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Abstract

This paper presents a finite difference method to solve a novel type fourth-order boundary value problem with
impulsive conditions. These differential equations, which model deflections in beams, provide insights into various
applications in fields such as civil, mechanical, and aeronautical engineering. Analytical solutions to boundary
value problems are often challenging to derive, highlighting the need for robust numerical methods. In this study,
a formula for finite difference approximation is derived by using Taylor series expansions at selected grid points.
By transforming differential equations into algebraic systems, the unknown solutions are determined based on the
grid points. The proposed method is validated through a numerical example involving a fourth-order impulsive

linear boundary value problem, and the results demonstrate its effectiveness.

Keywords: The finite difference method, fourth order boundary value problem, impulse conditions, approximate

solutions

Dérdiincii Mertebe Impulsiv Sturm-Liouville Sinir Deger Problemleri icin Sonlu Fark
Yaklasimi

Oz

Bu makale, impulsiv kosullara sahip yeni bir dordiincii dereceden sinir deger problemini ¢6zmek icin sonlu farklar
yontemini sunmaktadir. Kiriglerdeki sapmalar1 modelleyen bu diferansiyel denklemler, ingaat, makine ve havacilik
miihendisligi gibi alanlardaki ¢esitli uygulamalarin aydinlatilmasini saglar. Sinir deger problemlerine yonelik anal-
itik ¢ozlimlerin elde edilmesi ¢ogu zaman zorlayicidir ve bu durum saglam sayisal yontemlere olan ihtiyaci vurgu-
lamaktadir. Bu ¢alismada, segili grid noktalarinda Taylor serisi agilimlart kullanilarak sonlu farklar yaklasimi i¢in
bir formiil ortaya ¢ikarilmistir. Diferansiyel denklemler cebirsel denklem sistemlere doniistiiriilerek, bilinmeyen

¢oziimler grid noktalarina gore belirlenmistir. Onerilen yontem, dordiincii dereceden impulsiv dogrusal sinir deger

problemini igeren sayisal bir 6rnek iizerinden dogrulanmis ve sonuglar yontemin etkinligini gostermistir.

Anahtar Kelimeler: Sonlu fark yontemi, dordiincii mertebe sinir deger problemi, impuls sartlar, yaklagik

¢Ozlimler
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1. Introduction

Fourth-order boundary value problems commonly arise in the mathematical modeling of beam and plate
deformations, deflection theories, viscoelastic and inelastic flows, as well as numerous other applications in ap-
plied sciences. The theory of impulsive differential equations is significantly more complex than that of ordinary
differential equations and has captivating applications in various fields. The interest of researchers in this domain is
rapidly growing. Analytical solutions for such boundary value problems (BVP) are rarely attainable, which makes
it necessary to study fundamental properties such as existence and uniqueness of solutions, linear dependence and
independence, stability, and the existence of periodic solutions [1-17]

The theory of impulsive differential equations is essential for understanding real-life problems, where discon-
tinuities in physical phenomena have considerable impacts on many applied problems in nature. For instance, in
real processes, effects occurring over a short time and initially deemed negligible can induce sudden changes in
the state of a system. Even minuscule, abrupt changes can lead to substantial differences in system behavior.

Examples of such phenomena include epidemic outbreaks that lead to rapid declines in the population of
a species, sudden changes in the velocity of an oscillating object when an external force is applied, or sudden
deflections in beams under various conditions. The mathematical models that incorporate these impulsive effects
are expressed as impulsive differential equations. Solving these equations yields results that most closely align
with real-world observations. Furthermore, realistic outcomes can be achieved through models applied to many
fields, including theoretical physics, biotechnology, industrial robotics, medicine, and economics [18-27].

Over time, a variety of analytical and numerical methods have been developed to tackle these problems. Meth-
ods include spectral analysis [1-17], finite difference methods [18-21], variational approaches [22], Hermite and
conforming finite elements [23) 24], compact finite difference methods [25], the differential transform method
[26], and the Galerkin method [27], among others. The development of new methods continues to advance the
field.

