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Investigation of The Resolvent Kernel of a Higher
Order Differential Equation With Normal
Operator Coefficients On The Semi-Axis

H.D. Orudzhev*, G.L. Shahbazova

Abstract. Green function of a 2n-th order differential equation with normal coefficients
on the half-axis is studied. We first consider the Green function of our equation with
“frozen” coefficients. Using Levi’s method, we obtain a Fredholm-type integral equation
for the Green function of our problem, whose kernel is a Green function of a problem
with constant coefficients. We prove an existence and uniqueness theorem for this integral
equation in some Banach spaces of operator-valued functions. The main result of this
paper is a theorem stating that the solution of the obtained integral equation is a Green
function of our problem.
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1. Introduction and problem statement

The Sturm-Liouville equation with an unbounded self-adjoint operator coef-
ficient with discrete spectrum was first considered by A.G. Kostyuchenko and
B.M. Levitan in [10] and I.Ts. Hochberg, M.G. Krein [6], where the asymptotic
formula was found for a number of eigenvalues not exceeding the given number
A

Later, there appeared numerous papers dealing with the spectral properties
of differential equations with operator coefficients. B.M.Levitan [11] thoroughly
studied the Green function of the Sturm-Liouville equation with a self-adjoint
operator coefficient on the whole real axis. A similar problem for more general
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operator-differential equations of second order was considered by E. Abdukadirov
[1]. The results obtained in these papers have been generalized and extended by
M. Bayramoglu [5] to the higher order operator-differential equations with self-
adjoint operator coefficients on the whole axis. We can also mention the works
by H.D. Orudzhev, Q.L. Shahbazova [12], G.I. Aslanov [3], A.A. Abudov [2],
etc. In case where the coefficient is a normal operator, the Green function of the
Sturm-Liouville equation has been studied by E.G. Kleiman [9], M.G. Dushdirov
[7], G.I.LKasumova [8]. The Green function of a higher order operator-differential
equation with a normal operator coefficient was treated in [4].

Let H be a separable Hilbert space. Consider in the space H; = Lo (H : [0, 00))
the operator generated by the operator-differential expression

n N
L) = (1" (P@)y™) " +Q(2)y (1)
and the boundary conditions
yW )=y 0)=...=y"(0)=0, 0<lh<l<..<l,<2n—1. (2)

where y € H; and the derivatives are understood in the strong sense. Let D’ be a

p
totality of all functions of the form > ¢k (x) fx, where @i (z) are finite, 2n-times
k=1

continuously differentiable functions, and f; € D (Q). The domain of definition
D(Q) is independent of x.

Let’s define the operator L generated by the expression (1) and the boundary
conditions (2) with the domain of definition D’

For the operator coefficients P(z) and Q(x), we assume the following:

1. The operator function P (x) is n-times everywhere uniformly differentiable
and for all z € [0,00), h € H the condition

WL(h’h)HS (P(:E)hah) gM(hvh)Ha ’I?’L,M>0,

holds.

2. For all z € [0, 00) the operators @ (x) are bounded from below normal op-
erators in H, i.e. for all f € H (Q (x) f, f) > d(f, f), they are inverses of a com-
pletely continuous operator. Then the operators K (x) = P2 (x) Q (z) P2 (x)
are also inverses of a completely continuous operator for all z € [0,00). It
is assumed that all eigenvalues of the operator K (x) lie outside some domain
Q={\: JargA — 7| <ep, 0<egp <} in the complex plane.

Denote by {B (z)} the eigenvalues of the operator K (z) in an ascending
order of their moduli, i.e.

181 (2)] < [B2 (@)] < ... < Bk (@) < ...y
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and let the following conditions be fulfilled: the series »>2, |5; ($)|% converges
for all x € [0,00) and its sum F' (z) € L [0, 00).

3. There exist constant numbers ¢ > 0, 0 < a <
|z — &| <1 the following inequality is valid:

2n+1

5.~ such that for all  and

[[QE) - Q@) Q™ (@) || < cila—¢;
4. For |x — &| > 1 we have the inequality

Imeq

|K©ew (-5 1e-de) | <
H

1
wherew = {K (z) + p P~ (z) }>*, p >0, Imey=min{Ime; >0, " =—1}.

