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analysis utilizes the system’s Green’s function, the Meir-Keeler condensing operator, and
measures of non-compactness. To illustrate our results, we provide relevant examples.

1. Introduction and Preliminaries

Measures of non-compactness refers to a function that determines to what extent a set is non-compact. This concept was pioneered by
Kuratowski [1] in 1930, who introduced the function &. Other researchers used it as a base to come up with more measures of non
compactness (see, [2—4]). Measures of non-compactness in combination with some fixed point theorem has been widely used to show the
existence of solutions to various infinite system of equations. Banas and Lecko [5] presented the existence theorems for infinite systems of
first order differential equations by using the concept of measures of non compactness on Banach sequence spaces cp, ¢ and ¢,. On extension
of this result, Mursaleen and Mohiuddine [6] gave conditions for existence of solutions to a similar system in a sequence space ), using
techniques related with measures of non-compactness. Mursaleen [7] introduced the Hausdorff measure of non-compactness on the sequence
space n(¢) and proved the theorem that validates there exist solutions to infinite systems of first order differential equations in this space. A
theorem to support the existence of solutions to an infinite system of second order differential equations in the sequence spaces c( and ¢, was
developed by Mursaleen and Rizvi [8] . The authors established the existence theorems for an infinite system of second order differential
equations [9] and [10] in n(¢). Green’s function for third-order differential equations with constant coefficients was established by Chen et
al. [11]. This result motivated Saadat et al. [12] to investigate wheather infinite system of third order differential equations are solvable.
Using the obtained Green’s function, measures of non-compactness, and Meir-Keeler condensing operators, they demonstrated that an
infinite system of third-order differential equations can have @-periodic solutions in the Banach sequence space c(. This conclusion was
expanded to another sequence space ¢, by Pourhadi er al. [13]. Inspired by these results, the focal point of this study is to examine the
necessary conditions for the w-periodic solutions to exist in an infinite system of third order differential equations within a sequence space
n(¢). Recently in [14-18], the solvability of infinite systems of fractional differential equations has been studied in tempered sequence
spaces. One can see more results in [19-23] and the references therein.
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We consider a Banach space E with the norm ||.|| . We assume that B(x, r) is the closed ball centred at x with a radius r and B, represents the
ball B(6,r) where as 6 is the zero element of the Banach space E. Let 91 be a non-empty subset of a set E. In this context, the closure of 9t
is represented by 91, while the convex closure is denoted as ConvOl. Further, we define M as the collection of all non-empty and bounded
subsets of E, and N as its subset consisting of sets that are relatively compact. The set of real numbers is denoted by R, the interval [0, 4-co)
is represented by R and N stands for the set of natural numbers. The axiomatic measures of non-compactness proposed by Banas and
Goebel [24] is defined as follows:

Definition 1.1. [24] If a mapping y: Mg — R satisfies the following conditions is reffered to be a measure of non-compactness in E

i. The family ker y = {9 € Mg : y(IN) = 0} is non-empty and ker y C Ng.
ii. M C Py = y(My) C y(My.
iii. y(OM) = y(M).
iv. ¥(Conv M) = y(M).
v. Forall A €[0,1]
YA, + (1 - 2)My) < AY(O) + (1 - 2) ().
vi. Suppose M, is a sequence of closed sets taken from Mg such that MM, 1 C M, VYn € N. If the limit as n approaches infinity of the
measure of non-compactness, denoted by y(9,,), equals zero, then the intersection set Moo = (7| M, is guaranteed to be non-empty.
A measure of non-compactness is classified as a regular measure if it satisfies the following additional conditions.
vit. Y9 UML) = max{y(My),y(M2)}
viii. Y9 +9) < y(My) +y(M2)
ix. y(AM) = |A[|y(:)
x. ker y=NE.

The Haursdoff measure of non-compactness developed by Goldenstian et al. [2] and further researched by Goldenstian and Markus [3] is the
most beneficial and convenient in terms of application among all measures of non-compactness.

