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Carleman’s Integral Formula in Cartesian Product
of Matrix Upper Half-Plane
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Abstract. Carleman’s formulas solve the problem of recovery of a function from such
a class of its values on the set of uniqueness M C 9D for this class that does not
contain the Shilov boundary 0D. In this paper, by using the matrix upper half-plane
and the biholomorphic equivalence of the matrix unit disc, the Carleman formula for the
Cartesian product of matrix upper half-planes is proved;
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1. Introduction, preliminaries and problem statement

The problem of finding the Carleman formulas has long attracted the attention
of many specialists in complex analysis and mathematical physics. These formulas
are useful for solving many problems of mathematical physics and analysis. For
example, to restore the values of holomorphic or harmonic functions in a domain
from their values on sets of uniqueness. The first result in this direction was
obtained by T. Carleman in 1926 (see [15]), therefore, all formulas of this type
are called Carleman formulas. This research was continued by G.M. Goluzin
and V.I. Krylov (see [2]), who gave a general method for obtaining Carleman’s
formulas in one-dimensional complex analysis. Their method did not work in
the multidimensional case. In 1956, M.M. Lavrent’ev (see [5]) suggested his
own method based on the approximation of kernels of integral representations.
Many examples of the construction of Carleman’s formulas in various problems
of mathematical physics can be found in the monograph [6].
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Further development of this theory in multidimensional complex analysis can
be found in the book by L.A. Aizenberg (see [1]), who constructed the Carleman
formula on the basis of the Bochner-Martinelli integral representation in convex
(or linearly convex) bounded domains. In recent years, A. Tumanov, A. Vidras
and G. Chailos obtained important results concerning Carleman-type integral for-
mulas. Such integral formulas are useful for studying dependency of the values of
holomorphic functions inside domain on its values on the boundary or on a part
of the boundary of the domain. They are also useful in holomorphic continuation
problems (see, for example, [21, 22, 23, 24, 25]). In complex analysis it is impor-
tant to use the holomorphic continuation of a function defined on the skeleton or
on the part of the skeleton of the matrix ball associated with the classical domain
into the matrix ball (see [9, 11, 17, 18, 19, 20]). In homogeneous domains in C",
automorphism of groups can be used for finding such formulas (see [1]). In [4],
the case of Siegel domains, i.e., unbounded realizations of homogeneous domains
has been considered and Carleman formulas have been stated that restore the
values of holomorphic functions on the skeleton of the Siegel domain.

1.1. Matrix unit circle and matrix upper half-plane

Consider the space (CmQ, the space of complex m? variables. In some problems,

it is convenient to represent the point Z of this space as Z = (zij)g‘j:l, ie., as
square [m x ml]-matrices. With such a representation for this point, the space
C™ will be denoted by C[m x m]. Denote by C*[m x m] the direct product

Clm xm] x -+ x Clm x m]

n

of n instances of [m x m]-matrix spaces.

Let Z = (Zi, ..., Zy) be a vector composed by square matrices Z; of order m,
considered over the field of complex numbers C. Let us write the elements of the
vector Z = (Z1, ..., Zy) as points z of the space crm?.

2= (1) (1) ,1) e (n) (n) () 727(7?7)”) c cnm? (1)

2175 o3 Rl ++os By s wos Zanms 01 2113 o3 Z1pms wvs Zpnl s o+
Hence, we can assume that Z is an element of the space C" [m x m], i.e., we came
to the isomorphism C™ [m x m] = C"™”.

The unit matrix disk is defined as the set 7 (see [10, 11]):

T={Ze€Clmxm]:ZZ* <1},

where Z* = Z' is the conjugate transpose of the matrix Z, the notation ZZ* < I
(I is the unit [m X m]-matrix) means that the Hermitian matrix I — ZZ* is
positive definite, thus, all its eigenvalues are positive.
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The skeleton (Shilov’s boundary) of a matrix disk is the set
S(r)y={ZeClmxm]:ZZ* =1} .

