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ABSTRACT

The higher dimensional Arnowitt-Deser-Misner (ADM) formalism is briefly explained. The higher dimensional
Wheeler-DeWitt equation is obtained for the ten dimensional effective string theory ground state manifold which
has the M, x C4 form, where My denotes the actual 4-dimensional spacetime and Cy denotes the 6-dimensional
compact internal space. The M, spacetime manifold is the four dimensional sphere in the Euclidean region or in
the quantum gravity region, whereas, the four dimensional hypersphere in the Lorentzian region or in the very
early universe region. The C4 space manifold is the six dimensional Euclidean sphere in every region. The
Wheeler-deWitt equation is solved by using of suitable transformations of the relevant metrics scale factors and
the standart methods of the second quantized field theory methods, i.e., using of normal ordering rules of the field
operators. The solution wave function of the universe has the exponantial varying character in the Euclidean
region, whereas, the oscillatory character in the Lorentzian region. Furthermore, the wave function has the
harmonic oscillator ground state wave function form for the small values of the relevant metrics scale factors.

Key words: The higher dimensional ADM formalism, the Euclidean and Lorentzian regions, the higher
dimensional Wheeler-deWitt equation.

YUKSEK BOYUTLU WHEELER-DEWITT DENKLEMIi VE EVRENIN DALGA
FONKSiYONU

OZET

Yiiksek boyutlu Arnowitt-Deser-Misner (ADM) formalizmi kisaca anlatilir. Yiiksek boyutlu Wheeler-deWitt
denklemi, My x C¢ formuna sahip olan on boyutlu etkin sicim alan kurami taban durum manifoldu i¢in elde edilir,
burada M, gergek 4 boyutlu uzayzamani ve C¢ 6 boyutlu kompakt i¢ uzay1 gosterir. My uzayzaman manifoldu
Euclidyen boélgede veya kuantum kiitlegekimi bolgesinde dort boyutlu kiire, oysa, Lorentzyen veya erken evren
bolgesinde dort boyutlu hiperkiiredir. Cs uzay manifoldu her bolgede alti boyutlu Euclidyen kiiredir. Wheeler-
deWitt denklemi ilgili metriklerin 6lgek carpanlarmin uygun déniistimlerini kullanarak ve ikinci kuantumlanmig
alan kurammin standart yontemlerini yani alan operatérlerinin normal siralama kurallarini kullanarak ¢oziiliir.
Evrenin ¢6ziim dalga fonksiyonu, Euclidyen bolgede iistel degisen karaktere, Lorentzian bolgede ise saliniml
karaktere sahiptir. Ayrica, dalga fonksiyonu ilgili metrik ol¢ek ¢arpanlarinin kiigiik degerleri i¢in harmonik
salinict taban durum dalga fonksiyonu formuna sahiptir.

Anahtar Kelimeler: Yiiksek boyutlu ADM formalizmi, Euclidyen ve Lorentzyen bélgeler, yiiksek boyutlu
Wheeler-deWitt denklemi.

1. INTRODUCTION

The four dimensional Wheeler-deWitt equation is the fundamental equation of the four dimensional quantum
gravity. But, the four dimensional quantum gravity theories have many problems, for instance, the huge
cosmological constant, the renormalization difficulties, the ambiguties which arises from the statistical symmetry
(Supersymmetry) lacking. These problems can be solved in the higher dimensional quantum gravity theories
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framework, for example Superstring Theory. In this paper, the higher dimensional Wheeler-deWitt equation is
considered and solved [1,3,4].

2. THE HIGHER DIMENSIONAL ADM FORMALISM

The higher dimensional ADM formalism is a procedure for reducing I =[ R (-G)"? d*! x Einstein-Hilbert
action, to canonical form, where R is scalar curvature, G is determinant of the spacetime metric tensor G4z [8].
In this work, italic and capital Latin letters in the indices such as (4,B,C,...) refers to spacetime coordinates and
capital Latin letters in the indices such as (A,B,C,...) refers to d-space coordinates. The index o denotes time
coordinate. The d+1 dimensional spacetime is splitted into the time and space constituents by means of the ny
vector satisfying the n, n? = 1 in the Euclidean region. The covariant and the contravariant components of n, are
given by {n,=N, n,=0, n°= I/N, n* =N*/N}, where N is the Lapse function and N* is the shift vector
[2,7].

The higher dimensional spacetime metric in the Euclidean region has the form of ds*> = d 1+ Gapdx®* dx®
. From the field redefineable freedom of the theory, the substitutions of d T with N'dtanddx * withd x * +
N*d 1 can be applied. As a result, the final metric has the form of ds* =N?d1?+Gug (dx*+N*d1) (dx®
+ NBdz ). Hence the covariant and contravariant components of the G, metric tensor are { Gy, = N2+NAN, ,
Goa=Na, Gap=gap, G*®=1/N*, G =N*/N?, G*® = g"® + N*NB/N?} where gap is the d-space metric
tensor and g*® is the inverse of g, . The extrinsic curvature tensor or the second fundamental form of the d-
space geometry Kap is defined by Kag = [Nag + Npa - ( 0gas/ 0 1)] / 2N, where | denotes the d-space
covariant derivative [4,5,6,7].