Definition 1.2. [25] Consider (2 ,d) be a metric space and let 0N be a bounded subset of Z . The Hausdorff measure of non-compactness
of M, denoted as (x(IM)), is the infimum of all real numbers € > 0 such that 9 can be covered by a finite number of balls with radii < €. In
other words,

x(ON) = inf {e > 0: M has a finite € — net in Z'}.

Definition 1.3. [25] Let F| and F, be Banach spaces and Yy, and Y, be arbitrary measures of non-compactness on Fy and F, respectively.
An operator T mapping from F| to F, is referred to as (y1-72) condensing operator if it satisfies two conditions

i. continuity and
ii. for every bounded non-compact set M in Fy, the measure of non-compactness of the image set T (9M) under X, denoted as 1 (T(IM)),
is strictly smaller than the measure of non-compactness of M, denoted as vy (IN).

Remark: If F| = F, and Y| = > = v, then X is known as y-condensing operator.

Darbo [26] developed fixed point theorem based on the idea of measures of non-compactness. The existence of solutions to numerous types
of differential equations and integral equations has been proven using this theorem.

Theorem 1.4. [26] Let H be a non-empty, closed, bounded, and convex subset of a Banach space F. Suppose ¥ : H — H is a continuous
mapping such that for any set E C H, Y(T(H)) < ky(H), where k is a constant in the range [0,1). Then, the mapping ¥ has a fixed point in
H.

Meir and Keeler in 1969 [27], developed another contraction known as Meir-Keeler contraction with it’s corresponding fixed point theorem .

Definition 1.5. [27] Let (Z",d) be a complete metric space. A mapping ¥ : X" — X is said to be Meir-Keeler contraction if for any € > 0
there exists § > 0 such that the following conditions holds,
e<d(u,v)<e+6=d(%u,Tv)<eVuve Z.

Theorem 1.6. [27] Let (Z,d) be a complete metric space. If T : 2" — X is a Meir-Keeler contraction, then T has a unique fixed point.

Aghajan et al. [28] generalized Darbo’s fixed point theorems unto Meir-Keeler condensing operators fixed point theorem. This attracted
numerous researchers as they turned their mathematical interest on this topic, due to the fact that the imposed conditions are significantly
weakened. Aghajan et al. [28] extended Darbo’s fixed point theorem to fixed point theorems for Meir-Keeler condensing operators.

Definition 1.7. [28] Let H be a non empty subset of a Banach space F, and let Y be an arbitrary measure of non-compactness of F. An
operator ¥ : H — H is called a Meir Keeler condensing operator if for any € > 0, there exists 8 > 0 such that the following condition is
satisfied,

e <y(Y) < e+ 6 implies Y(T(Y)) < € for any bounded subset Y of H.

This theorem will be helpful in demonstrating our key finding.

Theorem 1.8. [28] Let H be a non empty, bounded, closed and convex subset of a Banach space F and let y be an arbitrary measure of
non-compactness on F. If ¥ : H — H is a continuous and Meir-Keeler condensing operator, then T has at least one fixed point. Furthermore,
the set of all fixed points of ¥ in H is compact.

Definition 1.9. [29] Let B stands for the space of finite sets of distinct positive integers. For any v € 3, we define the sequence b(v) with

ba(v) = 1 if nev,
10 i név,
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and
Br= { vep :;bn(v) gr},

such that By is the set of v whose support has cardinality at most r. The set ® contains all sequences (¢;)7 such that;
01> 0, A% > 0.and A(%)< 0, fori = (1,2,...).
For ¢ € @, we have the following sequences

1
=<{x=ux: =supsup | — i| | <eop,
m(9) { 31 1l go) r>‘fve5,< . ,Zev’"') }

n(¢) = {x =X Han(qﬁ) = Sup (Z ul|A¢l> < 00}7

ues, \i=1
where A; = ¢; — §;—1, oo = 0 and S(x) denotes the set of all sequences that are rearrangements of x.

