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Highlights

e Developed a 3-DOF manipulator model using the SOA framework, reducing complexity.

e Designed and implemented real-time Computed Torque Control for precise tracking.

¢ Demonstrated controller’s robustness through static and dynamic trajectory tracking
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ABSTRACT: This study presents obtaining the mathematical model of a three-degree-of-freedom robotic
manipulator using spatial operator algebra (SOA), designing a controller based on the obtained model,
and implementing the designed controller in real time. SOA is a technique that provides a mathematical
foundation for reducing the complexity of robotic systems, analyzing, and optimizing them. The control
of the robotic arm is achieved using the computed torque control method calculated based on
mathematical model derived from SOA. The performance of the controller is rigorously evaluated through
real-time trajectory tracking experiments, where it consistently achieved high precision in following
predefined trajectories, maintaining tracking errors below 2.5 degrees. The effectiveness of the controller
is further validated in disturbance rejection tests, where it effectively maintained trajectory accuracy
despite manual external perturbations. These tests demonstrate the controller's capability to handle
dynamic tasks and disturbances, showcasing the practical applicability and robustness of the SOA-based
computed torque control scheme.
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1. INTRODUCTION

Since the 1960s, the emergence of robotics in various application areas has led to the need to design
nonlinear controllers instead of linear control. Currently, numerous nonlinear controllers are employed in
robots. While there are various studies on nonlinear controllers in the literature, computed torque control,
adaptive control, and robust control, which are specialized applications of feedback linearization for
mechanical systems such as robots, are preferred.

One of the most popular approaches used in the control of robotic manipulators is the computed
torque control method. This method provides the necessary torques to successfully track the desired joint-
space trajectories. This approach is also referred to in the literature as "inverse dynamics control". This is
because this approach relies on the use of the inverse dynamic model to linearize and decompose the
nonlinear dynamics of the robot. In cases where all parameters are known with high accuracy, the
computed torque control (CTC) method demonstrates high performance. However, the effectiveness of
CTC may decrease due to parameter uncertainties such as incorrect inertia matrix and unmodeled
dynamics such as joint flexibility [1].

CTC method integrates a PD control term with a feedback dynamic compensation term, which is
determined using the system's actual velocity and desired acceleration signals. This structure functions as
a PD controller enhanced with a feedback inner loop, allowing the CTC controller to provide improved
trajectory tracking and resistance to disturbances. Despite its advantages, the method has two primary
limitations [2]. Firstly, the dynamic compensation relies on a model with constant parameters, while the
system's parameters typically change during trajectory execution. As a result, the controller's ability to
achieve effective dynamic balancing is compromised. To enhance dynamic compensation, adaptive
control strategies are often recommended. Such approaches are particularly effective in mitigating
external disturbances by leveraging adaptive or robust control frameworks.

Secondly, in the CTC approach, linear PD controllers with fixed proportional and derivative constants
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are utilized to minimize tracking errors. However, when nonlinear factors such as modeling inaccuracies
and friction are present in the manipulator's dynamics, the CTC controller may struggle to deliver the
desired level of tracking precision. To address this, alternative strategies have been developed to
dynamically tune the PD gains of the CTC controller. For instance, Yang et al. [3] proposed the use of
intelligent optimization techniques to enhance the PD gain coefficients, thereby improving trajectory
tracking performance. Despite these improvements, the practical implementation of such controllers
remains challenging due to their intricate design and significant computational demands. A simpler and
more effective alternative involves the use of nonlinear PD controllers. These controllers are capable of
mitigating uncertainties and demonstrate superior performance compared to traditional PD controllers,
all while maintaining a relatively straightforward structure [4].

CTC has been applied to different types of robots, including serial, parallel, humanoid, and
collaborative robots. Due to its ability to provide high dynamic performance, this control method has been
extensively investigated in the literature, particularly in serial robots. Shang and Cong [2] developed a
nonlinear computed torque controller and applied it to a high-speed planar parallel manipulator. The
stability of the parallel manipulator system was proven using the Lyapunov theorem, and it was
demonstrated that the developed controller guarantees both the asymptotic convergence of tracking error
and the error rate to zero. Hayat et al. [5] proposed a model-independent robust-adaptive controller for
Euler-Lagrange systems with a quantitative performance analysis in terms of state errors. The proposed
controller structure operates as an adaptive computed torque control method. Real-time control of 3-DOF
and 7-DOF serial robots was successfully achieved. Lee et al. [6] developed a computed torque control
method combined with Hee control, which demonstrates successful tracking performance even in fast
tracking control where full dynamics computation is not easy. Real-time control of the Stewart platform
was successfully implemented using the developed method. Due to the high computational load, applying
this control method can be challenging even on very high-speed DSPs (Digital Signal Processors). The
proposed method addresses this issue. Polydoros et al. [7] proposed a machine learning approach for
modeling inverse dynamics and provided information about its application to a physical robotic system.
In their study, a collaborative robot was real-time controlled using the computed torque control method.
The controller was designed based on the inverse dynamic model obtained using the proposed approach.
They obtained an advantage in the computed torque method by obtaining the dynamic model using
machine learning due to the problems in obtaining the dynamic model analytically. In general, it is
concluded in the literature that the computed torque control method is preferred in robot control
applications, but updates are made to its structure to eliminate its disadvantages.