1

5. For all z,£ € [0, 00), the following inequalities are fulfilled:

1

Q@ P @ Q™ @) <e Q@) PE@) PEEO QT @), <o

where ¢y, ca, c3, ¢4 are positive constants.
The goal of this paper is to study the Green function of the operator L.
The following theorem is true:

Theorem 1. If the coefficients P (z) and Q (x) of the operator L satisfy con-
ditions 1)-5), then for sufficiently large p > 0 there exists an inverse opera-
tor R, = (L—i—uE)_l, which is an integral operator with an operator-valued
kernel G (x,m; ). The operator function G (x,m;u) depends on the variables
xz,n (0 <xz,n <o) and the parameter u, and has the following properties:

1. There exist strongly continuous derivatives

oG :
M k=0,1,..,2n —2;
on
2. There exists a strong derivative w, with

PG (a4 0ip) PG (wm—0:p)

877271—1 877271—1 = (_1)” Pil (m) ;

3. (1" (G5 o) P)" 4 G () [Q () + ] = 0

eaye, _ oG _ 9nG —0
o' [py—g  On"2 on'n =0

=0
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The theorem will be proved in two steps. First we will construct the Green
function of the operator L, generated by the expression

(n)
mi(y) = (D" (P ©y™) " +Q(€)y+ny (3)
and the boundary conditions
y (0) =™ (0) = ... =y (0) =0, (4)

where 7¢” is a fixed point in the interval [0,00). In the second step the Green
function of the operator L determined by variable coefficient differential expres-
sion (1) and boundary conditions (2) is constructed.

2. Constructing the Green function of the operator L,

We will look for the Green function G (z,n,&; ) of the operator Ly in the
following form:

Gi(z,n,&p) =g @, &p)+V (e, (5)

where g (z,1,&; 1) is a Green function of the equation m; (y) = 0 on the whole
axis. As is known, it can be represented in the following form:

g(z.n,&p) = 217r/o [P (€)% +Q (&) + pE] @ ds =
= o PTHOWT Y epep s fo —alw) - PEE), (6)

k=1

where ;’s denote the roots of 2n-th degree roots of (—1), laying in upper half-
1

plane, and w = [K (&) + puP~1 (5)] 2n. The function V (z,n,&; p) is a bounded

solution of the problem
m1 (V) =0, (7)

VWW%m&uﬂ ——Q@W%m&uﬂ

x=0

j: ]" 27""n7 (8)

9y
=0
as x — 0o. The solution of equation (7) is represented in the form

LP,% €) wl—2n Z A, (n,& 1) plEpw P*% &) . (9)

p=1

Vi(x,m,&p) =

2ni

The coefficients Ay (1,€, 1) are defined from the boundary conditions (8).
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We have
1 1 n l 1
-3 1-2 ‘ ) o -
%P 2(5)&) nZAp(n,f,,U«)5]€lEpwz'P 2(5) _
! =0
1 1 n '
L g 3o b e o1
2ni
k=1 0
Hence,
n n '
DAy Guwh = =Y e e G =12, m, (10)
p=1 k=1

Solving the equation (10) by Cramer’s rule, we find the coefficients A, (0, &; 1) ,

p=1,2,...,n in the following form:

iEpwn

Ap (0, & 1) = —¢pe
Substituting the expression A, (n,&; 1) in (9), we get

1

V(wm & p) = =P (w2 S gt poh () (11)
p=1

Then the Green function of problem (3)-(4) becomes

1 1

= ; _ _1
Gr (r,m, &) = 5 P73 (w72 Y el Pk () -
k=1

1 -1 1-2n - iepw(z+n) p—2
ol T ;epe€P TP (€).