Remark: Foralln €N, if ¢, = 1 then m(9) = {1 and n(9) = leo;
and if ¢, = n then m(¢) = loo and n(¢) = £;.

Mursaleen [7] introduced the Hausdorff measure of non-compactness on the sequence space n(¢). But this formula does not define a measure
of non-compactness in n(¢) for the case ¢, = 1. We redefine it as follows:

Theorem 1.10. For any bounded subset M of n(@), the Hausdor{f measure of non-compactness of the set M is given by

X(M): lim sup < sup <m un|A¢n>) , for ¢n # 1;
n=k

koo xeM \ ues(x)

= lim {sup {sup[| xp — xm \:n,mzk}}},for on=1.
k—=eo xeM

Throughout this paper, we study the following infinite system of third order differential equations:

"

V' i ayi v = hi(y,y (W), 52 (), ) (1.1
where ; € C(R x R*,R) with regard to the first coordinate v is ®- periodic and p,q,r € R are constants.

Based on the theory of ordinary differential equations, the corresponding homogeneous equation of (1.1) is

"

Yi'+pyi +@yi+ryi=0,i€N
as well as the corresponding characteristic equation is

E34 pE2 4 gE+r=0. (1.2)
The roots of the polynomial Equation of (1.2) take one of the following cases:

L& #E#E
2.6 =56+#8
3.3.6=6=&

4. &y =a+ib,& =a—ib,& = &, where a, b, and & are real numbers.

The case r = 0 is not considered since the results can be easily extended to cover this special case. Therefore, the roots are assumed to be
non-zero.

The main novelty of this work is to establish the necessary conditions for the existence of @-periodic solutions in the sequence space n(¢)
for an infinite system of third-order differential equations. The advantage of our results are that the space inhand n(¢) is more general than
the classical seuence spaces co, ¢ and £,,.

This paper is organized into four sections. Section 1 provides an introduction and covers the necessary preliminaries and background for
establishing the main results. Section 2 is divided into five subsections, presents four distinct cases for the theorem proved as the main result.
Section 3 discusses two examples that validate the results of Section 2. Finally, Section 4 concludes the study with the suggestion for future
study.

2. Main Results

2.1. Solvability in a Banach sequence space n(¢)

In this section we provide the required conditions for existence of w- periodic solution to the system (1.1).
Firstly, we recall the Fréchet space R™ which is the linear space of all real sequences equipped with the distance

Vo=l
de()Qy):sup{Em:lEN ,

forx = (x;),y = (yi) € R™.
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The space of all continuous real functions on R is represented by C(R,R*™), and 3 (R,R*) stands for the group of functions on R that have
a third continuous derivative. A function y € C3(R,R™) is known to be a solution of Equation (1.1) if and only if y € C(R,R*) is a solution
of the following infinite system:

v+o
mw:[; G(w, ¢)hi(5,¥(9))d(5). (i € N),

where the Green’s function will be specified in corresponding to different cases.

i. The functions 4; : R x R* — R are supposed to be @-periodic with regard to the first coordinate. The operator /; : R X n(¢) — n(¢)
is defined below

(Why) — (hy)(l[/) = (hl(W7y)ah2(Way)7 )

is such that the class of all functions {(hy) (¥)}cp is equicontinuous at each point of the space n(¢).
ii. The following inequality is true for any i € N

(W5 31532, )| < un (W) +va (W) i (W),

for y € R and y = y; in n(¢). It is assumed that the functions u,(y) and v, () are continuous on R, such that the mapping series

Y el Ay

k>1

converges uniformly on R, while the sequence v, () is equibounded on R.