In the CTC, the inverse dynamic model of the system is the most important building block, and the
methods commonly used for dynamic modeling of systems are the Lagrange-Euler, Newton-Euler, and
Hamilton equations. These methods are fundamental techniques used to model and analyze the motion
and behavior of mechanical systems. Each method has its advantages, disadvantages, and application
areas, so selecting the right method depends on the system characteristics and analysis requirements.
However, obtaining a dynamic model may not be straightforward for every system. As system complexity
increases, the difficulty of obtaining the model also increases. The kinematic and dynamic analysis of high-
degree-of-freedom hybrid systems, which use serial and parallel robots together on a fixed or mobile
platform, is a highly challenging, complex, and time-consuming problem [8]. Considering these structures,
classical methods can be both inadequate and costly in terms of computational power.

Obtaining the kinematic and dynamic models of complex and high-degree-of-freedom robots using
recursive methods instead of classical methods both simplifies the modeling process and reduces
computation time by eliminating unnecessary calculations. Spatial operator algebra (SOA) is one of the
prominent structures in this field. Spatial operators can be easily applied to multi-manipulator systems
thanks to their recursive structure. It is a more systematic and easily programmable high-performance
computing algorithm compared to other kinematic and dynamic analysis methods [9].

SOA is a method based on coordinate-free vector representation, which provides great convenience
for the designer as it allows the designer to choose a set of free axes in the configuration. Since this
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algorithm does not use gradient-based derivatives, discontinuities and sharp changes in trajectory
functions are not a problem. Therefore, systems analyzed using this method are very suitable for real-time
programming and control. The Jacobian matrix can be numerically obtained using a systematic and easily
programmable method with SOA. It also provides the designer with an analytical expression for the
inverse of the mass matrix. The SOA algorithm can provide shorter cycle times. With shorter cycle times,
robot arms and robotic systems can be controlled more effectively and powerfully. Thus, the use of the
SOA method in robot control enables both robustness and speed to be achieved simultaneously. In
summary, SOA is a highly efficient calculation algorithm that is more systematic and easily programmable
compared to other kinematic and dynamic analysis methods [10, 11].

Jain [12] described a computational modeling architecture developed to meet a wide range of robot
modeling needs, including analysis, simulation, and embedded modeling for robotic systems. The
architecture is based on the theoretical framework of UOC for computational dynamics, with calculations
performed by fast, structure-based algorithms. The work was conducted at the JPL Laboratory (in
collaboration with NASA). Wensing et al. [13] introduced an algorithm based on spatial vector algebra
that enables operational space control of sliding-base systems to be performed at higher speeds. The
algorithm reduced the computational load O(n® + m3?) from to (nd), where n is the system's degrees of
freedom, m is the number of constraints, and d is the depth of the kinematic connectivity tree. The accuracy
of the algorithm was demonstrated through simulation at a speed of 3.6 m/s, controlling a quadrupedal
robot model. They emphasized the ease of creating control structures with SOA modeling. Nakanishi et
al. [14] conducted the control of a 16-DOF bipedal robot using inverse dynamics and PD control methods
in a simulation environment. Their primary focus in this study was to develop a general and
computationally efficient inverse dynamics algorithm for a robot with a free-floating base and constraints.
Additionally, effective access to the parameters required for the controller can be achieved through a SOA-
based dynamic formulation.

In this paper, the aim was to obtain a dynamic model using the SOA method, design a nonlinear
controller based on the obtained model, and implement the designed controller in real-time. To provide a
systematic approach in real-time robot control, it was planned to leverage the advantages of the SOA
method. A 3-DOF robotic manipulator was utilized to validate the designed controllers in real-time. The
real-time application of CTC based on SOA was implemented on a 3-DOF structure, and the applicability
of the SOA algorithm in real-time control structures was observed. The equations of motion are derived
using SOA in Section 2. The SOA-based CTC are designed in Section 3. In Section 4, the performance of
the designed controller is tested.