In this paper, we present the finite difference method as a means to solve fourth-order boundary value problems
with impulsive conditions. This type of problem has not been previously addressed in the literature. We derive
the finite difference formulations necessary for the solution, apply these formulations to specific problems, and

illustrate the solutions using graphical representations.

2. Derivation of The Finite Difference Method for Solving of Fourth Order Impulsive
BVP

Consider the fourth-order linear boundary value problem given by:

1" 1"

p(@n® (@) + q(@)n” (@) + (@) (2) + s(@)n (@) + ten(e) = f(z), @ €fa,m)u(mb] (1)

with the impulsive conditions at z = m:

n(m —0) = an(m+0), n.(m—0) = fn.(m +0)

2
Nz (m - O) = MMax (m + O)a Nexx (m - 0) = 5771:600 (m + 0) ( )

and boundary conditions:

n(a) = Ao, n(b) =By, n.(a)= A1, n.(b)= DB (3)
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where a, m, b, Ay, By, A1, B, and «, 3, v, § > 0 are constants, and p, g, 7, s,t, and f are smooth functions. To
discretize problem (1), (3), the interval [a, b] is divided into N equal sub-intervals [zo, z1], [z1, Z2], ..., [Tn—1, Zn]
such that:

b—a
N

a=x9g<x1<..<axny=b x;=a+1ih, h=

The values corresponding to 7 are denoted as 7(x;) = n; = n(xo + th), 1 € {0,1,2,..., N}.
Using Taylor series expansion, we obtain the forward, backward, and central difference expressions for n (x)

atx = x;:

77/ _ Mt —771‘7 77l N —MNi—1

‘ h ‘ h
! Ni+1 — Ni—1
i o )
Higher-order derivatives are derived by repeatedly applying first-order differences. The following approaches can
be used:
n(x+h) —nx n(x) —n(x—h
Danta) = WEEDZ00) -y 0l0) =t =)
x+h)—nlx—~h
Dun(a) = MEH1) 0w =)

2h

where Dyn(z), D_n(z), and Don(x) denote the forward, backward, and centered finite differences of n(z),
respectively. The second-order derivative D?7(z) can be defined as the difference of first differences:
9 1
Dn(z) = Dy (D-n(z)) = &
1
= 73 [+ h) = 2n(x) +n(z — h)]

[D_n(x + h) = D_n(x)]

Hence, the forward, backward, and central differences for the second-order derivative are:

v M1 = 20 + N1 v M2 — 201+
N = h2 ) n; = h2

v M = 2041 + Migo
= S 5)

The third-order derivative D37(x) can be expressed as:
1
D*(z) = Dy D*n(w) = 35 [n(@ + 2h) = 3n(z + h) + 3n(x) —n(z — h)]

which yields the forward, backward, and central differences for the third-order derivative:

nr 1 nr 1
n; = ﬁ[m’w = 3Mit2 +3Nip1 —mil, m = ﬁ[mﬂ — 3n; + 3ni—1 — Ni—2] (6)

11

1
N = pglive = 3nis1 + 30 — i1
The fourth-order derivative D*n(x) is defined by:

D*n(z) = Dy D*n(x) = 4 [n(z + 3h) — dn(z + 2h) + 6n(z + k) — 4n(z) + n(z — h)]
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and the corresponding finite difference expressions for the fourth-order derivative are:

1
Y = 71 (Mia = Anigs + iy — iy + 10
(9 _ 1
m = ﬁ[mz — 4nip1 +06n; — 4ni1 + i ™
@ _ 1
" = 2glies = Aniva + 6mipa — 4 + i)

To solve the boundary value problem , in the interval [a, b], we substitute the finite difference expressions

from @), @), (6), and (7) into the equations to obtain the following system of linear algebraic equations:

+(—8p2‘ + 6hqi + 2h27°i — h38i)77i,1 + (2pi — 2hqi)m,2 = 2h4fi, 1€ {1, 2, - N — 1}

with the boundary conditions:

n(a) = Ao, n(b) = By

m(a) = PH_TEL — Ay () = B~ )

where n(z;), p(x;), q(z;), r(x;), s(x;), t(x;), and f(x;) are represented as 1;, p;, ¢, 4, Si, ti, and f;, respectively.