Let Z = (Z1, Za, ..., Zy) € C™[m x m] be a vector composed of square matrices
of order m, considered over the field of complex numbers C.

The matrix unit polydisc 7™ in the space C™ [m x m] is defined as the direct
product of n matrix discs (see [13]):

T"=7x7x..XT={Z=(Z1, Zs, ..., Zn) : Zj(Z;)* < I, j =1,n}.
————™—

n ta

The skeleton of the matrix unit polydisc is the set

S(T”):S(T)XS(T)x...xS(T):{UG(Cn[me] :Uj(Uj)*:I,jzl,n}.

n ta

Consider an automorphism of the matrix unit polydisc 17", permuting the
points A € T™ and 0. Such an automorphism has the form (see [8])

Pa(Z) = (@4 (2"), s PR(Z7)),

where

¥y (Z)) = Qi (Z;— AN I —(A)'Z) (R =T,
[m x m] matrices @); and R; satisfy the conditions
Q; (I—4;(4))) (@) =1,
R (I—(A))4;) (R)) =1,
Q;A; + A;R; =0,
In particular, for A =0 we get
Do (Z) = (5 (Z1), s BF (Zn))

and ‘
®) (Z;) = Q;Z;(Ry)~".
Let M = (My, ..., M,) C S(T") and p(M) > 0. Denote 'U = (Us,...,Uy),
where S (T”_l) is a projection of the skeleton S (7™) on the space C"~! [m x m].
Let’s define the sets

Moy = {Z: Z e M, ®)(Z1) = \, ) (Z;) = A0} (U;), j =2, )\ES(T)},
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My={ZeM : uMyy >0},

The sets My and M, are subsets with positive measure of the set M and their
Cartesian product coincides with M, i.e. M = Mgy x M.
We introduce an auxiliary function ¢y = exp g, where

1 n+A dn 1 ~
S Rl Y} Moy = Moy
¢0 (U) i / n—\ n ) o,U! X 0,U 0,U
M}t
o,ul

We define the class HP(D) (p > 0) as the class of all functions f, holomorphic in
D for which

0<r<1
S

sup [ 1) < o,

(D)
where rU = (rujy, rui2, ..., "tmm), and du is a normalized Lebesgue measure on
the manifold S(D), which is invariant under rotation. The following statement

holds (see [14]).

Lemma 1. Let f € H' (T"), M C S(T™) and p (M) > 0. Then the following
formula is valid:

l
Mo Mo,y M

The formula (2) restores the value of the function f at the point 0 from its
values on M. Consider the following set:

MA,UZ{Z: ZeM, ®Y(Z) =\ ¥, (Z;) =\, (U;), j:ﬂ,AeS(r)}.

This set is measurable with respect to the measure py for almost all A and 'U.
The set {'U : 'U € S(T,—1), piMay > 0} is denoted by M 4. Tt is obvious that
May x Ma = M. Tt follows from Fubini’s theorem that the Lebesgue (mn — m)
dimensional measure of this set is positive.

Similarly to the previous case, we introduce an auxiliary function

1 n+Ad
wa =expta, Ya(U) = / )\j7
n—Am

T 2mi

Mt
Al K1

where

Ma o ={Ut e M', U = (0}) 7 (A(@h) ™

(K)) N = 1}, K € &L (SU (m)).

The following theorem holds (see [14]).
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Theorem 1. Let f € H' (T"), M C S(T™), u(M) > 0. Then any point
A e T" satisfies Carleman’s formula

f=— (o7 (MAT) p (@3t (Mav))

where
H(A;,Z;) =
(45, %) det (I — A;Z;)™

is a Cauchy-Szegd kernel for the matriz unit circle.

Consider the following unbounded domain (see [13]):
D = DixDayx..xDy ={W = (Wy,..,W,,) € C"[m xm] : Im W; >0, j=1,n}

where W; € C[m x m].
The skeleton of this domain is denoted by I":

D =T xTox..xTp ={V =(Vi, Vo, .., V) eC*"[mxm] : ImV; =0, j =1,n}.