2. MATERIAL AND METHODS
2.1. Dynamic Modelling of the 3-DOF Manipulator

The right and left views of the manipulator, along with a frame assignment diagram, are presented in
Fig. 1. The design of the manipulator emulates the human shoulder, which can be modeled as having three
degrees of freedom: flexion/extension, abduction/adduction, and internal/external rotation. Each joint of
the manipulator is motor-driven: the first joint facilitates rotation around the z-axis, the second joint
around the y-axis, and the third joint around the x-axis. These movements are all coordinated in relation
to a fixed frame, mirroring the complex interactions found in human shoulder movements.

The mathematical model of this structure was derived using the SOA algorithm. Consequently, the
frame assignment adheres to the conventions used in SOA, facilitating the analysis and simplification of
the manipulator's dynamics. The fixed frame serves as a reference point from which all measurements and
movements are defined, ensuring consistency in the model's mathematical formulation.

Table 1 details the system parameters, including the mass, link lengths, and inertia properties of the
manipulator's links. The inertia matrices are derived from the SolidWorks CAD model.

The link length vectors of the manipulator are given in Eq. (1).
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The skew-symmetric form of the link length vectors is arranged in Eq. (2).
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Figure 1. a) Right view of the manipulator, b) left view of the manipulator, c) frame assignment.

Table 1. System parameters

Parameter Value Unit
[my; m, ms] [0.850 0.805 0.250] kg
(L L 1, 5] [0.0625 0.0235 0.0195 0.11365 0.1105] m
[ Ly 17] [837,720.17 1,252,091.31 809,756.36] gmm?
(1% 15y 1Z] [1,087,199.53 1,087,199.53 1,129,158.39] gmm?
3 Ly L] [62,771.32 81,874.85122,408.01] gmm?

The link velocity propagation operators can be seen in Eq. (3).

. 0 I; 0 I3 0 Iz 0
B0 = o, 1:] P21 = —?1 133] ®3'2=[—? I:] %:[ 3 133] ®

3 2 _l3

The axes of rotation vectors are given in Eq. (4).

. [01 _, 0 ., [
1 0 0
The axes of rotation matrices are given in Eq. (5).
ﬁ:=[f_‘s] F=[’i] ﬁ§=[’i] 6)
0 0 0

Manipulator rotation axis matrix is given in Eq. (6).
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The manipulator propagation matrix can be seen in Eq. (7). I and 0 is the 6x6 identity and zero matrix,
respectively.

I 0 0
® — @2'1 1 0 @ € R18x18 (7)
@3_1 ®3,2 I

Tip point propagation matrix is given in Eq. (8).

D = [Opxe @,3]

(8)
The Jacobian matrix of the manipulator can be obtained from Eq. (9).
] =0.0H )
The forward kinematic equation of the manipulator can be obtained from Eq. (10).
vi=1é (10)

where V, is the velocity vector of the tip point and 8 is the stacked link spatial velocities of the manipulator.
The inverse kinematic equation of the manipulator can be obtained from Eq. (11).

=71, (11)

The mass matrices of the links are given in Eq. (12).

M1 — [ Il m1Z1:| M2 — [ 12 m2i2:| M3 — [ I3 m3i3]

—mqly I3my —myl, Ism, —mgl; Iym;

(12)
where I, is the inertia matrix of link x, m, is the mass vector of link x, and I; is the 3x3 identity matrix. The

inertia matrix of the joints is assumed to be the identity matrix. The manipulator mass matrix is given in
Eq. (13).

M 0 O
M=|0 M, O ] (13)
0 0 M
The generalized mass matrix of the manipulator can be derived from Eq. (14).
M = H"¢"MoH (14)

Bias terms of the manipulator are given in Eq. (15) (including Coriolis and gravity).
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C =HT"¢"(M@a + b) (15)

where a is the bias spatial accelerations of the manipulator, b is the bias spatial forces of the manipulator.

The inverse dynamic equation of the manipulator can be obtained from Eq. (16).

(16)

T

T=MO+C+]"F,

where F, is spatial forces at the tip point of the manipulator. The inverse dynamics model obtained in Eq.

(16) is used in controller design.

2.2. Controller Design

The computed torque control approach is based on the use of inverse dynamics model, as can be seen
from Fig. 2. Since it is a model-based approach, obtaining the dynamic model precisely is of critical
importance.

