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ABSTRACT

Looking at the history of the development of the number theory, it becomes apparent that the solution to
some of the fundamental problems of this theory depends on the number of primes in the given interval and
rule for distribution of primes. Note that the methods of the theory of functions of complex variable was used
for accurate assessment of the asymptotic distribution of prime numbers; inaccuracies in the results led to
such a conclusion that it would be more useful to solve the problems of the number theory by utilizing the
methods of the theory of functions of complex variable. In this work, exact number of primes in the given
interval was found without using the methods of the theory of functions of complex variable; derived results
will hugely contribute to the solution of several problems of the number theory. For describing the behavior
of the distribution function of prime numbers it is necessary to investigate some auxiliary classes of natural
numbers. The given paper is devoted to investigation of some subclasses of natural numbers, that allows to
describe the distribution function of prime numbers [1], [2].
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BELIRLIi BIR ARALIKTAKI ASAL SAYILARIN SAYISININ HESAPLANMASINDA
YENI BiR METOT UZERINE

OZET

Say1 teorisinin tarihsel gelisimine bakildiginda bu teorinin belirli bir araliktaki asal sayilarin sayisina ve asal
sayilarin dagilim kuralina bagl olan temel problemlerin bazilarina ¢6ziim getirdigi goriilmektedir. Kompleks
fonsiyonlu degiskenler teorisinin metotlari, asal sayilarin asimptotik dagiliminin dogru bir sekilde
belirlenmesi igin kullanildig; sonuglardaki hatalarin kompleks fonsiyonlu degiskenler teorisinin metotlarini
kullanarak say1 teorisinin problemlerini ¢6zmenin daha faydali olabilecegini gosterdigi dikkate alinmalidir.
Bu caligmada belirli bir araliktaki asal sayilarin tam sayisina kompleks fonsiyonlu degiskenler teorisinin
metotlart kullanilmadan ulasildi. Elde edilen sonuglar sayi teorisinin birtakim problemlerinin ¢dzlimiine
biiyiik katki saglayacaktir. Asal sayilarin dagilim fonksiyonunun davranigini tanimlamak i¢in, dogal sayilarin
bazi yardimci smiflarinin arastirilmasi gerekmektedir. Bu caligma asal sayilarin dagilim fonksiyonunun
tanimlanmasina olanak saglayan dogal sayilarin bazi alt siniflarinin arastirilmasina yoneliktir.

Anahtar Kelimeler: 4Asal sayilar, Say1 teorisi, Kompleks fonsiyonlu degiskenler teorisi.
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1. DENOTATION AND NECESSARY FACTS ([3], [4]).

Denote by N the set of all natural numbers, by N! (S n) the set of natural numbers not exceeding 7 .
It is obvious that the set V' (Z 5) may be represented in the form

N(>5)=15,6,7,....n,...} = {6m —1,6m,6m +1,6m+2,6m+3,6m+4}"_ =
={om+a,a=-1,0,12,34}"

m=1"
From (1.1) it is seen that the natural numbers of the form 6m, 6m+2, 6m+3 and 6m+4 for any
natural value of m are composite numbers; and only natural numbers 672 —1 and 6m +1 (m eN ) may

be also prime numbers.
Therefore we have [3]

Theorem 1.1. If 7 is a prime natural number, then it is necessary that 72 should have the form 7 = 6m —1
or n=6m+1.
If the number 6m+1 (or 6m —1) is a composite number, then at least it has two cofactors, i.e.
om=1=(6i+a )6+ ).
a and p=-1,0,1234.
From (1.2) we have
6m=*1=36ij +65i+60cj +aff =6m, +af.
By the calculations from (1.4) we get
af =+=1, ,
where @ and 3, were determined in (1.3).
Taking into account (1.5), from (1.2) we get

om+1=(6i+1)6j+1) ijeN, i>j,

6m—-1=(6i+1)6;F1) i,jeN, i>j.
From (1.6) we get

m=06ij+(i+j), (i>))

from (1.7) we have
m=6j+(i—j) (i)
Denote the set of natural numbers of the form (1.8) and (1.9) by M| and M ,, respectively. Then we have

Theorem 1.2. For the natural number of the form 6m+1 (or 6m—1), me N to be a composite natural
number, it is necessary and sufficient that m € M| (or me M,).

Indeed, if meM, then m=6iji(i+j). Hence 6m+1=36iji6(i+j)+1=
= (6i + 1)(6j + 1) and vice versa, if 6m+1 is a composite number, then 6m+1= (6i il)(6j + 1),
hence it follows that m = 6ij (i + ]) eM,.