3. The Solution of Problem with Impulsive Conditions

To find the solution to the boundary value problem (I)), (3) that satisfies the impulsive conditions:

n(m —0) =an(m+0), n.(m—0)=pBn.(m+0)

1

in the interval [a, m) U (m, b], we divide the definition range [a, b] into N equal sub-intervals using grid points:

x; =a+ih, 1€{0,1,...,N}

where h = I’_T“ is the mesh width, representing the distance between consecutive grid points. The values

Di, Qi, T, Si, ti, and f; correspond to the function values of p, ¢, r, s, t, and f at the grid point z = x;. The
approximate solution at x; is denoted by 7; [[18L[19]. Thus, we can numerically solve the impulsive boundary value
problem, which includes the values 19, 71, ..., NN -1, N -

From the boundary conditions (2.3), we have:

n(a) = Ao, n(b) = By

Ni+1 — Mi—1 Ni41 — Mi—1
- =" - =A - =— =B 11
T}.L(a) 2% 1, nub(b) 2 1 ( )

Approximate values at the impulsive conditions (I0) can be determined as:

n(m —0) =n(zg), nim+0)=mn(rri1) (12)
Helm = 0) = £ln(ew) = 1), el +0) = 3 es2) — i) (13
nﬂff(m - 0) = %[n(xk—Q) - 277(xk—1) + W(Ik)} (14)

Nez(m +0) = %[U(xkﬂ) = 20(Tpg2 + N(@p3)]
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Nexx(m — 0) = ;713[77(5%“) —3n(zk) + 3n(xk—1) — n(TK—2)] (15)
Newz (M +0) = 75 [M(Trra) — 30(Tr13) + 30(Tra2) — n(Tr11)]
Using the finite difference approximations for a sufficiently large /V and at points zj, and z1, we derive the

following from the impulse conditions (12)-(T3):

M = QN4+1 (16)
1 6
E[nk — Np—1) = E[nk+2 — Nhot1] )
72 =2 — 20k—1 + k] = 75 [Mht1 — 20kt2 + Nhrs] (18)
M1 — 37k + 30k—1 — Mh—2] = = [Mhra — 3kss + 3tz — k1] (19)

In the impulsive boundary value problem (I)-(3)), considering and the finite difference approximations
(T6)-(19), the resulting system of linear algebraic equations is:

2pi77i+2 —|— (—8]?2 + 2hqz + 2h27’i + h3si)77i+1 + (12])1 — 6hql — 4h2’f’i + 2h4tz)771

+(=8pi + 6hqi + 2h*r; — BPsi)ni1 + (2pi — 2hqi)ni—o = 2h* fi, i € {1,2,--- [k — 1}

ni —anipr =0, i € {k}

—Ni—1 + M + Bnit1 — Bniv2 =0, i € {k+1} (20)
Mi—2 = 20i—1 + 0 — YMit1 + 2YNiv2 — i3 =0, @ € {k + 2}

—Ni—2 + 3777;71 - 37]2 + (]. + 5)7h'+1 — 3(57h'+2 + 357}i+3 — (5771'+4 = 07 xS {]ﬂ + 3}

2piNiy2 + (—8])2‘ + 2hq; + 2h27°i + hssi)erl + (12}71- — 6hq; — 4h27“i + 2h4ti)7’]i

+(—8pi + 6hq; + 2h2’l“i — h38i)’l7i_1 + (Zpi —2hg;ni—2 = 2h4fi, 1€ {k? +4,k+5,--- ,N — 1}

The solution of the system (20) can be obtained using computational software such as Maple, Matlab, or
Mathematica.