The CTC consists of two loops: feedback inner loop and PD control outer loop. CTC control equation
obtained according to the block diagram is given in Eq. (17).

u=M@O)[b, +K,é + Kye| + C(6,8) + G(6) (17)

where e is joint position error and é is joint velocity error, are shown in Eq. (18). CTC has two gain
parameters, proportional (K,) and derivative (K,).

e=0,—-60 ¢é=0,-06 (18)
where 04,8, 8, is the desired position, velocity and acceleration, respectively. Two separate matrix, C and

G, appearing in Eq. (17), are included in the C matrix in the SOA model. The gains K, and K, are obtained
through trial-and-error method as 100 and 70, respectively.

0 + MO u ROBOT —
d ' MANTPULATOR |-
+ + :

+ 0

C(6.6)+G(8)

Figure 2. Computed torque control block diagram [15]

3. RESULTS AND DISCUSSION
3.1. Simulation Model
Fig. 3 illustrates the Simulink simulation model constructed based on the CTC strategy as Fig. 2. The

dynamic model in the CTC was obtained with the SOA algorithm. A Simmechanics model of a 3-DOF
manipulator was used to test the controller's effectiveness on the system.
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Inputs to the system include desired joint angles, velocities, and accelerations, derived from

predefined reference trajectories. The model integrates feedback of joint angles and velocities, calculating

position and velocity errors to adjust the control inputs effectively. These inputs are processed through

the SOA algorithm, which computes the necessary torque commands to achieve

precise joint positioning

and movement, ensuring robust control performance across various operational scenarios.
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Figure 3. Computed torque control simulation model

The controller performance was tested by applying a trajectory reference signal in simulation. In this

test, the robot's trajectory, which meets the initial and final conditions and provides a continuous change

over time, is modeled by the 5th-degree polynomial seen in Eq. (19). This polynomial allows the robot to

make a smooth and continuous transition from the starting point (¢,) to the endpoint (t;) within a specific

time interval.
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Simulation
— = =—Reference
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Figure 4. CTC simulation results
0(t) = ap + ast + ayt® + ast® + a,t* + ast®

where the coefficients are: a, = 6,, a; = 6, = 0,a, = %9'0 =0,a; = 21?(20) (Qf
f

(19)

- 90): a, = 217},(30)(90 -

6;),as = % (12)(6; — 6,). 6, represents the robot's starting position, while 6, represents the final position.
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Initially, the robot's velocity and acceleration were considered to be zero (a;, a,). Based on this
polynomial, the desired trajectories are defined as follows: 64(t,) = 0° 91d(tf) =90°,0,,(t,) =
0°, GZd(tf) = 60°,054(t,) = 0°, 93d(tf) = 75°with ty = 0s,t; = 2's. The trajectory tracking results of the
simulation are shown in Fig. 4. The simulation results indicate that all joints successfully achieved their

desired positions with minimal tracking errors.

3.2. Experimental Results

The STM32F4 discovery board was used as the microcontroller. The code was generated using the
Waijung Blockset by Aimagin [16] in MATLAB Simulink.

The motor used in the system is the MyActuator RMD-X8 Pro intelligent actuator. This actuator
integrates a high-torque BLDC motor, an internal motor controller, an absolute encoder, and a 6:1
planetary reduction gear into a single compact unit. It supports control via the CAN bus interface, enabling
users to specify target position, velocity, or torque for seamless operation [17]. The key specifications of
the RMD-X8 Pro are provided in Table 2.

RMD X8-PRO communication is carried out using the CAN bus protocol. To enable communication
with any processor, a CAN module is required. In this paper, an STM32F4 development kit and an
SN65HVD230 CAN module were used for communication with the motors. The communication structure
established between the computer and the motor is depicted in Fig. 5. With this structure, commands can
be sent from the computer to the motor, and data can be collected from the motor. The motor has three
operating modes: position, velocity, and torque. In this study, the control applications were implemented
in the torque mode.

Table 2. RMD-X8 Pro parameters

Parameter Value
Weight (g) 750
Gear ratio 6:1
Nominal Torque (Nm) 12
Peak Torque (Nm) 35
Torque density (Nm/kg) 46.7
Joint Velocity (rad/s) 23.6
RMD X8-PRO
CTX CANH X,
Host PC
CRX CANL

(Simulink)

Figure 5. Communication structure

Controller performance was tested by applying different reference signals. In the first real-time test,
the reference signal applied in the simulation study was applied to the manipulator (6,4(t,) =
0°014(tr) = 90° 0,4(to) = 0° 0,54(ts) = 60° 034(ty) = 0° 634(t;) = 75° with t, = 0's,¢; = 25).

