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Abstract: This paper presents a detailed study of a new generation of tessarine number sequences with
components including quantum integers Also, several fundamental identities are defined such as Binet formulas,
Catalan, Cassini, D’ocagnes. After that, the g-Fibonacci tessarine and g-Lucas tessarine polynomials and
function sequences are definedand obtained several properties for these sequences.
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Tessarine Say1 Dizileri ve Kuantum Kalkulus Yaklasimi

Oz: Bu makalede, kuantum tam sayilar1 igeren bilesenlere sahip yeni nesil tessarin say1 dizilerinin ayrintili bir
calismasi sunulmaktadir. Ayrica, Binet formiilleri, Catalan, Cassini, D'ocagnes gibi ¢esitli temel 6zdeslikler
tamimlanmistir. Daha sonra, g-Fibonacci tessarine ve g-Lucas tessarine polinomlari ve fonksiyon dizileri
tanimlanmis ve bu diziler i¢in ¢esitli 6zellikler elde edilmistir.

Anahtar Kelimeler: g- Fibanacci say1 dizileri, g- Lucas say1 dizileri, Tessarine sayilari

1. Introduction

Complex numbers were discovered by the Italian mathematician G. Cardano while he tries to
solve a simpler state of the cubic equation and using the notation i = +/—1 . The complex numbers as
points with rectangular coordinates were represented by Euler. After that, Cockle, (1849) proposed the
tessarine numbers, an algebraic successor to complex numbers and quaternionic algebra, employing
more modern notation. In the exponential series, he employed tessarine numbers to separate the
hyperbolic sine and cosine series (Cockle, 1849; Cockle, 1850).

A tessarine number is a hypercomplex number of the form

Y = Yo+ Vils +V2iz + y3is

where y,, v1, ¥2 and y5 are real numbers and i, i, and i; are the imaginary units which satisfy the
following rules:

i2=—i2=i2=—-1;iji, = ipi; = i3. €))
The addition and multiplication of tessarine numbers y = y, + y1i; + y2i + y3iz and

6 = 8y + 810y + 6,1, + 303 are defined, respectively, as:
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Y+6 =0+ 38+ (1 +6)iy + (y2 +82)ip + (y3 + 63)is
and

Y8 = Y080 — V161 + V202 — V363 + (Y061 + V100 — V203 — ¥362)ix
+(¥002 + V200 — Y361 — ¥103)ix + (o83 + V380 + ¥16, + ¥261)is.

It is easy to see that the multiplication of tessarine numbers is commutative In mathematics, the
Fibonacci numbers and Lucas numbers are an infinite sequences of integers in which each number is
the sum of the two preceding ones. These numbers have been researched extensively because of their
complex characteristics and deep connections to several fields of mathematics and their related numbers
are of essential importance due to their various applications in biology, physics, statistics, and computer
science (Horadam, 1961; 1963; Nalli & Haukkanen, 2009; Koshy, 2018; 2019; Oduol & Okoth, 2020).

For n > 2, the second order linear sequences F,, and L,, are defined by:
Fo=Fp1+F
Ly=Lp1+ Ly

Here, the initial conditions are F, = 0,F; = 1,Ly, = 2 and L; = 1, respectively. The Binet formulas of
these numbers are

a — g"
I
a—=p
Ly,=a™+p"

where a and £ are roots of characteristic equation p2 — ¢ — 1 = 0.

Now, we give definitions and facts from the quantum calculus necessary for understanding of
this paper (Kac & Cheung, 2002; Kome et. al., 2022; Babadag, 2023).
For any integers n and m, we define the function

1_qn n-1
[Tl]q=1_q=1+q+---+q )

and

[m +nlq = [mlg +q™[nl,
®)

[mn], = [m], + [n]gm.

During the last few years, few researchers have studied the tessarine numbers with Fibonacci
numbers, Lucas numbers , Homothetic Motions, Surfaces and Neural Networks (Babadag, 2017;
Babadag & Uslu, 2021; Senna & Valle, 2021). For example, Babadag & Uslu, (2021) defined the
Fibonacci tessarines with Fibonacci and Lucas numbers, and they examined the identities related to the
tessarines, Fibonacci numbers and Lucas numbers. Babadag, (2017) defined the homothetic motions
and homothetic exponential motions. Senna & Valle, (2021) give tessarine and quaternion-valued deep
neural networks for image classification.