In numerical methods, if the approximate solutions closely match the real solution, this property is known
as convergence. However, convergence depends on specific conditions, and it may not always be guaranteed

(18,19, 21].

4. Numerical Example

In this section, the proposed method is applied to a linear boundary value problem with impulsive condi-
tions. The approximate solutions obtained are compared with the exact solution.

We consider the following linear boundary value problem:
1 (@) +n' (x) ==, xe€[0,1)U(1,2] @1)
subject to the boundary conditions:
n(0) =0, 7(2)=0, 7:(0)=0, 7.(2) =0 (22)

and with impulsive conditions at x = 1:

n(1—0)=n(1+0), n:(1—0)=n,(1+0),

Such equations are based on the analysis of elastic beam deflections. If = n(x) represents the deflection
of the beam at x, the differential equation characterizes the transverse displacement of the beam under buckling

[8, 11311211 122].
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First, we examine the solution of this problem without impulsive conditions in the interval [0, 2] using the finite

difference method (FDM). We show that the approximate solutions align closely with the analytical solution of the

boundary value problem 1)), 22):
77(!17) = m[@os(?) + 5111(2) — l)fxs + (6 COS(2) =+ 4Sln(2) — 6) Sin(x)
+(4 cos(2) — 6sin(2) + 8) cos(z) — (6 cos(2) + 4sin(2) — 6)x — 4 cos(2) + 6sin(2) — §]

We take a uniform cartesian grid x; = 0 + ih, where ¢ € {0,1,...,20}, and h = % = 0.1. Here, xq = 0,
90 = 0, with boundary values 1y = 0 and 729 = 0. Applying the finite difference method at a typical grid point

T;, we get:
Nivo + (h? — Dmig1 + (6 — 202 + (h® — )mi_1 +ni_o = hlzy, i€ {1,...,19} (24)

Thus, the finite difference solutions 7; ~ n(x;) for the linear system are obtained. This system is solved

using software such as Maple, Matlab, or Mathematica. The results demonstrate a strong agreement, as illustrated

in Figure 1.
0.04+
0.03+
nx)
0.021
0.01
(I T T T T
0 0.5 1 1.5 2
X
— FDM Solution Exact Solution|

Figure 1: Graph of the FDM and Exact solution for N = 20

Then, we consider the boundary value problem 1)), (22) with impulsive conditions (23) at the interface point
x = 1. Selecting N = 64 and defining 1732 = (1 — 0), 33 = n(1 + 0), we apply the impulsive conditions
and obtain four additional algebraic equations:
n32 — 133 =0
n30 — 732 — N33 + 135 =0 25)

T2 — M3z — 2M33 + 2137 = 0
M26 — M32 — 2M33 + 139 = 0

The algebraic system (24) combined with (25)) can be solved using computational tools like Maple, Matlab, or

Mathematica. The solution for the impulsive boundary value problem ZI)-(23) is shown in Figure 2.
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Figure 2: Graph of the FDM solution for impulsive BVP for N = 64

5. Conclusions

In this study, the finite difference approach was applied to obtain approximate solutions for a fourth-order
boundary value problem with impulse conditions. These problems hold significant importance in practical appli-
cations and are commonly encountered in the analysis of elastic beam deflections. The problem examined in this
study is distinct from those addressed in existing literature. The results obtained were illustrated through graphi-
cal representations, demonstrating the development and applicability of finite difference formulations for solving
boundary value problems with impulse conditions. Mathematical models like these frequently appear in nonlinear
oscillations, numerous physical phenomena, and real-life applications. Therefore, it is thought that the numerical
method developed for the solution of the fourth-order impulsive differential equation would make valuable con-
tributions to the existing literature. Future research could extend this method to nonlinear impulsive differential
equations. It could also be adapted to fractional impulsive differential equations. Additionally, these problems

could be studied under various initial and boundary conditions.
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