We can rewrite the obtained formula as follows:
Gi(z,n,&p) =

n . .
Bl (O B el B - KT} PR (), w2,

= p ‘ ‘ (12)
PR (©)w! I Y epe k) (B e pUa (), 5 <.
k=1

2n1

Since Re (2iexwn) < 0, we have HeQiSkw”HH — 0, HeQiE’C”mHH — 0 as p — o0.
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Thus, from (12) we get

G1 (2,1, 6 ) = ﬁzf% () w2 epellel Py (6) (B — v (2,6 1)) =
k=1
=g(z,n&p) [E—r(z,n &), (13)

and we have [|r (z,n,&, )|y = o (1) uniformly with respect to (x,7) as p — oo.

3. Constructing the Green function G (z,7, 1) of the operator L.

Now we construct and study some properties of the Green function of the
operator L, generated by differential expression (1) and boundary conditions (2).
Let us consider the following integral equation:

G (@) = Ga () — [ G (0.601Q(6) — Q@) G € i) de+
0

00
1

n
—i-% Pz (a:)wgekexp{iakwx—nH X
0 -

x [E —r (2,6, 0)] P72 () [P (€) — P (2)] G (&, €, ) dE+

sy [T (6 emn) - FY @ Glemn s (9
m=1

We are going to prove that for sufficiently large values of p the integral
equation (14) is solvable and its solution is a Green function of the operator
L. We will consider this equation in Banach spaces X7, Xa, X:)()p ), Xés), X is)
and X5 (p > 1), whose elements are the operator functions A (z,7) in the space
H, 0 <uz,n < oo. These spaces were introduced by B.M. Levitan [11].

We first estimate the norm of the operator function Gy (x, 7, ). The inequal-

ity |A+4 p| > psingg is valid in the complex plane for all A, outside the sector
A.

Since

({K @) +nP @} f.1) =
= (1Q@) +nBYP 2 @) £,P72 @) f) 27 (£.f), v =(u+d) M,
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using spectral representation of a normal operator, we get

(le”ZEkeXp{i&‘k\l’—mw} .(E—r(x,n,ﬂ))faf> <

k=1
1-2n 1
<y 1+ 0 (1) exp (~Imey o =] v37) (£, ). (15)
From (13) and inequality (15) it follows

HGl (3?, W,M)HH <

1 1 > —2n
0

1
=T pP: (96))'manxekei‘s’“()‘J““)ﬁ il ()‘)'HP_% (az)H =
n

1 1) 1z2n L L
é'+?8372"<ﬁp<—2hnaht—nkf"&?>-

2md, "
Therefore,
* 2 L0 [ oimerjony 7 62
/ HGI(%U,M)HHdnSl_Qn/ e~ SHMETTIN %0 dpy <
0 4m260 2n 0
c? 1
< dn—1 = 4n—1 * (16)

8m2Ime16,™" v

From this estimate it follows G (x,n; u) € X?El) .

Using condition 2) of Introduction, we can show that for the norm of the
Hilbert-Schmidt operator the following inequality is valid:

[ 16 wnizanfao < . (7)

ie. Gi(z,m;p) € Xo.

Under some additional conditions on operator coeflicients, we can show that
the operator function G (z,n; 1) also belongs to all of the other Banach spaces
mentioned above. Therefore, we can look for the solution of equation (14) in
these spaces.

To this end, let’s consider in these spaces the operator

TA(z,m) = Gy (w1, 1) — /0 TG 6 1) [QE) — Q(a)] AEun) det
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1

00 n
+% ; Ps (x)w,;gk exp liegw |z — n|] x

X [E — 1 (2,6, 0)] P73 () [P (€) — P (2)] A(€,n) dE+
+(-)" Yoo /0 T (eE T wew) B Aemde ()
m=1

The following lemma plays an important role in this work:

Lemma 1. If the operator functions P () and Q (x) satisfy the conditions 1)-5)
of Introduction, then for sufficiently large p > 0 the operator T is a contraction
operator in all above spaces X1, Xao, X3p yeeeeey X5

This lemma is proved in the same way as the corresponding one in [9], there-
fore we omit the proof here. From this lemma it follows that the equation (14) has
a unique solution in all the spaces under consideration if the operator function
is an element of the corresponding space. From the estimate (16) it follows that
Gi(z,m;p) € X?(,Q) . Then, for sufficiently large pn > 0, G (z,n; p) also belongs to
the space X§2). The belonging of G (x,n; 1) to the space Xy follows from the
estimate (17). Therefore, the function G (z,n; ) also belongs to the space Xo.

