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This paper is mainly devoted to exact solutions to the initial value problem for linear conform-
able systems with variable coefficients. The famous method known as the generalized Pea-
no-Baker series, which inholds the conformable integral, is exploited to acquire the state-tran-
sition matrix. A representation of an exact solution in a closed interval for linear confromable
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systems with variable coefficients is determined with the help of this matrix. It is verified by
showing that the determined exact solution satisfies the systems step by step. Moreover, an-
other exact solution in the same closed interval is identified thanks to the method of variation
of parameters. The existence and uniqueness of the second exact solution to the systems are
provided by the Banach contraction mapping principle. This provides that the representations
of the two solutions coincide although they are obtained by completely different approaches
and they have completely different structures. A couple of examples are presented to exmplify
the use of the findings.
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INTRODUCTION

For many right reasons, such as being a generalization of
the traditional derivative and better representing scientific
and social problems, the fractional order derivative [1-11],
which can be obtained by replacing the integer order with
the fractional order, has become a fascinating subject in the
theory of functional spaces for a couple of decades. [12-17].
So far, effots have been made to define so many distinct
fractional derivatives by many succesful researchers. There
is no doubt that the most prevailing employed ones are
Riemann-Liouville and Caputo fractional derivatives. They
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are both introduced by means of fractional integrals. This
gives them nonlocal behaviors such as future dependence
and historical memory. They satisty the linearity which is
the only feature inherited from the traditional 1st derivative.
But including both the above-mentioned ones, the available
fractional derivatives in the literatiire have many setbacks.
For instance, most of them do not fulfilll that fractional
derivatives of one are equal to zero except Caputo-type
derivatives. All of them do not satisfy the corresponding
product rule, the corresponding quotient rule, the corre-
sponding chain rule, the corresponding Rolle theorem,
the corresponding mean value theorem, and generally the
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corresponding semigroup property. To deal with some of
these flaws, Khalil et al. [18] in 2014 defined the conform-
able derivative which is a novel fractional derivative and
can be seen as an extension of the classical 1st derivative of
a function. Dazhi and Maokang [19] in 2017 managed to
describe the physical and geometrical interpretations of the
conformable derivatives fort he first time.

Various social and scientific phenomena are formulated
by means of linear fractional differential systems with vari-
able coefficients, such as linearized aircraft systems, linear-
ized population growth, linearized diffusion of the batteries,
and linearized parameters’ distribution in the charge trans-
fer. Although there are lots of papers about linear fractional
differential systems with constant coefficients and almost
all of their aspects are investigatedi only a few studies are
devoted to linear fractional differential systems with vari-
able coefficients and their explicit solutions. To the best of
our knowledge, I can find no paper about such systems and
their solutions in the conformable sense where are obtained
via generalized Peano-Baker series. [20,21]. Finding cur-
rent in an electrical circut [22], falling objects with air resis-
tance, or determinig the motion of a rising [23] are included
in applications of linear conformable systems with variable
coefficients given in (1). In order to obtain an exact solution
of a system, there are distinct approaches and methods such
as the first integral method [24] which is applied succestully
for solving the comformable Wu-Zhang system with the
time-fraction, the new extended direct algebraic method
[25] which is used to find the new solitons solutions of the
complex Ginzburg-Landau equation with Kerr law nonlin-
earity, the sine-Gordon expansion approach and the gener-
alized Kudryashov approach [26] which are applied to get
exact solitary wave solutions to te Boussinesq model. This
paper mainly provides an exact solution to the system by
applying the generalized Peano-Baker series approach and
the variation of constants method seperately.

In light of the above-cited works, the following linear
coformable systems with variable coefficients are taken into
consideration

{fop(c) =A@ +7©, e,
p(0) = p,,

where D” represents the conformable derivative of frac-
tional order 0 < 8 < 1, p: [0, T] = R, which is the well-
known n-dimensional Euclidean space, is a R* — valued
function , both the matrix function A: [0, T] - R™" and
the function 7: [0, T] — R" are continuous.

The results in this paper are presented below.

(i) A representation of the exact solution of the problem
(1) is given in terms of determining the state-transi-
tion (matrix) function obtained from the generalized
Peano-Baker series.