Denote by H, = N\M,(H, = N\M,), where H, "M, #@; (H,"M,)#D.
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Then we have

Theorem 1.3. For the natural number of the form 6m+1 (or 6m —1) to be a prime natural number, it is
necessary and sufficient that m € H, (or me H,).

2. THE PROPERTY OF THE SET M, (< m).

By definition, if 7€ M,(<m), then n=6ij £(i+j)<m,i,jeN.

Note that if m = maX(6ij —i—j) , then there exists a natural number Vv for i=j=v, 6> —=2v =m,
)

1+w/6m+1} ,
—— 1.€.
6

hence Vv = |: f

1<i<v,, and if m=max(6ij+l'+j), then for i=j=k,
ij

—1l++6m+1
6

6k2+2k=m,hencek=|: }andlﬁjﬁk.

Denote by
A(m)={6ij—i—j}={6i-1)j—i<m, i<}, i,jeN}
B,(m)={6ij +i+j}={6j+1)j+i<m, i<}, i,je N}
1<i<v, 1<j<k
where 6i —1 and 6 +1 are only prime numbers.

Call 4, (m) and B, (m) the subclasses with prime coefficients of the set M (S m)
It should be noted that

v k
M, (< m) - (U A4 (m ju(UBj (m)}
i=l j=1
Denote the set of prime coefficients of the subclasses A, (m) and B; (m), by K, (—) and K, (+):
K (0)=5,11,17,..60 ~1}= (KO () KO (),... kK ()}

KY(-)=5, kP(-)=11, k¥ (-)=17,..K"(-)=6v-1
respectively,

K, (+)=1{7.13,19,...6k +1}= {KO(+), KD (+),.... KD (+)}

KV(+)=7, KP(+)=13,,.., KY(+)=6k+1,

where 67 —1 and 67 +1 are only prime numbers and the number of the elements of the set K, (—) equals
_ Al !
e 2( ) Cvo Cko .

Where K, (—) is the set with the elements of the form 67 — 1(2‘ eN ) being the product of two elements of
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the set Kl(—)UKl(-i-):
K,(-)=1{5-7,5-13,..,11-7,11-13,...,(6v —1)6k +1)} =

IR k0]

K(-)=5-7,KkP(=)=513,...
Here v, is the number of prime elements of the set K, (—), k, is the number of prime elements of the set
K, (+) Denote by K, (+) the set with the elements of the form 67 + l(T eN ) being the product of two
elements of the set K| (—)UK1 (+)
K,(+)=1{5-11,5-17... ,713719 4=

_ {K VKO k20

where the number of the elements of the set K ( ) equals 72( ) C‘fo + C’fo
K,(+)=511,K9(+)=517,...K)(+)=7-13,...
The set Kq(—) and Kq(+), where 2<i+j=¢q , 1<i<v , 1< j<k is determined in the same

way.

where

Now we can calculate the number of the elements of subclasses of the set M (< m)

mesA (< m)=mes{5t—1<m}= {m?-f—l}

mesA, (< m)= mes{l Ir-2< m}

Kl(Z)(_)+1
mt = | [om+K9()

mesd (< m)=mes{(6v—1)t—v£m}=[6v_1}=
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2.3)

_ [6m + K](V)(—)+1}
6K1v (_) ’
where Kl(l)(—), Kl(z)(—), e K](V)(—) are the elements of the set K| (—);

mesB, (S m)= mes{7t+1 < m}= [mT—l} =

_ {6m ~-K(-) 1}

6K (+)

mesBz(S m) = mes{13t +2< m} = {ml_j} =

mesB, (S m) = mes{(6k + l)t + k} = l:

_ [6;11 ~K9(+)+ 1}

6K 1" (+)
where Kl(l)( ), Kl(z)(+),...,K1(k)(+) are the elements of the set K (+)

Let me A(m)mA,(m). Then m=5t—1=11z-2, 5t=11r -1, t:27+%_1, r=57,+1,

m=5-117,+9 and m=5-11z, —46(2‘ =T —1). Hence it is seen that the coefficient 7, represents the
number of the form 6¢+1,i.e. 5-11 is a natural number of the form 67 +1.
The number of the elements of the set 4, (m)ﬁ A, (m) equals
5-5-11+1
m+a6] | 6 | [6m+5-5-11+1
[5-11} 511 [ 6-5-11 J

And if m € 4 (m)r\B1 (m), then
1
S—1=7r+1, St=Tr+2, t=r+2%, r=5¢-1, m=5-Tr,—6,

hence it is seen that the coefficient 7, represents the number of the form 6¢—1, i.e. 5.7 is a natural number

of the form 67 —1; the number of the elements of the set A4, (m)f\B1 (m) equals
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5-7+1

m+6 | _ m 6 _|om+5-7+1
5.7 5.7 6-5-7 |

Similarly continuing (by induction), we find that the number of the elements of the set

