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Abstract
In this paper, we first obtained some initial logarithmic coefficient bounds on a subclass of bounded
turning functions RL related to a lune domain. For functions belonging to this class, we determined
the sharp bounds for the second Hankel determinant of logarithmic coefficients H2,1 (Ff/2) of bounded
turning functions related to a lune domain. Finally, we calculated the bounds of third Hankel determinant
of logarithmic coefficients H3,1 (Ff/2) of bounded turning functions associated with a lune domain.

Keywords: Bounded turning functions, Hankel determinant, Logarithmic coefficients

AMS Subject Classification (2020): 30C45; 30C50

1. Introduction
The study of analytic and univalent functions in the unit disk U := {z ∈ C : |z| < 1} remains a foundational and

dynamic area within geometric function theory. Denoted typically by A, the class of analytic functions in U can be
expressed as

f (z) = z +

∞∑
k=2

akz
k, (1.1)

where the normalization conditions f(0) = f ′(0) − 1 = 0 are satisfied. A function f ∈ A that is also injective
in U belongs to the distinguished class S of univalent functions. The exploration of univalent functions plays a
central role in complex analysis due to their rich structural properties and applications in diverse mathematical and
physical theories.
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A fundamental concept in this domain is the notion of subordination: a function f(z) is subordinate to g(z),
written f(z) ≺ g(z), if there exists an analytic function w(z) on U, with w(0) = 0 and |w(z)| < 1 , such that
f(z) = g(w(z)). Subordination has been instrumental in defining various significant subclasses of S , such as starlike,
convex, and bounded turning functions.

Of particular interest is the Carathéodory class P , consisting of functions of the form

p(z) = 1 +

∞∑
k=1

ckz
k, (z ∈ U) (1.2)

which satisfy Rep(z) > 0 in U and p(0) = 1. Functions in P often serve as comparison functions in subordination
relations.

In their seminal work, Ma and Minda [1] introduced generalized subclasses of S through the use of subordination
with a function φ mapping U onto domains symmetric about the real axis and starlike with respect to φ(0) = 1 .
These generalized classes include:

• The Ma-Minda starlike functions S∗(φ),

• The Ma-Minda convex functions C(φ), and

• The Ma-Minda bounded turning functions R(φ),

with respective subordination conditions involving zf ′(z)
f(z) , (zf ′(z))′

f ′(z) , and f ′(z).
Recently, many authors [2, 3] have described the Ma-Minda type functions or subordinations with different

regions such as cardioid, lune and nephroid [4–6].
The Logarithmic coefficients, introduced through the expansion

Ff (z) := log
f(z)

z
= 2

∞∑
k=1

γkz
k, (z ∈ U) (1.3)

have attracted considerable attention for their role in characterizing the geometric properties of univalent functions.
γk are called logarithmic coefficients [7]. Although for the Koebe function k(z) = z(1− z)−2 the coefficients satisfy
γk = 1

k , it is known that for general f ∈ S , sharp bounds for γk are not completely determined beyond γ1, γ2 and γ3.
Over the past few years, numerous researchers [8–10] have sought to establish upper bounds for the logarithmic
coefficients associated with select subclasses within the class of univalent functions.

The Hankel determinant of f ∈ A the function for q, n ∈ N, denoted by Hq,n(f), is defined as follows:

Hq,n(f) :=

∣∣∣∣∣∣∣∣∣
an an+1 · · · an+q−1

an+1 an+2 · · · an+q

...
...

...
an+q−1 an+q · · · an+2(q−1)

∣∣∣∣∣∣∣∣∣
have emerged as a significant object of study due to their connections to the coefficient problem and geometric
function properties. In particular, the second and third-order Hankel determinants, H2,1(f) and H3,1(f), are closely
related to coefficient functionals that measure the deviation from extremal functions.

The Hankel determinant
H2,1(f) = a3 − a22

is the recognized as the Fekete-Szegö functional [11]. The second Hankel determinant H2,2(f) is represented by

H2,2(f) = a2a4 − a23.