(ii) Another representation of the exact solution, which
is different from the first one, of the problem (1) is
offered based on the variation of constants method.

(iii) The existence uniqueness of the global solution of
the nonlinear system (9) into a fixed point problem is
transferred, which allows us to use the Banach fixed
point to prove our main results.

PRELIMINARIES

In this section, a couple of necessary paraphernalia to
be available in the literatiire are remembered in order to
allow a better understanding of the content af the paper.

Definition 1. [27] A fractional derivative in the
conformable sense of order 0 < § < 1 with a lower bound 7
of a function p: 7, ) — R is given by

—7)1-B) —
DF () = mu(ﬁa(c ;)1 )~ k(O

¢>7,0<pf <1

In addition, if p(.) is differentiable and glil;ﬂ+ Df (o)
exists, lim ]D)f u() = ]Df u(o).
¢-T

Definition 2. [27] The conformable integral of fractio-
nal order 0 < 8 < 1 with a lower bound 7 of a function u:
[T, ©) = R is given by

¢
P (o) = f u(s)(s —fds, ¢>0.

T

Theorem 3. [27] Let pt be continuous in the domain of
J%. Then D (1) () = p(9), ¢ = .

Lemma 4. [28] The conformable derivative of fractio-
nal order 0 < 3 < 1 for a function p: [T, ) — R exist iff it
is differentiable at ¢ and also ]D)Eu(q) = (G- Pu'(¢)is
satisfied.

Lemma 5. [29] The conformable derivative of fractional
order 0 < 8 < 1 of an integral sign is as noted below

a(s) a(s)
fo <f_ p(s, s)ds) = <f_ ]D)OB p(s, s)ds) +p(s, a(c))l]))ga(g),

here, p is differentiable w.r.t the first component, and
also a and o are continuous in a finite closed interval.

Homogeneous Linear Systems with Variable Coefficients

In this section, an explicit solution to the homogeneous
version of the linear conformable systems with variable
coefficients is investigated

(&) € [0,T],

B oo
{Do p(©) = A(9)p(s), (2)

p(O) = po;

here, all of the information is introduced in (1).

Now, the state-transition (matrix) function will be
offered to costruct the fundamental structure of the explicit
solution to the system (2).

Definition 6. The state-transition (matrix) function of
system (2) is defined as noted below
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S ko P Corollary 9. When the special case of A(¢) = A (cons-
X0 = Z 3 A), tant) in the system (2) is considered, an explicit solution of
k=0 the following system
where Dip(s) = Ap(s), g€ [0.T],
0op p(0) = po, (3)
3 A =1,

£y

and is given by the equation p(¢) =e# p,, which corre-

SEDPA) =8 (AP AQ) k=012, ..,

here, I and © are the n-by-n unit and zero matrices. The
series in Definition 6 can be seen and named as the genera-
lized Peano-Baker series. [20,30].

Theorem 7. The state-transition function satisfies the
equation (2) with the initial circumstance X'(0,0) = I pro-
vided that it is uniformly convergent.

Proof. The mathematical meaning of the statement of
this theorem is as follows:

{Dﬁx(cﬁ) = A(5)X(,0),  (5)€ [0,T],

X(0,0) = 1.

Then let’s start showing the satisfaction of the first
equation

DX (5,00 = D ) 3

k=0

35 Ao

D536 ACo)

NgE

=
1l
=

38 (AT VP A).

I
[\_48

=
1l
-

Theorem 3 gives that

DEX(5,0) = A ).
k=1

= A(9)X (s, 0).

S(()k—l)o,l? A(g‘)

One can verify the initial circumstance as follows

[eY)

IEACOR IO

k=1

x50 = 3" 40| _,

Theorem 8. p(¢) = X (¢, 0) p, fulfills the equation (2),
which means that it is a solution to the given system, provi-
ded that it is uniformly convergent.

Proof. In the light of Theorem 7, one can easily get the
following equalities

Dfp() = DEX(5,0)p, = A(5)X (s, 0)p0 = A(S)p(s),

and

p(0) = X(0,0)py = Ipy = po-

sponds to that of [5].