_[ﬁAlﬁyl (m)jm{ﬁBjrl (m)} 2<s,+1n<q, 2<q<v+k,
51=0 7=0

6m + aﬁ(6s1 - l)lL[(6r1 +1)+1
51=0

11=0

6ﬁ(6s1 —1)1L[(6r1 +1)

5,=0 1n=0

mesS(m) =

{1, if s is an odd number;
a=

5 if s is an even number,
0

[TCED=1 1<i <v, 1<), <k

/=0
If we denote the number of the composite numbers of the form 67 + l(t eN ) by p& (6m + 1) then from
(2.1)-(2.8) we have

Theorem 2.1. For the given 71 € N the number of the elements of the set M (S m) (i.e. the number of the
composite numbers of the form 67 + 1(2' eN ) that doesn’t exceed 6m + 1) equals

p<+><6m+l>=i[6m+Kf”<—>+q+g{6m K ‘><+>+q+

i=1 6K 1(1)(_) (+
gl m+ + Y my s
g ]

72(_): C;, 'C110a73( ) C] C/i, + C3
7(+)=C, + G, 1(+)=CC + Ci’o,--'

Denote by 7T(+)(6m + 1) the number of prime numbers of the form 67+ 1(2’ eN ), then by

H,(<m)= N(£m)\ M, (< m) it holds

Theorem 2.2. For the given m , the number of prime numbers of the form 67 + I(T eN ) not exceeding
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6m+1 (i.e. the number of the elements of the set /, (S m)) equals
7r(+)(6m +1)=m— PY,
where P(+)(6m + 1) is determined in equality

:[1+x/6m+1} k{—HM}
6 ’ 6 '

Example 1. Let =50 ,then v=3, k=2
K ()= 51117} = KO KDL O) de
KV (-)=5, K<2() 11, K9()=17.
K ()= {7.13)= K (+ )Kf”(+)}» ie.
K(+)=7, KP(-)=13.

s K9(=)+1 CKV(+)-1

D A

i=1 1

m+1 m+2 m+3 m—1 m—2
= + + + + .
5 11 17 7 13
K,(-)=1{5-7,5-13,11-7,11:13,17-7,17-13}.
The elements K, (—) have the form 67 —1, and the number of the elements of the set K, (—) equals

}/2(—)=C31 -C) =6, then
L m m+6 m+11
. = + +
= 5-7 5-13

m+13 m+24 m+20 m37
+ + + + .
11-7 11-13 7.11 1317
K,(+)=1{5-11,5-17,11-17,7-13},

the elements K2(+) have the form 67 +1, and the number of the elements of the set K2(+) equals
_ 2 _
72(+)_Cv +C =4

Since

and
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m+46 m+71
= + +
5-11 5-17

m+156 m+76
+ + .
11-17 7-13

Further,

K, (-)={5-11-17,5-7-13,11-7-13,17-7-13},
whose elements have the form 67 —1, and the number of the -elements K3(—) equals

P)=circ =4

K ()+1

o mE m+1567] [ m+76
2 G - + +
= K9(=) 51117 |5-7-13

m+167 m+ 258
+ + .
7-11-13] [ 7-13-17
Ky(+)=1{5-11-7,5-17-7,11-17-7,5-11-13,5-17-13,11-17-13}.

The elements K (+) have the form 67 +1, and the number of the elements equals ¥, (+) = CVZ -C ,i =6
SKV(+)+1

732‘*’ "6 | _[me321], m+496}+
KV 5.7-11] | 5-7-17

J=1 3

L[m+1091] [m+596] [m+9217] [m+2026
7-11-13 ] | 5-11-13] |5-13-17] [11-13-17]
K,(-)={5-11-17-7, 5-11-17-13},

the elements K, (—) have the form 67 —1, and the number of the elements equals J, (—) =C/-C, =2

+K§f)(—)+1

Vf "t :{ m+1091 }{ m+2026 }
= K(=) 5.7-11-13] [5-11-13-17 )

4

Since

For

K,(+)=1{5-11-7-13, 5-17-7-13,11-17-7-13},




DPU Fen Bilimleri Enstitiisii Dergisi On A New Method For Calculation Of The Number Of Prime
Say1 37, Aralik 2016 Numbers In The Given Interval

Nariman SABZIYEV

the elements K4(+) are of the form 67 + 1, and the number of the elements equals )/4(+)= Cf ~C,f =3
SKV(+)+1
) m+—————"—
6 m+4171 m+ 6446 m+1418
> 5 = + + . (2.16)
KY(+) 5.7-11-13] [5-7-13-17] [7-11-13-17

=1
K (-)={5-11-17-7-13}, y(-)=C’ -Cf =1
and the number of the elements equals
{ m+14181 }
5-7-11-13-17
K (+)=2.

