following section, we first introduced the compartmental model, identified its
equilibrium points, and calculated the basic reproduction number, R,. We then analyzed the
stability of these equilibrium points. A sensitivity analysis was conducted using parameter
values derived from previous studies to understand how variations in key factors affect the
spread of monkeypox outbreak. In the result section, we presented plots illustrating how R,
changes in response to variations in critical parameters identified through sensitivity analysis.
Finally, we discussed the individual and combined impacts of quarantine, social distancing, and

vaccination on controlling disease spread.

2 MATERIAL AND METHOD

In this study, to model the spread of the monkeypox virus, the human population was
divided into six compartments, and the rodent population was divided into four compartments.
The SEIQPR model was used to represent the human population and the SEIR model was used
to represent the rodent population. For the transmission diagram of the disease between
compartments, see Figure 1, and for the definitions of the compartments, see Table 1. The total

human population was expressed as N, =S, + E, + I, + Q, + P, + R, and the rodent
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population was expressed as N, = S, + E,. + I, + R,. We assumed that a vaccinated human
gains immunity to the monkeypox virus, allowing them to transition directly to the recovered
class. Since monkeypox mainly transmits through direct contact with infected fluids or
contaminated objects, we assume that the infection risk is negligible in the social distancing
compartment (P,) and exclude transmission in this group, focusing instead on higher-risk

interactions.

2.1 Model Formulation

We proposed a compartmental model that incorporates both human and rodent
populations to describe monkeypox transmission dynamics, represented by the following

system of differential equations:

ds,,
¢ = M= Brndn + Brndr)Sh = (dr + b+ v)Sh
dE,
ar Brlpn + Brndy)Sp — (kp + dp)Ep
dl,
FT knEp — (q + pp, + dp +vr)In
dQy
r qln — (Un, + dn + Vi) Qn
dpP,
W = bSh - (U + dh)Ph
dRy,
P Y dn + ¥n,Qn + v(Sp + Py) — dyRy
ds..
dt =N — (ﬁrrlr + ﬁhrlh)sr - drSr
dE,
dt = (ﬁrrlr + ﬁhrlh)sr - (kr + dr)Er
dI,
E = krEr - (.ur + dr + yr)lr
dR
= = Vel — d:R; (1)

where, Sp(0) = Sp,0, En(0) = Epg, [n(0) = In0, Qn(0) = Qpo, Pr(0) = P, Rn(0) = Ry,
S:(0) =S,0, E.(0)=E,, I,(0)=1I., and R,(0) =R,, values represent the initial
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conditions of the differential equation. That is, they express the number of individuals in each
compartment at time ¢ = 0. All these values are defined as non-negative real numbers with
upper bounds. Similarly, all parameters defined in Table 2 are specified as positive real numbers
with  upper bounds. In the study, we mainly focused on the control
parameters v (vaccination), b (social distancing), and g (quarantine) in the mitigation of

monkeypox virus.

T .wz
S
M.%-h-m-
—> —> —> —
V
v
o o () b ()

Figure 1. Flow diagram illustrating the disease transitions among the compartments.

Table 1. Population compartments and their descriptions.

Compartments Descriptions Initial densities of populations
S, Susceptible rodents 0.9990
E, Exposed rodents 0.0004
I, Infected rodents 0.0006
R, Recovered rodents 0.0000
Sn Susceptible humans 0.9990
P, Social Distanced-Susceptible humans 0.0004
Ep Exposed humans 0.0006
Iy Infected humans 0.0000
Qn Quarantined-Infected humans 0.0000
Ry Recovered humans 0.0000
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Table 2. The model parameters, along with their descriptions and values in the time unit
days. For the control parameters v, b, and q, we used a base value of 0.0001 and then varied
them in result section to show their eIfects on the infected cases.