Determining the upper bound of |Hq,n(f)| for various subclasses of A is a fascinating and well-studied problem
in the field of Geometric Function Theory. Several authors have successfully derived sharp upper bounds for
|H2,2(f)| and |H3,1(f)| within specific subclasses of analytic functions, as the referenced in [12–23].

The logarithmic coefficients of analytic univalent functions are crucial for understanding the behaviour of a
function in the boundary region where it is defined. The logarithmic coefficients of analytic univalent functions are
employed in the investigation of a range of properties, including the sharp bounds of the determinants of Hankel
matrices, growth estimates for the moduli of these functions and their derivatives.
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Several authors have contributed to this growing field. Duren and Leung[7] initially investigated logarithmic
coefficients and their impact on univalent function theory. Subsequent studies, such as those by Girela[24],
Obradović [25] , and Ponnusamy [26], refined the understanding of logarithmic coefficients and established bounds
in various contexts. More recent work by Kowalczyk and Lecko [27, 28] has expanded the theory to include
subclasses associated with special geometric domains, such as the cardioid and nephroid, thereby providing
broader applicability and sharper estimates for Hankel determinants. The question of computing sharp bounds for
strongly starlike and strongly convex functions was addressed by Eker et al.[29]. Additionally, upper bounds for
the second Hankel determinant of logarithmic coefficients for various subclasses of S were obtained by et al. [30],
Eker et al. [31], Shi et al.[32] and Mandal et al. [6].

For a function f ∈ S , as defined in equation (1.1), differentiating equation (1.3) allows the logarithmic coefficients
to be determined.

γ1 =
1

2
a2, (1.4)

γ2 =
1

2

(
a3 −

1

2
a22

)
, (1.5)

γ3 =
1

2

(
a4 − a2a3 +

1

3
a32

)
, (1.6)

γ4 =
1

2

(
a5 − a2a4 + a22a3 −

1

2
a23 −

1

4
a42

)
, (1.7)

γ5 =
1

2

(
a6 − a2a5 − a3a4 + a2a

2
3 + a22a4 − a32a3 +

1

5
a52

)
. (1.8)

In light of the ideas presented above, we propose the study of the Hankel determinant, whose entries are
logarithmic coefficients of f , namely

Hq,n(f) :=

∣∣∣∣∣∣∣∣∣
γn γn+1 · · · γn+q−1

γn+1 γn+2 · · · γn+q

...
...

...
γn+q−1 γn+q · · · γn+2(q−1)

∣∣∣∣∣∣∣∣∣ .
From qth-order Hankel determinant Hq,n(Ff/2) whose entries are the logarithmic coefficients of f , one can

easily deduce that

H2,1(Ff/2) = γ1γ3 − γ2
2 , (1.9)

H2,2(Ff/2) = γ2γ4 − γ2
3 ,

and
H3,1(Ff/2) = γ3

(
γ2γ4 − γ2

3

)
− γ4 (γ1γ4 − γ2γ3) + γ5

(
γ1γ3 − γ2

2

)
. (1.10)

Morever, if f ∈ S, then for fθ ∈ S, θ ∈ R, defined as

fθ(z) := e−iθf(eiθz) (z ∈ U),

we find that
H2,1 (Ffθ/2) = e4iθH2,1 (Ff/2)

and
H2,2 (Ffθ/2) = e6iθH2,2 (Ff/2) .

Given the importance of bounded turning functions, a particular subclass RL has been defined, wherein
functions satisfy

RL :=
{
f ∈ A : f ′(z) ≺ z +

√
1 + z2, z ∈ U

}
, (1.11)

where branch of the square root is selected such that ℘(0) = 1. Geometrically, RL functions are associated with
a domain bounded by a lune shape, and they naturally generalize the notion of bounded turning to a setting
influenced by complex geometric regions.
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The motivation of this paper is twofold. First, we aim to establish new sharp bounds for the second Hankel
determinant |H2,1(Ff/2)| of logarithmic coefficients for functions belonging to RL . Second, we endeavor to
determine precise estimates for the third Hankel determinant |H3,1(Ff/2)| within the same class. Such results
contribute both to the ongoing exploration of Hankel determinants and to the broader understanding of logarithmic
coefficients in function theory.