Let ¢ = (<I>1, ey <I>”) denote the Cayley transform

VVj:(I)j(Z):Z‘(I—'_Zj)(l_zj)ilaj:1)”5 (3)

which biholomorphically maps 7™ onto D, while S(7™) goes onto I (see [12, 13]).
Let U be a volume element in S(7"), and V be a volume element in I'. It is

known that " "
U= H U;, V= H v,
j=1 =1

where U] € {U;(U;)* =1}, V; € {Im V; =0}. In [8], the following relation
between U; and V; under the mapping ® was proved:

U; = 27 |det (U; + )| ~2™ V.
The lemma below is true (see [13]):

Lemma 2. The following relation is true:

U = Ul FANPURAN Un = 2nm2H ]det (‘/j . ZI)|_2mV
7j=1
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Let f € O (D). Note that the formula

f@@+zﬁu_4rﬁeﬂﬂrmj:Ln

is true if and only if

f(W;)

_ W) cpvp,), j=Tn 4
det® (W, + i) (Dn), j=1n (4)

(see [3, 16, 20])

2. Main result

Theorem 2. If the function f € O (D) satisfies the condition (4) and the set
M = M; x ... x M, C T" has a positive Lebesque measure, then the following
Carleman formula is true:

©odet ™ (W, +4l) 5(V)
Fw) =1 Z_fmg“ zlirilo/f [gw]x

J=1

xII@rm«wr—W»@rmwwwan, (5)
where the convergence is uniform on compact sets of the skeleton, with V; €
M;, V € M.

Proof. Let
F(Z) = 1 (i(T+2) (1= 7)),

Then F(Z) € H(T™) and by Theorem 1 it satisfies the Carleman formula

P = tim FwﬂwwW” dyus

0(2)] 1 det™(1-2;07)

where M = My x My x...x M, C S(T) is animageofM =My XxMyX..xM, CT
by the mapping Z; = (W; +il)(W; — ZI) of the matrix upper half-plane to the
matrix unit circle.

Next, consider the inverse mapping to (3)

Zj = (W +il)" (W —il), Uj = (Vj+il)~ (V; —il),
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and do the following calculations:
I—Z;Ur =1— (W, +il)" (W; —iD)(V; +il) (V) —iD) ™ =
= (W +4D) " (W +il) (V) —il) — (W — i) (V] +i)] (V] —4il) ™" =
= (W +4D) " WV —iW, +iV) + T — WiV —iW, — iV —I] (V) —il) ™" =
= 2i(W; + i)~ [V = W] (V7 =)~

Then the condition of Lemma 2 will be satisfied:

dpy = 2™ T Idet(V; + i)~ dpy .

j=1
Calculations show that
- dpg 1
11 det™ I — Z;U7) oot 1 .
j=1 I (20)™ [ det™™(W; + iI)detm(Vj* - Wj)det_m(Vj* —il)
j=1

det™(W; +dI) [] det™(V* — i)
=1 =1

n : . J
j=1 (2¢)"™™ Hl det™(V} — Wj)
J:
2 t det™(W; + il
[ T ——— = L G qeem(ve — wydern (v, + a0 V-
[T et (V; + aD)det™(V; +i1) =1t det™ (Vi = Wy)det™ (V; +il)
j=1

Further, ¢ plays the role of ¢ for the set M = My x My X ... x M, C S(T™).
By M.A. Lavrent’ev theorem (see [7]), M = M; x My x ... x M,, C S(T") is also
the set of positive Lebesgue measures such that the harmonic measure M = M; X
My x...x M, C S(T™) maps into harmonic measure M = My xMyx...x M, CT,
therefore, ¢ maps to @, and we get the formula (4).

<

The results obtained in this article are the general cases of the results of
L. Aizenberg, G. Khudaiberganov, and their results coincide with our results in
particular cases. If n = 1 in Theorem 2, then formula (5) overlaps with the
Carleman formula for the upper half-plane of the matrix (see [16]), particularly,
when m = n =1 it gives Carleman formula for the upper half-plane (see [1]).
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