Parameters Descriptions Value (dley) Source

Ay Recruitment rate of human population - -

dp Natural death rate of human population - -

Brnn  Disease transmission rate from humans to humans 0.3000 Assumed

Brn Disease transmission rate from rodents to humans 0.1500 Assumed
B  Disease transmission rate from rodents to rodents 0.3000 Assumed
Bnr  Disease transmission rate from humans to rodents 0.1500 Assumed
v gl\lfsccg;)?li gﬁz ;31;)8 )x (the percentage of vaccinated 0.0001 Assumed
b CRlz;tse; of transition to social distancing class from susceptible 0.0001 Assumed
q Rate of moving infected to quarantined-infected individuals 0.0001 Assumed

Un, Disease-induced death rate of human population in I, 0.0033 [11]
Un, Disease-induced death rate of human population in Qp, 0.0555 [11]
ky Rate of exposed individuals becoming infected 0.0500 [12]

Yn, Recovery rate due to natural immune response 0.0884 [11]

Yh, Recovery rate due to hospitalization 0.0363 [11]
A, Recruitment rate of rodent population - -

d, Natural death rate of rodent population - -

k, Rate of exposed rodents becoming infected 0.3200 [12]
Uy Disease-induced death rate of rodent population 0.2814 [12]
Yy Recovery rate of rodents due to natural immune response 0.6000 [14]

Theorem 1. Assuming that the initial conditions are defined in a region (1, the system of
differential equations given in (1) has a unique positive and bounded solution in the region
0 for each t € [0,T]. Specifically,
10 Ah AT
.Q. = {(Sh’Eh’Ihl Qh’Ph’RhISTIETIIT’RT') C IR+ : 0 < Nh S d—,O < NT S d_}
h T
Proof. Let’s first show boundedness of solutions for model (1)

dNy _dSy  dEy  dly  dQy  dPy  dRy
dt dt dt dt dt dt = dt

= A, —dp(Sp + Ep + I + Qn + Py + Rp)—in, In — 1n,Qn  (2)

<A,—d,(S,+E,+1,+Q,+ P, +Ry)

Wn  p, — N
1 _— —
ar = On hiVh
: Ap
= limsup N, < —
t—oo dh
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d .. . . s .
If % were positive, the solution would increase and go to infinity. Therefore, to prevent this

increase, this derivative must take a maximum value of zero. In other words, if we want the
solution to the differential equation system to remain within a boundary, the total number of

individuals in the human population, N, (t), must either remain constant or decrease. Therefore,
. . d .. .

the derivative % can be at most zero. Similarly, let us now demonstrate that the solution for

the rodent population is also bounded:

dN, dS, dE, dI, dR,

at _dt < dr Tar T at
:Ar_.urlr_dr(sr'i'Er'i'Ir-l'Rr) (3)
<A —d. (S +E +1.+R,)

dN,
- <A —d,N,

=

. Ay
=  limsupN, < —.

t—o T
Thus, N, < 2—" and N, < % Now, we show the positivity of the solutions. by using Eq. 2, we
h T
get following since —u, Qpn = —upNy,.

dN,,
P Ap — dp(Sp+ Ep + I+ Qp + Py + Rp)—tin, In — un,Qn

= Ap —dpNy — upNy = Ap — (dp + pp, + Up, )Ny

By linearity of the differential equation, we can multiply the above inequality by the integral

t
factor, elo(@ntHni+in;)ds — o(@ntiny +iny)t gnd obtain the following for s € (0,t)

t
Nhe(dh+uh1+[lh2)t — NhO + AhJ e(dh+#h1+ﬂh2)5 ds > 0.
0

Thus, we obtained 0 < N, < 2—". Similarly, by using Eq. 3, we got the following as
h

dN,
dt

=N — el — dr('sr +E +L + Rr)

= Ay — (.ur + dr)Nr

By linearity of the differential equation, we obtained
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t
Nre(/ir"'dr)t > Nr,O + AT f e(#r+dr)5 ds >0
0

Hence, 0<Nh32—h and0<NrS%.
h

r

2.2 Equilibrium Points of the Model

2.2.1 The disease-free equilibrium point and basic reproduction number
(Ro)
The disease-free equilibrium is the state where no disease is present in the system
(I, = I, = 0). Thus, the disease-free equilibrium of system (1) is given by

* * 7k * * * Ah AT'
El = (Sh' Eh' Ih’ Qh’ Ph’ Rh’ S:, E:, I:, R;k-) = (d_, 0,0,0,0,0,d_, 0,0,0)-
h r

Thus, this indicates that susceptible humans and rodents will stay at the maximum level

. . . A A
when there is no disease since 0 < N, < d—h and 0 < N, < d—r.
h T

While determining the basic reproduction number (R,), the Next Generation Matrix
Method will be used [15]. This matrix is based on two main components: The new infections
matrix (F): This matrix shows the rates at which new cases emerge in the epidemic. The
transition matrix (V): This matrix represents the transitions of individuals among the classes:

Ep, Iy, Qp, E, and I,.. We get these matrices in the order (Ey, I, Qp, E,, I,-) as follow:

dn + kp)Ey
(Brnln + Brrly)Sk (dn * fo
0 rer _khEh + (q + 'uhl + dh + yhl)lh
F = 0 and V=| —qI,+ (/ut;,L2 +dp + th)Qh
(ﬁrrlr + ,Bhrlh)sr (kr + dr)ET
0 |~k Er + (4 +dr + 1)1
0 Bt 0 0 put]
0 BraSn 0 0 BrpSh " dy, ™ dy
0 0 0 0 0 0 0 0 0 0
F=I|0 0 0 0 0 =10 0 0 0 0
0 BnSr 0 0 By A Ar
0 00 0 0 Purg 00 By
L0 0 0 0 0 g
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ky, +dpy 0 0 0 0
—kn g+ pp, tdptyn, 0 0 0
V= 0 —q ‘Llhz + dh + )/hz 0 0
0 0 0 k.+d, 0
| o 0 0 kGt
-1
kh+dh O O O 0
M, — 0 0 0
q+pp; +dp+Yhy
-1\ M q 1
4 2 @+, +An+Vn ) (Uny +An+YRy)  Hhy+tdrtYh, 0 0
1
0 0 0 ky+dy 0
ky 1
B 0 0 0 (kr+dr)(Ur+dr+yr)  pr+drtyy

kn qkn

where M, = and M, = . B
1™ Gentdn)@+n, +dn+7ny) 2 Gkt dn) @+ iy +an+vn) Bng+dntyny) >
multiplying the matrices F and V1, we got the following
Fp~l=
r Brh An kn Brr An 0 Brn Ap kr BrnAn T
dp(kp+dp)(q+un, +dp+vny)  dn(@+pp,+dp+vnpy) dp(kr+dy)(Ur+dr+yr)  dp(ur+de+yr)
0 0 0 0 0
0 0 0 0 0
.Bhr Ay kp Bhr Ah O ﬁrr Ay Ky ,Brr Ay
dr(kp+dp)(@+up, +dntvn,) dr(@+un,+dn+vn,) dr(krtdy)(Ur+detyr)  dr(Ur+drtyr)
0 0 0 0 0 .
hh _ Brrdnkn Rrh — Brn An kr
0 dp(kp+dn)(q+pn, +dn+vn,) '’ 0 dp(kr+dy)(Ur+dr+yr)
th — Bhr Ay kp Y _ ﬁrr Ay Ky
O 7 dr(kp+dp)@+ung +dn+yny) T 00 dr(kptdr) (Ur+dr+yy)

Here, R and R} are the basic reproduction numbers for human-to-human, rodents-
to-rodents transmission, while R and R}" are the basic reproduction numbers for the vectorial
transmissions from human-to-rodent and rodent-to-human, respectively. Thus, the basic
reproduction number for model (1) is a composition of the reproduction numbers as follows
(see the studies for details: [16] and [17]). Shortly, when we arrange the characteristic
polynomial of FV~1 matrix and arrange it, we will get the following, which is the maximum

eigenvalue of the matrix.

1
Ro= 3| R+ R+ [t + R = 4y~ Ry
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when we simplify the equation, we obtain

1
Ry = 5{(R3h + Ry + J (Rg" — RG> + 4R6”R6"} )

Thus, any changes in these reproduction numbers affect the basic reproduction number, R,,.

2.2.2 Endemic equilibrium

This is the equilibrium where the disease stays in the system when Ry, > 1. See Theorem

4 for the existence of the endemic equilibrium point.

Theorem 2. When I,. > 0, there is at least one endemic equilibrium point for the system given

in equation (1).

Proof. Suppose that I, > 0. Setting % = 0 and dthT = 0, we obtained

+d, +
E, = wlr (5)
r
YV
R, = d_:Ir (6)
when we set s + 2 _ 0, we obtained
dat  dt
A — (k, +d,)E
ST — T ( :i T') r (7)
T

Since N, =S, + E. + I, + R,, I, =N, — S, — E, — R, and we got the following by using the
equations (5-7)