Further, using integral equations (14), we prove the existence of strongly
continuous derivatives ¢ k= 1,2,...,2n — 2.

ank 9
O*" LG (z,m,p)

For all x # 7, there exists a strongly continuous derivative oAt and
for © = 7 there is a discontinuity of first kind. We have
82n_1G 0 82n_1G -0
(JI,IIZ-i- 7#) o (:IZ,.T 7“) :(_1)nP—l ((E)

677271— 1 877271— 1

It can be shown that the solution of integral equation (14) satisfies the equa-
tion

(1" (65 @) P )"+ G ) [Q () + ] = 0

and the boundary conditions

MG
onh

oLle
n=0 ot

=..= 7877% =0.

n=0 n=0

This completes the proof of the theorem. <«



1]

2]

[11]

[12]

Investigation of The Resolvent Kernel of a Higher Order 107

References

E. Abdukadirov, On the Green function of the Sturm-Liouville equation with
operator coefficients, DAN SSSR, 195(3), 1970, 519-522.

A.A. Abudov, On the Green function of a higher order operator-differential
equation on a semi-axis, lzv. AN Azerb. SSR, ser. phys.-tech. mat. sc., 6,
1980, 8-12.

G.I. Aslanov, Asymptotics of the number of eigen-values of ordinary differ-
ential equations with operator coefficients in a semi-axis, DAN Azerb. SSR,
3(3), 1976, 3-7.

G.I. Aslanov, On a higher order Green function with a mormal operator
coefficients, Spectralnaya teoria operatorov, ”Elm”, Baku, 1982, 23-27.

M. Bayramoglu, Asymptotics of the number of eigen-values of ordinary dif-
ferential operators with operator coefficients, In: Funksion. analiz. i ego
primenenie, "Elm”, Baku, 1971, 144-166.

[.Ts. Hochberg, M.G. Krein, Introduction to theory of not self-adjoint oper-
atorsa. " Nauka”, Moscow, 1965.

M.G. Dushdurov, On the Green function of the Sturm-Liouville equation with
normal operator coefficients on a semi-axis, Dep.VINITI, 3249-82, 12p.

G.I. Kasumova, Investigation of the Green function of second order equations
with mormal operator coefficients on the axis, Transactions of NASA, issue
math. and mechanics series of physical-technical and mathematical science,
XXVIII(4), 2008, 59-64.

E.G. Kleiman, On the Green function of the Sturm-Liouville equation with
a normal operator coefficient, Vestnik Moskovskogo Univ., 5, 1974, 97-105.

A.G. Kostyuchenko, B.M. Levitan, On asymptotic behavior of eigen-values
of the Sturm-Liouville operator problem, Funksion. analiz. i ego primenenie,
1(I), 1967, 86-96.

B.M. Levitan, Studying the Green function of the Sturm-Liouville equation
with an operator coefficients, Matem. sbornik, 76 (118)(2), 1968, 239-270.

H.D. Orudzhev, Q.L. Shahbazova, Investigation of the Resolvent of equation
of second order with normal operator coefficients on the semi-axis, Nonlinear
Analysis and Differential equations, 2(3), 2014, 117-123.



108 H.D. Orudzhev, G.L. Shahbazova

Hamzaga D. Orudzhev

Baku State University, Baku, Azerbaijan

Baku Engineering University, Baku, Azerbaijan
E-mail: horucov@beu.edu.az

Gahire L. Shahbazova
Shamakhi branch of Azerbaijan State Pedagogical University, Shamakhi, Azerbaijan
FE-mail:  adpu.dekanliq@bk.ru

Received 19 July 2022
Accepted 27 October 2023