Moreover, we build upon existing lemmas related to the structure of P , utilize inequalities concerning the
coefficients ck , and employ techniques from complex analysis to develop our main theorems. By enriching
the analytical framework and refining the known bounds, this study adds a novel perspective to the intricate
relationship between geometric function theory and coefficient-based functionals. For our consideration we need
the next lemmas.

For our consideration we need the next lemmas.

Lemma 1.1. [33] If p ∈ P is of the form (1.2) with c1 ≥ 0, then

c1 = 2d1,

c2 = 2d21 + 2
(
1− d21

)
d2,

c3 = 2d31 + 4
(
1− d21

)
d1d2 − 2

(
1− d21

)
d1d

2
2 + 2

(
1− d21

) (
1− |d2|2

)
d3

(1.12)

for some d1 ∈ [0, 1] and d2, d3 ∈ U := {z ∈ C : |z| ≤ 1}.
For d1 ∈ U and d2 ∈ ∂U := {z ∈ C : |z| = 1} there is a unique function p ∈ P with c1 and c2 as in (1.12), namely

p (z) =
1 +

(
d1d2 + d1

)
z + d2z

2

1 +
(
d1d2 − d1

)
z + d2z2

, (z ∈ U).

Lemma 1.2. If p ∈ P is of the form (1.2) then the following inequalities hold

|cn| ≤ 2 for n ≥ 1, (1.13)

|cn+k − µcnck| < 2 for 0 ≤ µ ≤ 1, (1.14)

|cmcn − ckcl| ≤ 4 for m+ n = k + l, (1.15)

|cn+2k − µcnc
2
k| ≤ 2(1 + 2µ) for µ ∈ R, (1.16)

and for complex number λ, we have

|c2 − λc21| ≤ 2max(1, |λ− 1|). (1.17)

For the inequalities in (1.13), (1.14), (1.15) and (1.16), we refer to [34]. Also, see [35] for the inequality (1.17).

Lemma 1.3. [36] Let p ∈ P and has the form (1.2), then

|Kc31 − Lc1c2 +Mc3| ≤ 2|K|+ 2|L− 2K|+ 2|K − L+M |.

Lemma 1.4. [37] Given real numbers A, B, C, let

Y (A,B,C) := max
{∣∣A+Bz + Cz2

∣∣+ 1− |z|2 : z ∈ U
}
.

I. If AC ≥ 0, then

Y (A,B,C) =


|A|+ |B|+ |C|, |B| ≥ 2(1− |C|),

1 + |A|+ B2

4(1− |C|)
, |B| < 2(1− |C|).

II. If AC < 0, then

Y (A,B,C) =


1− |A|+ B2

4(1− |C|)
, −4AC( 1

C2 − 1) ≤ B2 ∧ |B| < 2(1− |C|),

1 + |A|+ B2

4(1 + |C|)
, B2 < min{4(1 + |C|)2,−4AC( 1

C2 − 1)},

R(A,B,C), otherwise,



76 B.Şeker, B.Çekiç, S. Sümer, O. Akçiçek

where

R(A,B,C) :=


|A|+ |B| − |C|, |C|(|B|+ 4|A|) ≤ |AB|,
−|A|+ |B|+ |C|, |AB| ≤ |C|(|B| − 4|A|),

(|A|+ |C|)
√
1− B2

4AC
, otherwise.

The objective of this paper to provide the sharp bounds for |H2,1(Ff/2)| for bounded turning functions in the
open unit disk. In addition, we intended to find the sharp bound of |H3,1(Ff/2)| for the class bounded turning
functions.

The present work seeks to address a gap in the literature concerning bounded turning functions associated
with non-circular symmetric domains, particularly the lune domain. The lune, characterized by its asymmetry and
curvature variation, offers a richer geometric environment than simple circular or cardioidal regions, necessitating a
more nuanced analysis of subordination and coefficient behavior. The determination of sharp bounds for second
and third-order Hankel determinants within this framework not only enhances theoretical understanding but
also supports practical computations in applied sciences. In engineering fields such as signal processing, the
stability and distortion behavior of systems modeled by analytic functions can benefit directly from tight coefficient
bounds. Similarly, in quantum mechanics and potential theory, conformal mappings associated with bounded
domains are critical, and accurate coefficient bounds ensure better physical modeling. Future directions include the
study of higher-order determinants, variations under perturbations of the domain, and extension to more complex
multi-connected regions, paving the way for deeper theoretical insights and cross-disciplinary applications.