* Ar - drNr
Ir = (8)
Uy
Hence,
S* = Ar—(Ky+dy)Er — ﬁ _ (kr+dy)(Ur+dr+yyr) Ay—dyNy (9)
" dr dr drky Hr
+d,+yyr Ar—d,N A—d,N.
E: — UrTQyrTYr Dp—QylNy and R:- — Yr Oy~ GyiNy (10)
kr Ur dr HUr
.. . dlp aQp dPp dRp
imilarl tting —=0,—=0,—=0and — =0
S y, by setting —% =0, —= =0, — d =t =0,
q+up,+dptvn q v+dp
Eh:—l llh, Qh:—lh' Sh: Ph (11)
kn Uny+dp+Yh, b
Yhyln + YhyQn + V(Sh+Pr)  VYnyln | YryQn |, v(dp+b+v
Rh — 1 2 — 1 + 2 + ( h )Sh (12)
dp dp dp v+dp

s, = dE
As we set —2 + = = 0, then
at ' de
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A (kh+dh)(q+,uh1+dh+yh1)1
_ Mn—(kn+dp)Ep _ 7" kn h
dp+b+v dp+b+v

Sh

Since Nh:Sh+Eh+Ih+Qh+Ph+Rh' Ih:Nh_Sh_Eh_Qh_Ph_

the following by using the equations (11-13)

v+1)A
Nh_( M
I* v+dp
h (v+1)(kh+dh)(q+/,th1+dh+yh1) + q+uh1+dh+yh1 + yhl q(dh+yh2)
(U+dh)kh kh dh dh([th2+dh_+yh2)

(13)

R, and we got

(14)

Hence, the endemic equilibrium point, E, = (S, Ey, 11, Qn, P, Ry, Sy, Ey, I-, R;) was obtained

as
(kh+dh)(q+uh1+dh+yh1) N
h I
* kh
Sp = -~ :
h+b+l7
v _ QTHUn AtV o«
Eh - k Iha
h
(V+1)Ah
I* —_ Nh_ 17+dh_
h ™ OrDKntdp)@Hing +dp+yny) | A+RRy* AtV | Yhg a@n+rn,)
(v+dn)kn kn dp  dp(tpy+dp+vp,)
Qp =———1Iy
T g tdptyn, M
(kh+dh)(q+,uh1+dh+yh1) s
«  VHdp ox  vHdp DR kn, h
Ph = Sh = ,
b b dp+b+v
Rf = ml* + &Q* + v(dh+b+v)5* _ vAp (MJF Yh,q _ U(kh+dh)(q+uh1+dh+yh1))
Pt Tt vidy M vkdp  Vdn o dp(unytdatvng) kn(v+dp)
Iy,
S* = Ar (kr+dr)(Urtdrtyr) Ar—drNy
T d‘r drkr Ur )
E* _ Urtdyr+yy Ay—dyNy
r k ]
T Ur
* Ar—dyNy
IT = )
Ur

Ay—dyN
R‘;k.zﬁ r—Qr r.
dr Ur

2.3 Stability Analysis of Equilibrium Points

In this section, we examined the stability analyses at the equilibrium points. In our

model, once individuals reach the R; or R, class, they are no longer involved in the disease

transmission process. They are assumed immune and do not contribute to future infections,

meaning their behavior does not affect the ongoing dynamics of infection spread or disease

stability. To reduce the complexity and calculation in stability analysis, we excluded these
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classes. Thus, we calculated the Jacobian matrix of the differential equation system (1) in the

order (Sp, En, I, Qn, Pn, Sy, Er, I.) as follows:

a;; 0 a3 O 0 0 0  aqg]
dz; Gz Q3 O 0 0 0 azp
0 a3z azz O 0 0 0 0
10 0 as3 aze O 0 0 0
J=las, 0 0 0 ag O 0O 0
0 0 0 0 0 age 0 agg
0 0 0 0 0 aye a;; aqsg
0 0 0 0 0 0 ag; aggl

where,

a1 = =Bundn + Brnly) — (dn + b +v), 13 = —PnnSn, 18 = —PraSn, 21 = Bunln +
Bralr, a2z = = (kn + dn), @23 = BrnSns A28 = BraSn, sz = kp, azz = —(q + pp, +dp +
V) Qa3 =q a4q = —(pn, +dn +¥n,) 51 = b, ass = —(v + dp), ags = —Prrly — do,
asg = —PrrSrs 76 = Prrly, a77 = —(ky + dy), a7g = BrySy, ag7 = ky, agg = —(Uy +dy +
¥r)-

Theorem 3. The disease-free equilibrium point is asymptotically local stable if the conditions

1> RY" and 1 > R are hold. Otherwise, it is unstable.