Thus, taking into account equalities (2.10)-(2.17), we get
PY(301)=22

and

and from (2.9) we have

7(6-50+1)= 2" (306)= 5022 =28.

3. PROPERTY OF THE SET M, (< m).

By definition, if 7€ M, (< m) then

n=6it—i+t<m, i<t, i,te N
or

n=06jt+j—t<m, j<t, j,teN.

where m=max{6it—i+t} or m=max{6 Jt+ j—t}. Then there exists a natural number 7, for
i i

i=j=t=r wehave 67" =m  hence we get

where 1<i<r,1<j<r.
Denote by
C(m)={6i-1)+i<m, i<t,ijteN, 1<i<r}

1

and
D (m)={6j+1)—i<m, j<t, jteN,1<;<r}
where 6i —1 and 6 +1 are only prime numbers.

Call C, (m) and D ; (m) the subclasses with prime coefficients of the set A, (S m) Obviously,
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wtem)=( Ui o Up, )]

i=1
Denote by Kl(l)(—) and Kél)(+) the set of prime coefficients of the subclasses C, (m) and D, (m) and
the set MZ(S m):
K, (-)=1{5,11,17,...6r -1},
K, (+)=1{7,13,19,....6r +1},
where the elements of the set K| (—)U K, (+) are only prime numbers.
As in the set M 1 (S m), here we also determine the set

Kz(_)’ K2(+) ( ) (+ >

and calculate the number of the elements of the subclasses Cl m

and etc.
If

QURIREY

2<s,+1,=q<s+r

6m — 1+bH 651-1]‘[(6rl +1)

5= =0 ;1:0

6] [ (6, ~D[ T (67 +1)
5=0 1=0

meSR(m)
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b:

1, if s is an even number
if s is an odd number

0
[T(-1 <i, j<r,

0
where Kél)(+), KS)(—), K 2) ( ) K 2) ( ) . is determined as in calculating the number of the elements
of subclasses of the set M (S m)

Denote by P(f)(6m—l) the number of composite numbers of the form 67 —1 (T eN ) not exceeding
6m—1, then we have

Theorem 3.1. For the given m € N, the number of the elements of the set M, (S m) (i.e. the number of
composite numbers of the form 67 — 1(’[ eN ) not exceeding 6/ —1) equals

P 6m—1)= Z[%()(_)H} + ,«2‘{6’” KU (4)+ 1} +

= 6k"(-) 6K(+)

i=1

rr 7g( m+ i) 74 m+ +
ol g

where 7, (—) and 7, (+) is determined as in theorem 2.1.

Denote by 71'(_)(6m - l) the number of prime numbers of the form 67 —1 (2' eN ) not exceeding
6m —1, then by

H,(<m)= N(£m)\M,(<m)
it holds

Theorem 3.2. For the given m € N the number of prime numbers of the form 67 —1 (Z’ eN ) not
exceeding 6m —1 (i.e. the number of the elements of the set /1, (S m)) equals
7 (6m—1)=m—P(6m-1),

0

where P(_)(6m — l) is determined in equality (3.1), » = |:T .

Example 2. Let m =150, then » =2 and

K(=)={5,11}, K(+)={7,13}

K!(-)=5, KP(-)=11, k" (+)=7, KP(+)=13.
Then from (3.1) we have
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PIGE01)= 50—1 N 50-2 N 50+1 . 50+21
5 11 7 13
[50+29] [50+54} [50+64} [50+119}
- + + + +
5.7 5-13 7-11 11-13
[50+9] [50+15} [50+327} [50+834]
+ + + + +
5.11 7-13 5.7-13 11-7-13
. 50+ 64 . 50+1197) [ 50+834 1 _
5-11-7 5-11-13 5.7-11-13
=(9+4+7+4)—(2+1+1+1+1)=24—-6=18
P6m—1)=P(301)=18

7 6m—1)=79(299)=50-18=32.

4. CALCULATION OF THE NUMBER OF PRIME NUMBERS NOT EXCEEDING 6m+1.

Denote by ﬁ(ﬁm + 1) the number of prime numbers not exceeding 6m +1. Then from theorems 2.2 and
3.2 we have

Theorem 4.1. The number of prime numbers not exceeding 6m +1 (except 2 and 3) equals
a(6m+1)= 7N 6m+1)+ 7N 6m+1)=
=2m—(PY(6m+1)+ P(6m—1))
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