On the other hand, the extrinsic curvature tensor K, p can also be expressed as Kap = [£ng - (Ogap/ 0T)] /2N,
where £xg = Nap + Npa is the Lie derivative of the gap d-space metric tensor with respect to the N, vector
field. When the N, vectors are thought as the generators of the isometry group of the d-space, the £yg Lie
derivative vanishes. This means that the isometry group symmetries of the d-space give rise to the observed
symmetries of the fundamental interactions of physics. For instance, from the antisymmetric Ny quantities, the
totally antisymmetric tensor Hapc = Napic + Npica + Neja can be constricted which has 84 degrees of freedom
of the relevant string theory (d!/ (3! (d-3)! =84 for d=9 ) . Hence, the internal symmetries of the fundamental
interactions of physics in our universe are spacetime symmetries in higher dimensional universe [3].

According to the ADM formalism, the zeroth order Einstein-Hilbert action is I = | [nAB( Ogag/ 01)— N C°- Ny
C* 1d*" x, where a total divergence term has been discarded. The Hilbert-Palatini variation is taken with
respect to the B gas , N and N, quantities, separately, where, B = gl/ 2 (gAB Tr K — KB ), TrK=gxp KAB |
C’= g'l/2 [ Tr - (Tr n)2 /(d-1)] - gl/2 IR ,Tre=mp ™, Trn =m\ = 2AB B Ccr=2 nAB‘B , g is the
determinant of the d-space metric g,5 , and R is the d-space curvature scalar which is constructed by d-space
metric tensor gagp [7].

The Kpis expressed in terms of the conjugate momentum myp reading the K= - g'” 2 (mtag - gap Tro/ (d-1)),
which is one of the necessary conditions for an extremum of I [7].

3. THE WHEELER-DEWITT EQUATION

The Wheeler-DeWitt equation is a infinite dimensional nonlinear equation. It is not well-known to solve this
infinite dimensional equation. Hence this equation is partly solved in a finite dimensional submanifold named as
minisuperspace by Wheeler in the literature.

This submanifold is the My x C4 manifold which has the dimension of N=d+1=3+ 6+ 1 = 10. In this paper,
the Gaussian normal coordinates were used for all calculations. The submanifold metric in the Gaussian normal
coordinates has the form ds’>=d n® + R(n)2 dQ,? + S(n)zd Qs%, wheredn=Ndrz, dQ;?is the three
dimensional sphere, d Q 2 is the six dimensional sphere, R(n) is the actual space scale factor and S(n) is the
internal compact space scale factor.
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The Wheeler-deWitt equation has the form of i h 0y / 0 t = H y =0 where H is the ADM Hamiltonian. For the
above submanifold, the ADM Hamiltonian, in terms of the geometrized units, i.e., the Planck constant h , the
velocity of light ¢ and the gravitational constant G are unit, has the form of H=R(t)’ S(t)° N [ (0 R(1) /R(t) N
01y +6 (AR(T) /R(t) NO1)(0S(t) /S(t) No1)+5(8S(t) /S(t) Not) -(1/Rm))* - (1/S(n))* +A4]
where A is a positive cosmological constant. By choosing N = R(n) for Lapse function N, where d n =N d r,
and by using of e = R(n) S(n) and g = R(n) S(n)’ transformations, the Hamiltonian H can be expressed as H = ¢
g—eg -e'—he” g where an overdot denotes the derivative with respect to n. Under these conditons,
the Wheeler-deWitt equation becomes as Hy =6" y/dedg—eg y—e'y+re”? g =0, By making
of v =exp (@) substitution, the Wheeler-deWitt equation takes the form of ¥ &* @/dedg+ (6@ /de) (0
G/0g) =eg +e' -re g where y reflects the normal ordering ambiguity for the second quantized
operators. By choosing x = O, the last equation can be easily integrated and by returning to R(n) and S(n)
variables , wave function of the universe is obtained as y =exp { [ (R(n)*S(n) */2 +2 (R(n)*S(n) '°/5 -8 A
(RMm)*S(n) '2/2771"*}.

In fact, for the small R(n) and S(n), the wave function has the form of v = exp [ (R(n)* S(n) ®].

4. CONCLUSION

The higher dimensional ADM formalism has been briefly mentioned. The higher dimensional Wheeler-deWitt
equation has been solved for the My x C¢ minisuperspace and the wave function of the universe were found. The
solution wave function of the universe has the exponantial varying character in the Euclidean region, whereas,
the oscillatory character in the Lorentzian region. Furthermore, the wave function has the harmonic oscillator
ground state wave function form for the small values of the relevant metrics scale factors.
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