The trajectory tracking experimental results of the first test are shown in Fig. 6. The experimental
results indicate that all joints successfully achieved their desired positions with minimal tracking errors.

This demonstrates the high accuracy and stability of the controller under steady-state conditions.
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Figure 6. First test results - the joint positions.
The corresponding torque responses in Fig. 7 show smooth and efficient control efforts, with no
significant oscillations, indicating energy-efficient actuation. These results highlight the controller's

capability for stable and precise joint motion under static reference conditions.
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Figure 7. First test results - the joint torques.

5

In the second test, a sinusoidal reference signal with varying amplitudes for each joint. The desired
signal amplitudes are 90° at the first joint, 30° at the second, and 60° at the third. The results confirm that
the controller can accurately follow dynamic trajectories, even with continuous changes in the reference
(see Fig. 8). The smooth sinusoidal tracking demonstrates the system's adaptability and robustness in
handling varying control demands. This highlights the controller's potential for applications requiring
periodic or repetitive motions, such as industrial pick-and-place tasks or dynamic path following.

Joint1 Joint2 Joint3
35

Experimental
— — —Reference

90

80 30
70 25
60

20
50

g ? g
1_3; 20 EN 15 Em 30
< < <
30 10 20
20
5 10
10
0 0
0
10 -5 10
0 5 10 15 20 0 5 sec 10 15 20 0 5 10 15 20

Figure 8. Second test results - the joint positions.
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Fig. 9 presents a detailed analysis of the tracking errors for each joint during the second test. The maximum
tracking error observed was approximately 2.5° for the second joint while the tracking errors mostly
within #2.5 degrees for all joints. The tracking errors averaged within +1.25°, indicating the system's ability
to track alignment with the desired trajectories.

Tracking Errors in Second Test

o, (deg)

e,(deg)

e,(deg)

Trajectory
—_—
Disturbance
—

Figure 10. Demonstration of disturbance application in third test

The third test was designed to evaluate the controller's ability to reject disturbances by applying
physical obstructions to the joints during trajectory tracking, as illustrated in Fig. 10. During this test,
manual forces were intermittently applied to each joint to simulate unexpected physical interferences,
challenging the controller's ability to maintain the predefined trajectory.

Joint1 Joint2 Joint3
100 T T T T 70 T T T T 80 T T T

L

90 60 - Anlx I\ 70

u P vy

70 92

60

50

50
40

40
301

0,(deg)
3

()2(deg)

0,(deg)

88 30

20

0 10 12 14

Experimental
= = =Reference

0 ; 1‘0 1; 21) 25 0 5‘ 1‘0 sec 1‘5 20 25 0 é 1‘0 1‘5 20 25
Figure 11. Third test results - the joint positions.

The system exhibited maximum overshoots of 1.78% for joint-1, 7.33% for joint-2, and 2.67% for joint-
3 in response to disturbances, as shown in Fig. 11. The settling times to return to the reference band were
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3.5 seconds for joint-1, 2.6 seconds for joint-2, and 2.9 seconds for joint-3, respectively. Although the
disturbance caused temporary deviations of approximately 2-3 degrees, the controller successfully
restored the joints to their reference positions. This response demonstrates the resilience of the controller
under external perturbations and its ability to maintain stability and accuracy, even in non-ideal
conditions. Such robustness is crucial for real-world applications where external disturbances are
inevitable.

4. CONCLUSIONS

In this study, the 3-DOF robotic manipulator was mathematically modeled, and the system’s
equations of motion were derived using the Spatial Operator Algebra (SOA) framework. Leveraging the
complete and verified SOA dynamic model, a Computed Torque Control (CTC) strategy was designed
and successfully implemented on a microcontroller. To evaluate the controller's performance, three
distinct tests were conducted: parabolic and sinusoidal trajectory tracking, as well as disturbance rejection.

The experimental results demonstrated the controller’s high precision in tracking both static and
dynamic reference signals. Furthermore, its robust performance under external disturbances validated its
reliability for real-world applications. These findings underscore the CTC controller's effectiveness as a
practical and robust solution for advanced robotic systems.

An important conclusion from this study is the successful real-time integration of the SOA algorithm
into control applications. The feasibility of combining SOA with CTC was verified experimentally,
opening up new possibilities for real-time applications in robotics. Future research could explore
enhancing the control strategy to improve energy efficiency or extending the methodology to
manipulators with higher degrees of freedom. Additionally, integrating advanced control techniques,
such as Nonlinear Model Predictive Control (NMPC), with the SOA framework could further enhance the
system’s performance and adaptability.
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