Suppose,

U = sup {Z ukAq)k}

VER (k>1

V =sup{va(y)},
neN

and assume L is given as seen in [12] i.e

o(@l&i]) £(01&]) o(0l&])
|(E1— &) (& —&)(1—el&0) )’ (2= &1) (& —&)(1—e(29))| \(53 —&)(&—&)(1—e&0)|

L=

2.2. Solvability for case 1
In this part, we demonstrate the system’s (1.1) solvability by assuming that the roots of Equation (1.2) are &; # &, # &;. According to Chen
et al. [11], the appropriate Green’s function in this instance is as follows:

1 (y+o—g)) (& (v+o—g)) e(&(v+o—g))

G- 81 —89) (68 (& -&)1—e@) | (& -5)& —&)(1—e&o) @D

Gi(v,¢)=

Theorem 2.1. If the assumptions (i) and (ii) are true, the system (1.1) has at least one w-periodic solution, y(y) = y;(y) whenever 0 ;
LV ; 1, such that y(y) € n(9), ¥ € R. The set of all solutions is also compact.

Proof. Assume that S(y(y)) is the collection of all sequences that are rearrangements of y(y), and let assumption (ii) hold. Using relation
(2.1) for any y € R,

>° \4/+co
1y (W)l :pess(up (l;l/ (‘I/>€)hk(€:P(€))d(€)’A¢k)

v

< ;up < 61w )hk(g,p(g))d(g)Ati)k)
pes(
l//+w
< ;up <Z (AN (W)+Vk(w)pk(l//))d(§)A¢k>
pes( k=1
> w+w
- S <Z 1w, §)u (W) Adrd (g +Z/ (W)ka(W)IA¢kd(§)>
pes( k=1
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< sup (/WH} i YV)A¢d(g +V/ Z|Pk ) Adrd( ))

pESy(w)) \7V k=1
y+o 14/+w it
< sup U Gi(y,6)d(¢)+V  sup Z k(W) Adrd ()
peSOI(y)) 7V PES(y(W)) 'V k=1

< OLU +VoL|ly(¥)|l,9)

wLU
W) < 7= =

This implies that y is a member of B, where B, denotes the closed ball with radius r centred at zero. So B, is non empty, bounded, closed

and convex subset of n(¢).
Here, we define the operator ¢ = _¢#; on C(R,B,) as

v+o
= ={ [ Giwonteatenie v er @2

where y(y) = yi(y) € B, and y;(y¥) € C(R,R), y € R. It is plainly known from the presumption (i) that _¢ is continuous on C((R,n(¢)).
Obviously since y(y) = y;(¥) € n(¢), also (_Zy)(y) € n(¢) and Zy is continuous function. Moreover, the function (_#;y)( ) is @-
periodic function whenever y;(y) is @-periodic function.

Since || _Zy(y)|| (@) <7 thus _# is a self mapping on B,. We will now demonstrate that _¢ is a Meir-Keeler condensing operator. Finding
0 ¢ 0 such that for any given € ¢ 0, € < x(B,) < €+ 6 implies x(_# (Br)) < €. Assumption (ii) and Theorem 1.10 allow us to arrive at,

xQﬁB)—hm{sw ( sup 'W”wamm@m@»awp@>)}

EN)) (
< llm{ sup < sup ( |G1 V.g)h i(G:P(G))d(Q)A(Pi))}
peShy(y
< 1m{ sup < Ssup ( |61 V.6 )I(ui(w)+vi(w)|pi(w)|)d(g)A¢i>)}
PeS(
ty+w nd w+(u
lm{ sup < sup ( v, ui(W)Agid(g) + ) / G1(y,o)vi(y) [pi( )Mnd(s)))}
k—roo pES(y k=1"V
. u/+(u nd +(D >
<I};n}w{ sup <pessup </1V 1(w,¢ Z Y)AGd(g) + V U ; V)| Agid( )))}

s

koo | (w)eB \pesir(w)) /¥ i

yto
<Vlim<{ sup sup Gi(v.¢)

|Pi(W)|A¢id(€)) }
1
<VoLy(B).