Proof. The Jacobian matrix of the disease-free equilibrium point,

Ah Ar
Ey = (S, Ep 1, Qn, Py, , Sy Er IY) = (—,0,0,0,0,—,0,0).
dh dr

was calculated as

(A — A 0 a3 0 0 0 0 g
0 Ay, — A a,s 0 0 0 0 ayg
0 as; azz — A 0 0 0 0 0
_ 0 0 Ay3 Ays — A 0 0 0 0
Jey = asq 0 0 0 ass — A 0 0 0
0 0 0 0 0 Age — A 0 Agg
0 0 0 0 0 0 a,; —A g
0 0 0 0 0 0 agy agg — A

and its characteristic polynomial was obtained from | Je, — /118x8| =0as
(age — Dl(agg — D(az; — 1) — agrazs]
(ass — D) (ass — D(a; — Dl(azzs — D (az; — 1) — azzaz3] =0

The eigenvalues, A; = aq; = —(,uhz +d, + yhz), Ay =ay, = —(,uh2 +d, + yhz), A3 =

ass = —(v + dp,) and A, = ag¢ = —d,, are negative.
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[(ags — D(az; — ) —agyazg] =0

2% — (az7 + agg)A + ay,agg — agzazg = 0.

If a,,agg > ag-a,g, then the eigenvalues are negative by Routh-Hurwitz Criteria (Routh,

1877; Hurwitz, 1895).

Ga770gsg > Qag707g A (kr + dr)(.ur + dr + Vr > krﬁrr Sr

,BTT AT kT — rr

1> =
dr(kr+dy) (Ur+dr+yr) 0

Similarly, for the following equation

[(ass — AD)(azz — ) —aszaz3] =0

A2 = (azz + a33)A + aza33 — A32a23 =0
when a,,a33 > as,a,s, the eigenvalues are negative by Routh-Hurwitz Criteria [18],[19].

Ap2033 > A3,023 < (ky + dh)(q + up, +dp + Vhl) > knBrnSh

Apk
o 1> BrrArkn — R(i)zh
dp(kpt+dn)(q+pp, +dp+vn,)

Thus, under the following conditions, the disease-free equilibrium is stable.
1> Ry (15)
1> RM (16)

Theorem 4. Under conditions (17) and (18), the endemic equilibrium point is asymptotically

local stable. Otherwise, it is unstable.

Proof. Let’s set the Jacobian matrix of the endemic equilibrium point in the form

|]E2 _/118368| =0as

a;; —A 0 a3 0 0 0 0 aig
ayq ay, — A Ay 0 0 0 0 ayg
0 asy azz3 — A 0 0 0 0 0
_ 0 0 ays gy — A 0 0 0 0
Je, = asq 0 0 0 ass — A 0 0 0
0 0 0 0 0 Agg — A 0 Agg
0 0 0 0 0 aze az; —A asg
0 0 0 0 0 0 agy agg — Al
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and then get the characteristic polynomial of the matrix,
[(agg — D) (a;7; — D) (age — A) — agyaz;3(ags — A) + agya76a68](ass — 1) (A44 — 4)
[(az3 — D (az; —A)(ag; — A1) — azzazz(a;; —A) + aszpazia,3] =0

The eigenvalues, 41 = a4y = —(th +d, + th) and 1, = ass = —(v + dj,) are negative.

Now, we examine the other eigenvalues as

[(agg — D) (a;7; — A)(age — A) — agyaz;3(ags — A) + agya76a68] = 0

(=4

a3A3 + azlz + a1/1 + ao = 0
Where, a3 =1 > O, a, = _(a66 + a; + agg) > O, a, = —a37a78 + a77a88 + a66(a77 +
agg) and Ay = —0Agely70g88 — Ag7A76063 + Ag7;A780g6- If ap, Aq > 0 and a,aq > asag, then

the eigenvalues are negative. Similarly, for the following equation

[(az3 — D)(az; —A)(ag; — ) — azzazz(a;; — A) + aszyazia,3] =0

=

b3l3 + bzlz + bll + bo = 0
where, by =1>0, b, = —(a11 + az2 + azz) > 0, by = —a3,053 + Az2033 + a11(az; + az3)
and bo = —0aq11072033 — 432071013 + a3,073011. If bo, b1 > 0 and bzbl > b3b0, then the

eigenvalues are negative by Routh-Hurwitz Criteria. Thus, under the following conditions, the

endemic equilibrium is stable.
ay, a, > 0and aya, > aza (17)

be, by > 0 and byb; > bsby (18)