2. Logarithmic coefficients for bounded turning function associated with a lune domain

Theorem 2.1. If f ∈ RL and it has the form given in (1.1), then∣∣γ1∣∣ ≤ 1

4
,

∣∣γ2∣∣ ≤ 1

6
,∣∣γ3∣∣ ≤ 1

8
, (2.1)∣∣γ4∣∣ ≤ 607

2304
, (2.2)∣∣γ5∣∣ ≤ 1973

5760
. (2.3)

The functions listed below illustrate the sharpness of the aforementioned first three inequalities:

f1(z) =

∫ z

0

(
t+

√
1 + t2

)
dt

f2(z) =

∫ z

0

(
t2 +

√
1 + t4

)
dt

f3(z) =

∫ z

0

(
t3 +

√
1 + t6

)
dt.

Proof. Let f ∈ RL and then, by the definitions of subordination, there exists a Schwarz function w(z) with the
properties that

w(0) = 0 and |w(z)| ≤ 1

such that

f ′(z) = w(z) +
√
1 + w2(z). (2.4)

Define the function

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + c3z
3 + · · · .
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It is clear that p(z) ∈ P . This implies that

w(z) =
p(z)− 1

p(z) + 1
=

1 + c1z + c2z
2 + c3z

3 + · · ·
2 + c1z + c2z2 + c3z3 + · · ·

=
1

2
c1z +

(1
2
c2 −

1

4
c21

)
z2 +

(1
8
c31 −

1

2
c1c2 +

1

2
c3

)
z3 + · · · .

Now, from (2.4), we have
f ′(z) = 1 + 2a2z + 3a3z

2 + 4a4z
3 + · · · (2.5)

and

w(z)+
√
1 + w(z)2 = 1+

1

2
c1z+

1

2

(
c2−

1

4
c21

)
z2+

1

2

(
c3−

1

2
c1c2

)
z3+

1

128

(
64c4−16c22+3c41−32c1c3

)
z4+ · · · . (2.6)

Comparing (2.5) and (2.6), we achieve

a2 =
1

4
c1, (2.7)

a3 =
1

6

(
c2 −

1

4
c21

)
,

a4 =
1

8

(
c3 −

1

2
c1c2

)
,

a5 =
1

640

(
64c4 − 16c22 + 3c41 − 32c1c3

)
,

a6 =
1

384

(
32c5 + 6c31c2 − c51 − 16c1c4 − 16c2c3

)
. (2.8)

Now, from (1.4) to (1.8) and (2.7) to (2.8), we obtain

γ1 =
1

8
c1, (2.9)

γ2 =
1

192

(
16c2 − 7c21

)
, (2.10)

γ3 =
1

384

(
24c3 + 3c31 − 20c1c2

)
, (2.11)

γ4 =
1

92160

(
4608c4 + 1520c21c2 − 1792c22 + 11c41 − 3744c1c3

)
, (2.12)

γ5 =
1

92160

(
1176c21c3 − 115c51 − 3072c1c4 + 3840c5 + 140c31c2 + 1088c1c

2
2 − 2880c2c3

)
. (2.13)

Applying (1.13) to (2.9), we get ∣∣γ1∣∣ ≤ 1

4
.

From (2.10) and using (1.17), we have∣∣γ2∣∣ = 1

12

∣∣c2 − 7

16
c21
∣∣ ≤ 1

6
max

{
1, | 7

16
− 1|

}
=

1

6
.

Applying Lemma 1.3 to the equation (2.11), we get ∣∣γ3∣∣ ≤ 1

8
.