Corollary 10. For the case of A(¢) = ¢?, p € R*, an epli-
cit solution of the following system

{Dgp(c) =¢Pp(c),
p(O) = pOr

€ [0,T], @
is offered by
L

p(s) = PP’ p,,

Proof. One can begin with the following calculation of
the state-transition function as follows:

32"’%? =1
B+p
¢
37 = 3066 = S0P = o
B+p 2(B+p)
3P eP = 3 (P oP) = oc”; = —gﬁ %
+p 2B+p
2(B+p) 3(B+p)
33 er = 3f (gr32P vy = fgr S =2 .
P AB ) 3B +p)

c(n—l)(ﬁﬂi)

CERED
gn(ﬁ+p)

TRl @ )t

3P 6P = 35 (P3P Py = 3

It follows from Definition 6 and the just-above infor-
mation that one writes the corresponding state-transition
function as noted below

o3} [«<} §ﬁ+p

)
X(g,O)—Z“ an(ﬁﬂ?)n: D,

n=0 n=0

According to Theorem 8, the solution to the system 4 is
PP

given by p(¢) = e F+r p,. This concludes the proof.
Remark 11. The solution in Corollary 10 reduces to that
of [31] forp = 0.

NONHOMOGENEOUS LINEAR SYSTEMS WITH
VARIABLE COEFFICIENTS

In this section, an explicit solution to the nonhomoge-
neous version of the linear conformable systems with vari-
able coefficients is investigated



Sigma J Eng Nat Sci, Vol. 42, No. 6, pp. 1806-1812, December, 2024 1809
SO 40y =
{Dﬁp(c) = AP +7(), s [0,T], 5 e o
PO =po NPAE) = 1 (AN AQ) = 1A =14 (] o) ={

¢V \gr1 °
0 0

here, all of the information is introduced in (1). 3546 = 15 (AP A@) =15 (g 0) ( ¢t =18 (2 g) = (2 g)

. . . B+1
Theorem 12. The solution p(¢) of (5) fulfilling zero ini-
° a0 =1 (10340) =1 (0 D)6 9= (3 )

tial circumstance p(0) = 0 has the following integral form
¢
p©) = [ X915 ds
0

Proof. By employing Theorem 3 and Lemma 5, one

acquires

¢
D5 p(s) = Dgf X (¢, 5)7(s)sPtds
0

= fq ]I))gX(q, 5)7(s)sP~1ds + 7(¢)
0
= > [ st (4@ 4 ) (525 4769
n=1 0

= A9 f CZ STV A(e)1(s)sPds + 1(s)
0 =1

= A(¢) fcx(c, $)7(s)sBds +1(¢).
0

Theorem 13. The solution p(¢) of (5) has the following

integral form
¢
p©) = X(s.0py + [ Xs. 1P ds. ()
0

Proof. The proof is an immediate result of Theorem 8
with Theorems 12.

Remark 14. For f = 1, and A(¢) = 4, the integral equ-
ation in Theorem 13 makes into the following integral

equation
¢
p(s) = e*py + f e4697(s)ds
0

which is, as it is well known, the analytical solution to

the following first order Cauchy system

{p(c) =A4p() +1(s), ¢€ [0,T],

p(0) = po.

Example 15. The below nonhomogeneous linear con-

formable system with variable coefficients is examined

Dip(s) = (g 8) p(§) + (2) s€ [0,T],
0@ = (7). 7

One firstly determines the state-transition matrix of the

system (7) step by step by using its definition

3546 =15 (AP a) = 15 (g )G D=0 Nn=23.

In brief, one has

0

ﬁ“ﬂo=aﬁwﬂo=<ﬁ“

0

~ 0 0
0] 3@ = (5 o)n=2
B+1

Then the system’s state-transition matrix is given by

o 10
X(5,0) = Z 3P AQ) = 3" AQ + 3P A = | S ).
k=0 p+1

Then the analytical solution of the system (7) is given by

¢
p©) = X(5, 000+ | X(5,)7()5Pds
0
ﬁl 0 1 p ﬁl 0 0
=| ¢ + cht1 sP-lds
(e o
1
=[ s )
BriTF

Remark 16. Until here, uniformly convergent infinite
series involving nested compositions of fractional integrals
in the conformable sense to represent the solutions is used.
In a way, this can be seen as a fractional approach and it has
a setback such as being uniform convergence.