3 RESULTS AND DISCUSSION

We presented and discussed model outputs in this section. It is important to emphasize
that while we included the demographic parameters Ay, dj, A, and d, in our analyses, they
were not considered in the simulations. These parameters were utilized primarily to establish
bounds on the model solutions in Section 2. Since these parameters pertain to the natural birth
and death rates of specific populations and have no direct role in controlling infectious diseases,

they are typically excluded in most infectious disease modeling frameworks [20], [21], [22].
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This approach reflects the general practice of focusing on parameters directly influencing

disease transmission and progression.

3.1 Stability Analysis

We investigate the stability of the disease-free equilibrium and endemic equilibrium
points by using the parameter values given in Table 2. First, it is important to mention that since

we are not including the demographic parameters, R, will be in the form:

1
Ry = E{(R{}h + Ry + J (R§™ — RGH? + 4R{)”R3h} (19)
where RIM = Bnn . Rh=_ P 20
O 7 (q+un, +dntvh,) O 7 (wrtdetyy) (20)
th — ﬁhr ) T _ ﬁrr 21
O 7 (q+un, +dn+yn,) O 7 (urtdrtyy) D

and the disease-free equilibrium point will be in the form:

Ey = (Sy, Eq 13, Qn, P, Ry, Sy, Er, 17, Ry = (1,0,0,0,0,0,1,0,0,0).

rather than

* * 7% * * * Ah AT'
By = (Sh B T Qi Pa B3 S5 B3 12, RD) = (32,0,0,00,0,27,0,0,0),
h T

Depending on our calculation by using parameter values given in Table 2, R = 3.26 >
1 and R}" = 0.34 < 1. Having, R} = 3.26 > 1 violate the stability of the disease-free
equilibrium point (see Theorem 3). Thus, the disease-free equilibrium point is unstable. This
finding highlights the need for additional efforts to control the outbreak. Specifically,
incorporating control parameters v, b, and gis essential to reducing R and mitigating
transmission rates. Similarly, when we investigated the endemic equilibrium point with the

parameter values given in Table 2, we obtained followings

az;=1>0

a, =1.2014+0.31, >0

a; = —0.096S, + 0.361,. + 0.28 > 0.
a, = 0.08461I, > 0.

and so, the condition (17) in Theorem 4 holds
ay, aq > 0and aya, > asag
since we obtained

a,a; > asa
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& 0.3364 +0.43251. — 0.1153S,. > 0.08461,

Even assuming S, = 1 and [, = 0, which are the extreme cases, the inequality still
holds. Thus, the condition (17) in Theorem 4 holds. Now, let investigate the condition (18) in
Theorem 4. If this condition holds, then endemic equilibrium point is stable otherwise unstable.

We obtained the following
b;=1>0
b, = 03I, +0.151, + 0.1427+v+b+q >0
b; = —0.0155, + 0.05q + 0.0046 + (0.3[;, + 0.151,. + b + v)(q + 0.1417)
b, = 0.05(0.31, + 0.15I,, + b + v)(q + 0.0917) + 0.0155,(0.31, + 0.151. + b + v)
+0.0155,(0.31, + 0.15,) > 0

It is challenging to determine whether the condition b,b; > b3b, holds with the given
parameters in Table 2, as it also requires identifying the variables Sy, I, and I,- and the control
parameters v, b, and g. While this could be investigated numerically, such an analysis falls
outside the scope of this study. However, we emphasize that the control parameters (v, b, and
q) play a crucial role in the stability of the endemic equilibrium point. In the following sections,
we examine the effects of these control parameters to highlight their significance in mitigating

monkeypox outbreaks.

3.2 Sensitivity Analysis

Several parameters significantly influence the behavior of the model (1). To identify the
parameters most relevant to the infected cases (I, + Qy), we performed a sensitivity analysis.
This analysis employed Latin Hypercube Sampling (LHS) combined with the Partial Rank
Correlation Coefficients (PRCC) method, following the approach described by [23]. Using
parameter ranges provided in Table 3, we generated samples from a uniform distribution and
used these as inputs to simulate system (1) over 150 days. The final number of infected cases
served as the output variable for this analysis. Table 3 presents the PRCC values, associated p-

values, and the parameter ranges used.