(1-LV)

Therefore, for a given € > 0, if we take 0 < § < — 7 £ we get the following £ < x(B,) < €+8 = x(_#(B,)) <&. Thus, ¢ isa
Meir-Keeler condensing operator on the set B, C n(¢). As a result, according to Theorem 1.8, _¢ has a fixed point in B, that is a part ker .
This is the needed solution for the system (1.1). O

Chen e al. ([11]) on their work introduced some bounds for Green’s function G| (y, ) which may be used to restate the Theorem 2.1 by
exchanging L by obtained upper bounds.
For more simplicity of notations let us consider,

= (6= &)l +2(81 — &)el 2 4 (&1 — &)el 9 4 (& - Gy)elGrrerere),

817= (61— &)+ (&1 + & —28)el BT 4 28 — & — )el G180,
fHh=E&+& —253)6(51(0) +(26-& —&)e (Gs@) 4 (& — 53)6 (G1+6+8) )7

82:= (&1 = &) + (61— &) BT 4 (8 — &)el BFRIV 12§ — Gy)el G180

e(@&1) 1 o(08)
oy =
YT B E G _eG9) T (& )& Byl e@®) | (& &)(& &)1 @)
B, 1 e(6&20) 1 2.3

(E1-&)(& —&)(1—elar0)) " (& —&1) (& — &) (1 —e(82@) (53*52)(53*51)(1 —e(50))’
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Then
(61) If f1 < g1, and one of the following conditions holds:

L 0<&<bh<é
ii. 61 >O>§2>§3
then @3 < G (y,6) < %3 <O0.
(62) If f> > g, and one of the following conditions holds:
i. §3<§2<§1<0
. &3<0<é& <y

then 0 < o3 < G(y,¢) < Ss.
Thus, one can quickly infer the following direct implication of Theorem 2.1 replacing L by the new boundaries by utilizing the recent
findings made by Chen et al. [11] by using the above bounds, Theorem 2.1 may be changed to Theorem 2.1 and stated as follows:

Theorem 2.2. Suppose that hypothesis €| and the assumptions (i) - (ii) are true and ®V | %3] < 1. Additionally, assume that €, and the
assumptions (i) - (ii) are true and @V B3 < 1. Then the infinite system (1.1) has at least one @-periodic solution y(y) = y;(¥) such that
y(w) €n(9),y €R. The set of all solutions is compact.

Proof. On replacing L by |o#3| or %3 which are upper bounds of the Green’s function G (y, ) in the proof of Theorem 2.1, yields the
intended outcome. O

2.3. Solvability for case 2

We shall present the solvability for the system (1.1), considering the roots corresponding to the homogenous part of the equation to be

Si=8+#G&
in this section. The following is the Green’s function for this instance:
Ga(v,¢) elblyrae) [(1 —eS)(y—g)(&—&) - 1) - (G-&)o } & (yro—¢) ( }
y.6)= SEW, WO,
’ (& —&)2(1—eo))2 T & &R0 o)
We shall use the bounds concluded by Chen ef al. [11] on proving the existence of solution for this case. Consider the following:
= el610) _q + (51 53) . o(&0)
(61— &)2(1—el&@)2 (& —&5)2(1 —elS0))
o = e(2610) _ (&) +(§] 53)0)3(251“’) N (& 0)
(&1 —&3)2(1 —el61@))2 (& — &)2(1 —e&@))’
e&10) _ 1 4 (& — &) wel51®) e(&0)
A = + 5 :
(€1 —&)2(1 —elar0))2 (& —&)2(1— &)
By = e(2610) _ ,(Go) | + (& — &) we (2 0) . 1
(&1 —&)? (1_651(0)) (& —&5)2 (l—e&“’))
R R (SR N 1
PTG &R0 T (E - &)2(1 - oG0))
@6 — e(2§1w> élw (él 53) 51(1) 1