In this paper, using different perspective, we define the tessarine number sequences with
components including quantum integers and get several new results for these number sequences. Section
2. we give the g-Fibonacci tessarine number sequences and g-Lucas tessarine number
sequences. Section 3. we explore some identities used in various areas of mathematics, including
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Binet’s formula, the exponential generating function, and Catalan, Cassini, and D’Ocagne’s
identities and we define quantum tessarine polynomial sequences or, briefly g-Fibonacci tessarine
polynomial sequences y, »(t) and g-Lucas tessarine polynomial sequences &, (t) and then derive the
Binet formula for these type of polynomial sequence. In addition some results of g-tessarine polynomial
sequences are given. Then, we define quantum tessarine function sequences or briefly g-Fibonacci and
g-Lucas tessarine function sequences I, ,(t) and A, ,,(t).

2. Material and Methods

To reach our goal, we obtain relation between the g-Fibonacci tessarine numbers and g-
Lucas tessarine numbers. After that using these numbers, we introduce some identities used in
various areas of mathematics, including Binet’s formula, the exponential generating function,
and Catalan, Cassini, and D’Ocagne’s identities and we give quantum tessarine polynomial
sequences and then derive the Binet formula for these type of polynomial sequence.

3. Resultants

Resultants are plays an important role in physics, combinatorics, number theory and other fields
of the mathematics. Since quantum calculus may be viewed as generalization of ordinary calculus, there
is a relationship between quantum calculus and number sequences

Definition 3.1. Tessarine number sequences of the form

Yo = a™ Hnly 4+ a™n + 1,0y + ™ n + 240, + a™ 2 [n + 3,403 @)

are called the n" g-Fibonacci tessarine number sequences and

[2n + 6],

+a”+1[2n+2]q' +a"+2[2n+4]q' :
[n + 3],

i iy n+3
[n]q [n+ 1], [n + 2],

+a

are called as the n*" g-Lucas tessarine number sequences. Furthermore, we can rewrite these number
sequences in the following forms:

a”(l _ qn) (Xn+1(1 _ qn+1) a,n+2(1 _ qn+2) an+3(1 _ qn+3)
)/n = + il + iz + i3
a—aq a—aq a—aq a—aq
and
1-— an 1-— q2n+2 . _ q2n+4 . 1-— q2n+6 .
5, =am g + an+1—1 — g + an+2—1 s + an+3—1 — g s (5)

where iy, i, and i3 are the imaginary units which satisfy the rules in (1).
Theorem 3.1. ( Binet formulas ) For any integer n,

Yn = an_l[n]qg + ((ZCI)nE

2 (6)
iy + A= p
q

Furthermore, these formulas have another expression of the form
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n n
aa— (ap)"¢
a—aq (7)
— N n
8y =a"a+ (aq)"¢

Yn =

where
E = il + a[Z]qu + a2[3]qi3 (8)
%

Proof. By using (2), (3), (4) and (8), we can write
Yo =a" tnlg +a™n+ 140 + a™ 1 n + 2]4i, + a™2[n + 3] 43
= a" nl, + a™([nlg + qn)is + @™ ([nlg + q"[2] )iz + @™ ([n]g + q"[3])is
=a" 1 n],(1 + ai; + a?i, + a?iz) + a"q"(i1 + al2]4i, + a2[3]qi3)
=a" n],a + (aq)"B.

For g-Lucas tessarine number sequences by using (2), (5) and (8):

2n+2 1 — g2n+s

. q
+2
ip +a® 1= g2

2n+6

1-¢q

n+11_q i
l_qn+3 3

1_q71 1_qn+1

i2 + a,n+3

= a™(1+ ai; + a?i, + a3i3) + (aq)*(1 + (aq)i; + (aq)?i, + (aq)3i3)

=a"a + (aq)"e.

Theorem 3.2. (Exponential generating functions) The exponential generating functions for g-
Fibonacci and g-Lucas tessarine number sequences are:

e q — e(aq)x(p

fG) = =

a—aq
gx) = ea +e*D%

respectively.

Proof. Using Binet-like formula for g-Fibonacci tessarine numbers and
e =y a”% we get:

(o0} xn
F& = o
n=0

— 1 N ( ax (aq)x ) x"
T a—aq : era—e kd n!
n=

e“xg—e(“q)xq)

a—-aq
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The proof for g-Lucas number sequences can be done similarly.