The results highlight v, b, q, Bnn, kn, Yn, » Yn,, Hr and y, as statistically significant
parameters based on their high PRCC values, suggesting they play a pivotal role in outbreak
dynamics. Consequently, we further analyzed how varying v, b, q, and 3, affects the infected

cases while keeping all other parameters fixed as listed in Table 2 and maintaining the initial
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conditions in Table 1. Figures 2a-2d illustrate these findings, showing how the cumulative cases

at the end of the simulation period respond to changes in these key parameters.

This investigation demonstrated that the control parameters v (vaccination) and b
(social distancing) have nearly identical impacts on controlling the outbreak (see Figures 2a
and 2b). This similarity is expected, as both parameters serve to reduce the spread of the disease
in similar implementation in our model. In the absence of vaccination, implementing and
managing social distancing measures can play a crucial role in mitigating monkeypox

outbreaks.

The analysis also revealed that the recovery rates in the model play a critical role in
controlling the outbreak, as they are statistically significant parameters. Additionally, the
incubation period parameter (kj) was identified as influential. Therefore, to effectively manage
monkeypox outbreaks, it is essential to carefully examine this parameter to gain a better

understanding of the disease dynamics.

Table 3. Results of sensitivity analysis with partial rank correlation coefficient (PRCC),
p-value, and the parameter ranges used for calculations of the PRCC and p-values.

Parameter

Ranges
-0.65 9.3e71 0.0001-0.1

Parameters Descriptions PRCC p-value

(Vaccine efficacy rate) x (the percentage of
vaccinated susceptible individuals)

b Rate of transition to social distancing class from
susceptible class

Rate of moving infected to quarantined-infected

-0.63  2.6e”'> 0.0001-0.1

. ~10 i
q individuals 048 5.le 0.001-0.3
Bhn Disease transmission rate from humans to humans  0.55 1.7¢~ 2 0.01-1
By Disease transmission rate from rodents to humans  0.20 0.05 0.01-1
B Disease transmission rate from rodents to rodents 0.17 0.08 0.01-1
Bur Disease transmission rate from humans to rodents  0.07 0.5 0.01-1
n, ?1sease—1nduced death rate of human population in 020 0.05 0.0001-0.1
h
n, lQ)lsease-mduced death rate of human populationin 024 002 0.0001-0.1
h
ky, Rate of exposed individuals becoming infected -0.61 1.9e~*  0.001-1
Yh, Recovery rate due to natural immune response -0.36 0.0002  0.001-0.5
Yh, Recovery rate due to hospitalization -0.66 1.5~ 0.001-0.5
k. Rate of exposed rodents becoming infected 0.04 0.7 0.01-1

Uy Disease-induced death rate of rodent population -0.28  0.004 0.01-1

" Recovery rate of rodents due to natural immune 035 0.0003 0.01-2
response
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Figure 2. The total infected cases (I, + Q) at the final time with respect to control
parameters: vaccination (a), quarantine (b), social distance (c), and the disease
transmission rate (d).

3.3 Analysis of Basic Reproduction Number, R,

We investigated the changes on the basic reproduction number, R, depending on some
of the important parameters presented by our sensitivity analysis in the previous subsection. We
investigated the effect of the parameters yy,,q, B and By, on R, while keeping all other
parameters fixed as listed in Table 2. This investigation revealed that improving treatment
quality to accelerate the recovery of infected individuals can significantly aid in mitigating the
outbreak. Similarly, the rapid identification of infected individuals is equally crucial in

controlling the spread of the disease (see Figure 3a).
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Figure 3. Surface plots of R,. Plot a: showing the simultaneous impact of Yy, and q on
Ry. Plot b: showing the simultaneous impact of f3,., and By, on R,,.

Our analysis also highlighted the significant influence of the parameter S}, (human-to-
human transmission) on the number of infected cases, compared to S, (rodent-to-human
transmission). Notably, the human-to-human transmission was found to be nearly three times
more impactful than the rodent-to-human transmission on the basic reproduction number (R)

of the monkeypox virus (see Figure 3b).

3.4 Effects of Control Parameters on Infected Cases

As noted in the sensitivity analysis subsection (Figure 2), the control parameters v
(vaccination) and b (social distancing) exhibit nearly identical effects on the number of infected
cases. In Figure 4a, varying the parameters v or b between 0.0001 and 0.01 results in a similar
reduction in infected cases, as indicated in the legend. However, applying both controls
simultaneously leads to a substantially greater reduction in the infected cases, as demonstrated

in Figure 4b.
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Figure 4. Effects of vaccination and /or social distancing on Infected cases. Plot a: the
effect of vaccination or social distancing on the infected cases. Plot b: simultaneous effect
of vaccination and social distancing on the infected cases.