(&1 —&3)2(1 —elbr)2 &S - exn(G0)

g3 =0+ (61 = &)o+ (0 =3)eEHD 1 24 (& - &) w)e &),

84= (3= (6= &) o)™ 4 (&1 — &)o — el BF800) 4 (ol80) )00,

Then from the results obtained by Chen et al. [11] we have that

(63) 0 < @y < Gy(W,6) < By whenever &3 <0< & =&,

(€4) Ay <Gor(y,6) < By <0whenever & =& <0< &,

(€5) a5 < Gr(y,c) < Bs <0 whenever 0< & =& <&, ande®®?) <1+ (&—&)o
(6s) 0< oy <Gr(y,g) < Py whenever & =& <& <0 and g3 > 1,

(¢7) P < Ga(W,6) < B <0 whenever 0 < &3 <& =&, and g4 < 1.

Theorem 2.3. Assume that (i)-(ii) and hypothesis €3 (respcively €y, 65, %, and €7) hold. Consider the case when wV PB4 < 1 (respecively
oV || < 1,0V |5 <1,0VB4 < 1,0V || < 1). The infinite system (1.1) then has at least one ®-periodic solution y(y) = y (W) such
that y(y) € n(¢9), v € R. Also, the set of all solutions is compact.

Proof. We get desired results by changing the Green’s function from G;(y,¢) to G2(y,¢) from Theorem 2.1, since we are in case 2
where the associated Green’s function is G (y, ). And also replacing LoV < 1 from Theorem 2.1 by oV %, < 1,0V || < 1,0V |o75| <
1,0V %y < 1,0V || < 1 respectively, which are upper bounds of the Green’s function G (y, ).
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2.4. Solvability for case 3

In this section, we present the theorem for existence of @-periodic solution to the system (1.1) considering the roots of (1.2) to be
&1 = & = &;. From [11] the associated Green’s function for this case is shown to be:

2
(€= to—cty| +w’l)

G3(l[/,g): 2(17e(§w))3 e(é(‘l""‘w—g)%ge{w’ly.}_w}.

In this case,we establish the existence theorem based on the upper bounds given by Chen et al. [11]
For more simplicity denote

©2e(289) (1 4 £(5@))
2(1—elb@))3

_ @?(1+e659)

= S dEoy

oty =
(63) 4 < G3(y,6) < HB7 <0 whenever § > 0,
() 0< o4 <G3(y,g) < %7 whenever & < 0.

Theorem 2.4. Suppose that the presumptions (i)-(ii) and €3 (6o respectively) are true. Consider @V |<7;| < 1 (0V %7 < 1 respectively).
Then the infinite system (1.1) has at least one @-periodic solution y(y) = y(y) such that y(y¥) € n(¢), ¥ € R. Moreover, the set of all
solutions is compact.

Proof. Considering G3(y, ) as the Green’s function and exchanging L from the proof of Theorem 2.1 by |#| and %7 which are the upper
bounds of the Green’s function G3 (v, G), we are able to achieve the required result. O

2.5. Solvability for case 4

In this section, we present the solvability of system (1.1) by considering the roots of equation (1.2) as & = a+ib, & =a—ib,E3 =&.
From [11], for this case the Green’s function is as follows:

-9 [(a— &) B (y) ~ bt (v)] letvio-o)
bl(a—&)2+b2] (1+(200) —2cos(bw)el@®)) ~ (1—el8@))[(a—E&)2+b2]

Ga(v, ) = se{v,v+ol.

where,
() = cosb(y +o—¢) — e cosh(y —¢),

B> (y) = sinb(y+ o — ) — %) sinb(y — ).
We simplify the notations to
—ela®) e(60)

oty = + :
’ by/[(a=E)2 +52] (1 +¢Ca) —2cos(b@)elae)) (1 —elt®) [(a—&)2 +1?]

ela®) 1
Py = )
’ b\/[(a —&)2+52] (1+€(209) —2cos(bw)ele®)) ! (1=e) [(a—&)2+1?]
o -1 N eléw)
T by/[(a= )2 +b7] (1 +¢Ca0) —2cos(bw)elae)) (1 —ele@)) [(a—&)2 + 2]
By — 1 1