Theorem 3.3. (Catalan identities) For positive integers n, r such that n > r, then we have
Yn+r¥n—r — yr% = aZn—lqn([_r]q + [T]q)gf
OntrOn_r — 8121 = aann(q - 1)([—T]q + [T]q)gf

where

ap=>0-a?PA+ (@) + 1+ (@*PHNa + @iy + (1 - a?Pa’(1 + ¢°)i;
+a3(1 + q?)is.

Proof. By using (2), (3) and (7), we obtain

an+rg _ (aq)n+r£> (tl,n—rg _ (aq)n—r£> B <ang _ (aq)n£>2

yn+ryn—r_yr%=< a—-aq a—aq

a—aq

aann(Z _ q—T _ qr)g(p
a—aq

= a? g ([-r]q + [r]e @
Similarly we can get the result for g-Lucas number sequences.
Theorem 3.4. (Cassini identities) Forn = 1, we have
Yn+1¥n-1 — ¥a = @?"1q" (g — Dagp
6n+16n-1 — 67 = a®"q" ' (q — D?a ¢.
Proof. By writing r = 1 in Theorem (3.4), we can get the results.
Theorem 3.5. (d’Ocagne identities ) For positive integer n and m, we have
Ym¥ns1 = YaVmsr = @1 ([m]g — [n],) (¢ + alg — Da p)
BmBns1 = Bnbmsr = @™ (g — D2([m], — [nly)a @.
Proof. Using (2), (3) and (6), we obtain
YmVn+1 — Va¥m+1 = (am_l[m]qg + (a,q)mg) (a'"[n +1]a + (aq)”“é)
— (a'nlga + (aq)") (a™[m + 1lga + (ag)™*p)
= a™"1([m],[n + 1], — [n]4[m + 1],)a?

fqmtn (qn(q[m]q —[m+ 1]q) + qm([n +1]; - Q[n]q))gﬁ
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qn —q™
= gm+n-1 - g2_|_61{m+n(qm _ q”)gﬁ

= a™"Y([m], — [nlg)a®+a™"([m], — [n]g)(q — DaB

= a™m 1 ([mlg — [ng) (@2 + alq - Da p).
For the proof of g-Lucas tessarine number sequences, we use (2), (3) and (7) and get the result easily.

Theorem 3.6. For positive integers, n, r and s, the g-Fibonacci and g-Lucas tessarine number sequences
satisfy the following identity

OntrYn+s — OntsVner = zqna2n+r+s_1([5]q - [T]q)ﬁf

Proof. By using (2) and (7), we get

an+sg _ (aq)n+s£>

OntrVn+s = OntsVnir = (an+rg + (aq)nﬂ”f) < a—aq

a—(aq)™" e
a—aq )

a™tr
— (an+sg + (aq)n+s£) <

r _ S
2n+r+s—1 q q

1-¢q

— ana2n+r+s—1([s]q _ [T]q)ﬁf-

= 2q"a ae

Definition 3.2. For complex polynomials h(t) and g(t), the g-Fibonacci F, ,(t) and g-Lucas Lg ,(t)
polynomials are defined as follows:

Fq,n (t) = h(t) Fq,n—l(t) - g(t)Fq,n—Z(t)
©)
Lgn(t) = h(OLgn1(t) — g(6)Lgn_2(t).

Here, Fy0(t) = 0,F,1(t) = 1,Lg0(t) = 2 and Ly, (t) = h(t), respectively. Classify the g-
polynomials F; , (t) and L, , (t) according to the h(t) and g(t) values, respectively.

i. Assume that h(t) = aq + 1 and g(t) = a?q are constant polynomials. In this case, we can write as
follows:

Fq,n(t) = (aq + 1)Fq,n—1(t) - azqu,n—Z(t)
Lq,n(t) = (aq + 1)Lq,n—1(t) - aquq,n—Z(t)-

ii. Assume that h(t) = A(s) and g(t) = —1 are not constant polynomials. For this case, we obtain the
following equality:

Fq,n(t) = A(S)Fq,n—l(t) + Fq,n—z(t)

Lq,n(t) = A(S)Lq,n—l(t) + Lq,n—z(t)-
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Roots of 72 — h(t)r — 1 = 0in (9) are

a(r)

_h(®) + Jh2(t) + 4
B 2

pr) =

h(t) — h2(t) + 4
> :

Then, the Binet formulas for g-polynomials F;, ,(t) and L, , (t) are

a(m)" - )"

fan® == =)

and
Lgn(®) = a(m™+ ()™

Definition 3.3. The g-Fibonacci tessarine polynomial sequences y,,(t) and the g-Lucas tessarine
polynomial sequences J, , (t) are defined by the recurrence relation