Now, an explicit solution of the same system (5), which
can be also called as a conformable linear differential equ-
ation of fractional order 0 < 8 < 1, will be investigated by
variation of constants technique. Firstly, one looks for a
solution of its linear case.

Dfp(s) = A©)p() = ¢1Fp'(¢) = A()p(s)

P
2o A0S
=In (%) = JA(C)qﬁ‘ldc

= p(s) = C(g)el 4O s,

Let’s get into the system (5) with the just-above equation
to determine C(¢),

D (C()e! 4@ 74 ) = A()C (el A5 1 3(g),
C(g)]{pgeﬂ(c)c’?’ldc + efA(c)cB*chgc(g) = A(Q)C(¢)e! 4@ s 4 (),
=C() = f e~ AP dsq () eB-1gc + K.
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Then, one of explicit solutions of the system (5) is given
by the following continuous integral equation

p(c) = el AP tas [e—fA(C)CB_ldCT(g)gﬁ‘ldc + K], (8)

where K € R is an integration constant.

Remark 17. In one respect, this approach appears one
of the advantages of conformable derivatives among other
available fractional derivatives.

Remark 18. Under the variable transform p(¢) = u(c)
v(¢), one can easily get the same integral equation (8).

Corollary 19. The following continuous integral
equation

p(c) = el 4P tag U e~ JAQF ey B-1qc K],

is a global solution of the following nonlinear conform-
able system with variable coefficients

{Dgp(c) = A()p() +1(5,0(9)), ¢€ [0,T],
p(0) = po. 9)

Theorem 20. Assume that the nonlinear function is a
B
Lipschitzian with a L; > 0 and %LT < 1. Then the system

(9) has an unique solution on [0, T] with T > 0.

Proof. Let C[0, T] be the well-known continuous Banach
space endowed with the infinity norm ||. ||, = SUp (e (o1
[lp(9)]|| for a norm [|. || on R". Define the operator H: C[0,
T] - C[0, T] by

Hp(c) = eJ 4P [ f e~ T4 59(q, p(6))6h1dg + K].
For p, v € R", one can get the below inequality
Th
17 p(s) = HVv()Il < FLwllp = V(e

which implies that H is a contraction. Based on the
Banach fixed point theorem, H has an unique fixed point
on [0, T]. So, the system (9) has an unique solution on [0,
T].

Remark 21. According to Theorem 20, by the unique-
ness of solutions, the closed-form solution in (6) coincides
with the explicit continuous solution in (8).

Example 22. If the system (4) in Corollary 10 with the
initial circumstance is reconsidered, based on the represen-
tation of the solution in (8), one can get

i
p(g) = el 7P K = evIFK.

The initial
P+B
p(¢) = eP*F py, which is the same solution in Corollary 10.

circumstance p(0) = p, provides

Example 23. If the system (7) in Example 15 with the
initial circumstance is reconsidered, based on the represen-
tation of the solution in (8), one can get

° B 1 _ Bl
p() = e ¢ o) ‘“f 5 o) d""((l))c‘*"ldc+1<]

0 )
R N I Gl
e</3+1 pPot+e f B+1 0 (g)CB_ldC
0 L 1 0\ ¢ 1 0 0
ﬁ+1 p+1 Bl p-1
g 1)) /§+1 1 fo ;+1 1) G)s" s
1
:<g5+1 <B>_
ity

which is the same solution in Example 15.

CONCLUSION

The state-transition matrix is obtained from the gen-
eralized Peano-Baker series. An explicit solution to the
linear homogeneous and nonhomogeneous conformable
systems with variable coefficients is derived based on this
state-transition matrix. Another explicit solution of the
same system is acquired with the help of the variation of
constants method. These obtained solutions are shown to
coincide on the closed interval by the fixed point theorem.
By solving some examples with two different solutions, the
results are verified to match. Again, the same examples are
used to illustrate the results.

As a future work, one can discuss different kinds of
stabilities and distinct sorts of controllability of linear con-
formable Dynamics with variable coefficients. As another
future work, one can also introduce a conformable Riccati-
type differential equation and a conformable Bernoulli-
type differential equation annd investigate their solutions.
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