+ .
by/[(a—&)2 +52] (1 +¢Ca0) —2c0s(p@)elaw)) (1= elt®)) [(a—&)? +b7]
From [11] we have,

(10) 0 < 2% < G4(y,¢) < Bg whenever & <0 < a,b and

[(a—&)2+b2] (1—-e6@)2 14 ¢(200) _3cos(bw)el@®)
b2o(2a0) < (2a0) ,

(%11) 0 < oy < Gy(y,6) < By whenever a,& <0< band

[(a—&)2+b7] (1—el6@))2

13, 000) < 142 _2cos(bw)el?®)
e a
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(€12) 0 < o < Gy4(y,6) < HBg whenever a,b,& >0 and

[(a—&)2+b7] (1 —el6@)? 1 +e(209) _ 2 cos(bw)e®)
b2 ¢(2a0) ’

(€13) 0 < oy < Gy(y,6) < By whenever a < 0 < b,& and
[(a— &)+ (1—el60))?
b2

Theorem 2.5. Suppose that the assumptions (i)-(ii) and hypothesis €\o (€¢11,%12 and €13 respectively) hold. Let ®V $Bg < 1 (0V %y < 1,
oV || < 1 and oV || < 1 respectively). Then the infinite system has at least one ®-periodic solution y(y) = y;(¥) such that
y(v) € n(9),y € R. Besides, the set of all solutions is compact.

< 146299 _2cos(bw)el ™),

Proof. In order to achieve the desired conclusion, we replace the Green’s function from G (y,¢) to G4(y,g) from Theorem 2.1 and
LoV <1by oVHs <1 (wVABy <1, 0V || < 1and oV || < 1 respectively). O

3. Examples

We present two examples in this section for cases 1 and 3 to validate the aforementioned theorems.

3.1. Example 1

Take into account of the following infinite system of differential equation of third order:

1 & wlw)cosy

" 2.9y 1.7y 0.2 = LIS FAath S 3.1
Yn (W) + 9yn(W)+ yn(W)+ }’n(‘l/) n4 +k:n 100n2(k+ ])6 ( )

Consider:

1 & wl(y)cosy
(W W) = 5+ X o0 )6
=n

For n € N, the function &, (y,y;(y)) is seen to be continuous at every point on R and is 27 - periodic. Additionally, whenever

(W) = ya(W) € n(9), hu(W,yi(W)) € n(9).

o %oyi(y)cosy
AL oo 1
k=n 100n (k+ 1)

v o | i(y)cosy
<Y 5+ LS FAath SN
n; n* ,;lkgn %100n2(k+1)°
4 oo oo
T 1
<=+ -y
0 n;k;n %100n2(k+1)6‘ <)l
0 Ppoo
—%+@Z Z 1+k6\yk< v)|

< 56+ 53505 19 (Wlh(e) <
=90 " 95400 KV ln(e)
Now let us prove that the assumption (i) holds. Choose an arbitrary € ¢ 0 and y(y) = yn(¥),z(¥) = zo(¥) € n(¢) such that,

95400¢
”y(IV) 7Z(W)‘|n(¢) < 5(8) = s

Then,

ha(W,2())| = i (e (W) — 2 (y)) cos

Bn (W, (W) — 10072 (k+1)6

k=n
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ZI V) — ()|
10012 (k+1)6

6
< 5200 (W) = 2(W)llag)
26

< — .
< 954000 <€

This guarantee that, the function is continuous as assumed in (i). We now show the assumption (ii) hold

(w3 (W) = |7

\ A

IN

v Yk(y)cosy
= 1002 (k+1)°

y)cos Y
1oon2 (k+1)6

o
Wil

oo

i |
7+ -
p ,§ 1002k 1)6 kWl

un (W) +va (W) [y (W)] -

The function u, () is continuous on R with n € Nand }',,> u,(y) converges uniformly to g—; . More also, the sequence v, () is equibonded
on R . Thus the assumption (ii) is fulfilled.