Yan(t) = Fgn(t) + Fyni1(0)iy + Fyni2(8)iz + Fypnis(t)is
Sgn(t) = Lan(t) + Lgns1 )iy + Lgni2(®)iz + Ly i3 ()i
The initial conditions of the y, , (t) and 8, ,(t) are
Yqo0(t) = Fgo(t) + Fg1(8)iy + Fgo()iy + Fo3(t)is

=iy + h(D)iy + (R(£)2 — g(©))is,

Ya1(t) = Fg1(t) + Fo(0)iy + Fg3(t)i; + Foa(t)is
= 1+ h(®)ix + (h(D? = g(O)iz + (D = 209 (D),
8q,0(t) = Lgo(t) + Lg1(8)iy + Lgo ()i + Lgs(t)is
=2+ h(®)i; + (h(©)? —2g(t))i; + (R(£)® — 3R()g (D) )is
and
8q1(t) = Lgq1(t) + Lg ()i + Lg3(t)ip + Lga(t)is
= h(®) + (h(®)? = 29(0))i; + (R(£)® = 3R(D)g(D))i,
+(h(6)* — 4h(6)?g(t) — 2g(0)*)i3
where iy, i, and i5 are the imaginary units satisfies the multiplication rule in (1).

Theorem 3.7. The Binet-like formulas of the g-tessarine polynomials y, ,,(t) and &, (t) are
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a(®)a(t) — BO"B(L)
a(t) —p(t)

Sqn () = a()"a(t) + BB (0).

Yan @) =
and

Here,
a(t) =1+ a(t)iy + a(t)?i, + a(t)3is

@) =1+ B®)iy +L®)%i, + B()%is.

Proof. The proof can be done easily by using Binet-like formulas of g-Fibonacci and g-Lucas tessarine
polynomial sequences.

Definition 3.4. (Kac & Cheung, 2002; Stum & Quiros, 2013) Suppose that p(t) is an arbitrary
function. Its g-derivative operator is given by

d,p(t) = p(qt) — p(t).

Note that in particular d,(t) = (¢ — Dt,

lim D,p(®) = lim p(qt) —p(t) _ dp(t) (10)

a-1 (g—Dt  dt
where g # 1.
Definition 3.5. The nt"g-Fibonacci and g-Lucas tessarine function sequences are defined as follows:
Tyn() = Fyn(®) + Frne1(©iy + Fqnaa(®)is + Fgniz(iy

and
Aq,n (t) = Lq,n (t) + Lq,n+1(t)i1 + Lq,n+2(t)i2 + Lq,n+3(t)i31

respectively. Where F, , (t) and L, ,,(t) are the nt" g-Fibonacci and g-Lucas functions and i, i, and i,
are the imaginary units satisfy rules in (1).
The g-derivative of I'y ,(t) and A, ,, (t) is defined as:

quq’n(t) = DgFyn(t) + DgFypns1(D)iy + DgFqnsz2()iz + DgFgnsz(t)is
and
DgAgn(t) = DgLgn(t) + DgLyni1(t)is + DgLgni2(t)iz + DgLynyiz(t)iz

where D, F, ,, (t) means the derivative of F, , (t).
Example 3.1. For any integer n, if 7, ,(t) = (t — a)™,then
Dq:]:q,n(t) = [n]q?q,n—l(t)

Proof. From (10), compute g-derivative of the function sequences F, ,, (t),
N Gk il Gl
@-D-9
I ey
q

-1
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= [n]gFgn-1(0)
and from above example the derivative of the nt" g-Fibonacci tessarine function sequences is
DT ) = [nlgFqn-1(O) + [+ 1 Fon (i + [0+ 2]gFgn41(Oiz + [0+ 31 Fgn42 ()1
4. Discussion and Conclusion

In this study, tessarine number sequences are defined using notations from quantum
calculus. We derive several fundamental identities, including Binet-like formulas, exponential
generating functions, and Catalan-like, Cassini-like, and d'Ocagne-like identities for these
numbers. Additionally, we introduce new tessarine polynomial and function sequences, namely
the g-Fibonacci tessarine and g-Lucas tessarine polynomials and function sequences. We then
present various properties and identities for these polynomials and function sequences. In the
future, researchers may explore additional identities of tessarine number sequences within the
framework of quantum calculus.
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