From (2.12), it follows that

γ4 =
1

20

(
c4 −

1792

4608
c22
)
+

c1
92160

(
11c31 + 1520c1c2 − 3744c3

)
By making use of (1.14) and Lemma (1.3), along with the triangle inequality, we get
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∣∣γ4∣∣ ≤ 607

2304
.

If we revise the equation in (2.13), we obtain

γ5 =
1

92160

(
1176c21

(
c3 −

115

1176
c1c

2
1

)
+ 3840

(
c5 −

3072

3840
c1c4

)
+ c2

(
140c31 + 1088c1c2 − 2880c3

))
.

Using triangle inequality along with (1.13), (1.14), (1.16) and Lemma (1.3), we get∣∣γ5∣∣ ≤ 1973

5760
.

Since

f1(z) =

∫ z

0

(
t+

√
1 + t2

)
dt = z +

1

2
z2 +

1

6
z3 + · · · ,

f2(z) =

∫ z

0

(
t2 +

√
1 + t4

)
dt = z +

1

3
z3 + · · ·

and

f3(z) =

∫ z

0

(
t3 +

√
1 + t6

)
dt = z +

1

4
z4 + · · · ,

from the equations (1.4) and (1.5) and (1.6) , it is easily obtained that the first three results given in the theorem are
sharp.

3. Second Hankel determinant of logarithmic coefficients for bounded turning with a lune
domain

Theorem 3.1. If f ∈ RL, then

|H2,1(Ff/2)| ≤
1

36
. (3.1)

The inequality in (3.1) is sharp.

Proof. Let f ∈ RL be of the form (1.1). Then by (1.11) we have

f ′ (z) = w(z) +
√
1 + w2(z), (z ∈ U). (3.2)

for some function p ∈ P of the form (1.2). So equating coefficients we obtain

a2 =
1

4
c1,

a3 =
1

6

(
c2 −

1

4
c21

)
,

a4 =
1

8

(
c3 −

1

2
c1c2

)
.

(3.3)

Since the class RL and |H2,1(Ff/2)| are rotationally invariant, without loss of generality we may assume that
a2 ≥ 0, so c = c1 ∈ [0, 2] (i.e., in view of (1.12) that d1 ∈ [0, 1]). By using (1.5)-(1.7) and (1.9) we obtain

γ1γ3 − γ2
2 =

1

4

(
a2a4 − a23 +

1

12
a42

)
= − 1

2304

[
13d41 − 8

(
1− d21

)
d21d2 + 8

(
8 + d21

) (
1− d21

)
d22 − 72d1

(
1− d21

) (
1− |d2|2

)
d3

]
.

(3.4)

Now, we may have the following cases on d1.
Case 1. Suppose that d1 = 1. Then by (3.4) we obtain∣∣γ1γ3 − γ2

2

∣∣ = 13

2304
.
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Case 2. Suppose that d1 = 0. Then by (3.4) we obtain

∣∣γ1γ3 − γ2
2

∣∣ = 1

36
|d2|2 ≤ 1

36
.

Case 3. Suppose that d1 ∈ (0, 1). By the fact that |d3| ≤ 1, applying the triangle inequality to (3.4) we can write

∣∣γ1γ3 − γ2
2

∣∣ ≤ 1

32

(
1− d21

)
d1

(∣∣A+Bd2 + Cd22
∣∣+ 1− |d2|2

)
where

A :=
13d31

72 (1− d21)
> 0, B := −d1

9
< 0 and C :=

8 + d21
9d1

> 0.

Since AC > 0, we apply the part I of Lemma 1.3.
We consider the following sub-case. Note that

|B| − 2 (1− |C|) = d1
9

− 2

(
1− 8 + d21

9d1

)
=

3d21 − 18d1 + 16

9d1

≥ 2 (d1 − 8) (d1 − 1)

9d1
> 0.

Applying Lemma 1.3, we obtain

∣∣γ1γ3 − γ2
2

∣∣ ≤ 1

32
(1− d21)d1 (|A|+ |B|+ |C|)

=
1

32
(1− d21)d1

(
13d31

72(1− d21)
+

2d1
9

+
d21 + 8

9d1

)
=

1

2304

(
64− 48d21 − 3d41

)
≤ 1

2304
64 =

1

36
.