The roots of homogeneous equations which correspond to (3.1) are & =2,6 =1,& =

—0.1. This demonstrates that the Green’s

function associated with (3.1) is a form of G1(y,¢) and f, = 1.7295 x 18 > g> = 1.6955 x 108. Applying the formula (2.3) ,we have
0 < o3 =0.0206 < G1(y,¢) < $B3 = 1.8387. Thus, the condition in &, is satisfied. The value @V %3 ~ 0.1164 < 1, for ® = 2x. This

indicates that the infinite system (3.1) has atleast one 27-periodic solution y(y) =

3.2. Example 2

n(¢) as all criteria of Theorem 2.1 are met.

We now provide a further illustrative example to further elucidate our conclusion for the case 3.

Consider the infinite system of differential equation of third order below:

/"

Y (W) =3y, (w)

Consider:

—u(w)—1=

cos(¥) | v y(y)siny
+)
512

hn(vak(W)) =

cos(¥) | v y(y)siny
+)
512

n? (1+n2)(k+1)%

(14+n?)(k+1)%

(3.2)

We observe that, the function /4, (,y;(y)) is continuous at every points on R and is 27 - periodic for n € N.
The system (3.2) is a particular case of the considered system (1.1). Moreover, A, (W, yx(¥)) € n(¢) whenever y(y) = y,(y) € n(¢) as we

have

Y (vl = X |

n=1

Now let us prove that the assumption (i) is satisfied. Consider any € ;, 0 and y(y)

1y (¥) = 2(W)l(9)

co. V) siny
+
kzn512 1+n2 )(k+1)?

yi(y)siny
512(1+n2)(k+1)2

= I
<% "L L sparaasn: W

> > 1
§?+T;; +n)(k+1)2‘yk( V)l

1 72
6 +5 g”yk(llf)ﬂnw <

3072¢
<8(e) =

=yu(¥),z2(¥) = z4(¥) € n(¢) such that,
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We have that

& | Ok(w) —zi(w)) siny
[h(w,y(w)) = h(w,z(y))| _k):n S s T

o (v) —z(w)]
= LS+ k+ 1)

2
<7 i W) W)l

which ensures the desired continuity as assumed in (i). We now show the assumption (ii) hold

cos(w) —  w(y)siny
+)
512

‘hn(W7Yk( ))|* n2 (l+n2)(k+l)2

V) siny
512 +n2)(k+1)

\ A

o
253

1 > 1
2 sn L e ie )

IN

= un (W) + v (W) [y (W)] -

The function u,(y) is continuous on R with n € N and Y~ u,(y) converges uniformly to %-. Furthermore, the sequence v,(y) is
equibonded on R . Thus the assumption (ii) is satisfied. -

Using the notations from the preceding section, we can observe that the roots of the related homogeneous equation of (3.2) are
& = & = & = 1. Using the concept of €3 and the aforementioned roots, we find, .o = —19.8873 < G3(y,¢) < B7 = —6.9354 x 1075 <0,
for @ =27 and @V |« | = 0.40145 < 1.

All the hypothesis of Theorem 2.3 are satisfied, because for n € N, the function 4, () is 27- periodic with regard to first coordinate. The
infinite system (3.2) therefore has a 27-periodic, y(¥) = (y,(¥)) € n(¢).

4. Conclusion

In our work, we have presented the conditions for existence of @-periodic solution to an infinite system of third order differential equations
in a sequence space n(¢) are given. Our conclusion was supported by the Meir-Keeler condensing operator and the notion of measures
of non-compactness. To help illustrate the outcome, we have also included examples. More investigations is still needed to determine the
required conditions for the existence of solutions to an infinite system of similar type in different Banach spaces.

For some related future work, we suggest that such type of differential equations of order higher than three can be studied in different
sequence spaces, like g, ¢, £, mbP (9), mP (9,p), etc..
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