When we applied only the quarantine parameter (g) to observe its effect on the infected
cases, a noticeable shift in the peak of the infected cases curve emerged (see Figure 5a). This
shift is influenced by the recovery rates: yj,, which governs the transition from the quarantine
compartment (@) to the recovered compartment, and y, , which dictates recovery directly
from the infected compartment to the recovered compartment. Since the recovery time is
significantly longer in the quarantine compartment (@), an increase in the number of

individuals in @y leads to this observed shift.

When we simultaneously applied the three control parameters: v (vaccination), b (social
distancing), and ¢g (quarantine), we observed a significantly sharper reduction in the infected
cases curve compared to when these controls were applied individually (see Figure 5b). The
combined effect of these measures demonstrates the enhanced efficacy of a multi-faceted

approach in the monkeypox outbreak mitigation. Specifically, when v and b are both greater
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than 0.0025, and q exceeds 0.075, the number of infected cases is almost entirely eradicated.
This finding underscores the importance of implementing these control measures together to
achieve maximum suppression of disease transmission and highlights their combined impact

on the control of monkeypox outbreaks.
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0.001
012
=
o
+ o1
_.:
0
© 008"
S
©
=]
=
T 006
£
o
2
© 0.04F
(]
2
£
0.02
0 . N )
0 50 100 150 200 250 300 350 400 450 500
Day of Year
0.14 v ' . ' i ' . . .
b) Effects of Vaccine(v) and Social Distance(b)
0.0001 |
0421 — 0001
0.0025
- 0.005
O.: 0.0075
01 0.01
+ o
= Effects of Quarantine, q
%]
@0 0.001
] 0.08 —_—05
© 0.075
= —0.1
>
= 0.125
T 0. —s
o
(5]
T o004
]
.4
£

0 50 100 150 200 250 300 350 400 450 500
Day of Year

Figure 5. Plot a: the effect of quarantine on the infected cases. Plot b: the simultaneous
combined effect of quarantine, vaccination and social distancing on the infected cases.

4 CONCLUSION AND SUGGESTIONS

In summary, our study provides a comprehensive analysis of the key parameters
influencing the dynamics and control of the monkeypox outbreak, with a focus on stability
analysis, sensitivity analysis, reproduction numbers, and the impact of control parameters.
Stability analysis and Sensitivity analysis showed the importance of control parameters in the
control of monkeypox outbreaks. Sensitivity analysis also revealed that parameters such as
recovery rates and the incubation period play pivotal roles in shaping the outbreak trajectory.

These findings highlight the importance of improving treatment quality and identifying infected
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individuals quickly to mitigate disease spread effectively. Moreover, the significant role of
human-to-human transmission ( f,) compared to rodent-to-human transmission ( [S,)
underscores the need for targeted interventions to disrupt transmission pathways most critical

to the disease's basic reproduction number (R).

The investigation into the basic reproduction number further demonstrated that [y is
nearly three times as influential as S, in determining Ry. This highlights the priority of
focusing on human-to-human interactions when designing control strategies. Limiting direct
transmission among individuals can have a far greater impact on reducing the overall spread
than focusing on rodent-related transmission alone. Such insights are invaluable for allocating

resources efficiently during an outbreak.

Finally, the analysis of control parameters v (vaccination), b (social distancing),
and g (quarantine) emphasized their individual and combined effectiveness in reducing infected
cases. While each parameter contributes meaningfully on its own, the simultaneous application
of all three measures leads to a much sharper reduction in case numbers. Notably, when
vaccination and social distancing parameters (v and ) exceed 0.0025, and the quarantine
parameter (q) surpasses 0.075, the outbreak can be nearly eradicated. This demonstrates the
power of a multifaceted approach, where integrating multiple control measures creates a

synergistic effect, significantly enhancing outbreak mitigation.

In conclusion, our findings stress the necessity of a multifaced control strategy for the
control of the monkeypox virus. By focusing on the most influential parameters and leveraging
their combined effects, policymakers and health practitioners can design more effective

interventions to manage and ultimately contain monkeypox disease outbreaks.
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