Summarizing parts from Case 1-3, it follows that the inequality (3.1) is true.
To show the sharpness, consider the function as follows

p (z) :=
1 + z2

1− z2
.

It is obvious that the function p is in RL with c1 = c3 = 0 and c2 = 2. The corresponding function f ∈ RL is
described by (3.2). Hence by (3.3) it follows that a2 = a4 = 0 and a3 = 1

3 . From (3.4) we obtain

∣∣γ1γ3 − γ2
2

∣∣ = 1

36
.

This completes the proof.

4. Third Hankel determinant of logarithmic coefficients for bounded
turning with a lune domain

Theorem 4.1. If f ∈ RL, then ∣∣γ2γ4 − γ2
3

∣∣ ≤ 4247

69120
. (4.1)
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Proof. From (2.10), (2.11) and (2.12)

γ2γ4−γ2
3 =

1

17694720

(
−3936c41c2+1157c61+28672c32+11136c21c

2
273728c2c4+32256c21c4−8928c31c3−55296c1c2c3+69120c23

)
Rearranging the above and applying triangle inequality, we get

∣∣γ2γ4 − γ2
3

∣∣ ≤ 1

17694720

(
3936|c1|4

∣∣c2 − 1157

3936
c21
∣∣+ 28672|c2|2

∣∣c2 + 11136

28672
c21
∣∣

+ 73728|c4|
∣∣c2 − 32256

73728
c21
∣∣+ |c3|

∣∣− 8928c31 − 55296c1c2 + 69120c3
∣∣)

Using (1.13), (1.17) and Lemma 1.3, we get the required result.

Theorem 4.2. If f ∈ RL, then ∣∣γ1γ4 − γ2γ3
∣∣ < 103

1920
. (4.2)

Proof. From (2.10), (2.11) and (2.12)

γ1γ4 − γ2γ3 =
1

737280

(
− 360c31c2 + 221c51 + 4608c1c4 − 2064c21c3 − 3840c2c3 + 1408c1c

2
2

)
Rearranging the above and applying triangle inequality, we get

∣∣γ1γ4 − γ2γ3
∣∣ ≤ 1

737280

(
360|c1|3

∣∣c2 − 221

360
c21
∣∣+ 4608|c1|

∣∣c4 − 2064

4608
c1c3

∣∣+ 3840|c2|
∣∣c3 − 1408

3840
c1c2

∣∣)
Using (1.13), (1.14) (1.17) and Lemma 1.3, we get the required result.

Theorem 4.3. If f ∈ RL, then ∣∣H3,1(f)
∣∣ ≤ 415763

13271040
.

Proof. Since (1.10), it follows that∣∣H3,1(f)
∣∣ ≤ ∣∣γ3∣∣∣∣γ2γ4 − γ2

3

∣∣+ ∣∣γ4∣∣∣∣γ1γ4 − γ2γ3
∣∣+ ∣∣γ5∣∣∣∣γ1γ3 − γ2

2

∣∣.
From the values of (2.1-2.3), (3.1), (4.1) and (4.2), we achieve the required result.

5. Conclusion
In this study, we have examined the Hankel determinants of logarithmic coefficients for a specific subclass of

bounded turning functions associated with the lune domain. By deriving sharp upper bounds for |H2,1(Ff/2)|
and |H3,1(Ff/2)| , we contribute meaningful advancements to the field of geometric function theory. Our analysis
extends the methodologies established by previous scholars and offers novel insights into the behavior of logarithmic
coefficients within this structured context.

The results presented reinforce the intricate relationship between geometric properties of univalent functions
and their associated coefficient functionals. Furthermore, the techniques and lemmas utilized here pave the way for
broader applications, suggesting that similar methods could be adapted for more complex domains or higher-order
Hankel determinants.

Future research directions may include extending these results to subclasses defined by different geometric
constraints, such as nephroid or symmetric cardioid domains, and exploring applications of these bounds in
related fields such as signal processing or complex dynamical systems. The interplay between geometry, coefficient
behavior, and function theory remains a fertile ground for ongoing and impactful mathematical discovery.
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